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Spin-1 matter fields are relevant both in the description of hadronic states and in some con-
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1

Introduction

In the formulation of the Standard Model [1–3] only a few representations of the Lorentz group
are used. In general, this is not a restriction to the use of high spin representations in theo-
ries of physics Beyond the Standard Model like Supersymmetry [4]. Some constructions for
high spin fields are the Dirac-Fierz-Pauli equations [5, 6] for half-integral spin particles and the
Rarita–Schwinger [7] equation which is the relativistic field equation of spin-3/2 fermions.

Specifically, the (1, 0)⊕ (0, 1) representation is used in [8] to describe low-energy interactions
of the low-lying nonets of vector and axial-vector mesons [9]. Moreover, in Physics Beyond
the Standard Model spin-one matter particles described by tensor fields have been proposed in
[10]. According to [11], spin-1 particles are described in this representation by an antisymmetric
field tensor of second rank.

The goal of the present work is to study the renormalization properties of a model which de-
scribes a spin-1 matter field using techniques described in [12–21] to calculate the radiative
corrections at one-loop order. Specifically, we use a Lagrangian whose kinetic part is of Klein-
Gordon type and whose spin-1 information is encoded by a Pauli-like term modulated by an
arbitrary gyromagnetic factor g, which couples the matter field with the photons through the
Lorentz generators. We also aim to find the β functions associated with the parameters in-
volved in the Lagrangian and to observe its behavior to different energy values. This research
is a direct generalization of the spin-1/2 case [22, 23].

The difference between the pure spin-1 representation (1, 0)⊕ (0, 1), described by an antisym-
metric tensor field of second rank, and the more familiar (1/2, 1/2) vector field is more dra-
matic in the massless case, as the Kalb-Ramond antisymmetric gauge field contains only one
physical longitudinal degree of freedom [24], whereas the massless vector gauge field is char-
acterized by 2 transverse ones. Switching to massive spin-1 particles, one must distinguish
between gauge invariant and non-gauge invariant theories. It can be shown that a massive
Stueckelberg compensated Kalb-Ramond gauge field is dual to a compensated massive gauge
vector field [25]. However, for non-gauge invariant massive spin-1 theories, the properties of
four-vector and antisymmetric tensor particles can differ significantly. In [10] the difference
between spin-1 antisymmetric tensor mesons and the four-vector mesons has been studied in
detail for composite hadrons. In the present work, we focus instead on pointlike massive spin-1
bosons, with emphasis on their electromagnetic properties and their possible self-interactions.

The model studied here is based on [11], where the complex antisymmetric tensor field has
6 complex degrees of freedom, making the (1, 0)⊕ (0, 1) theory explicitly different to any of a
massive gauge vector field. In [11] the Compton scattering of spin-1 particles described by both
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a massive four-vector and an antisymmetric tensor was analyzed for arbitrary values of the
gyromagnetic factor, finding that the Compton scattering cross section off the parity degrees of
freedom in (1, 0)⊕ (0, 1) is finite in the forward direction, though it is still divergent elsewhere.
Interestingly, for the antisymmetric tensor this result is independent of the gyromagnetic factor,
while Compton scattering off the four-vector is only well behaved in all directions provided
the gyromagnetic ratio is set to g = 2. Given the non-finiteness of Compton scattering in this
theory, it is unclear if the renormalizable theory described here corresponds to a perturbation
theory about a sensible zeroth-order Hamiltonian. However, it constitutes a unique theoretical
laboratory from the point of view of the renormalization group, in the same spirit as scalar λφ3

theory.

In nature there are several theories that describe with precision some phenomena but they are
not renormalizable. This means that they only describe physical phenomena occurring at a
determined length scale or energy scale. These kinds of theories are considered effective the-
ories. Effective Field Theories are widely used in Particle Physics, Condensed Matter Physics,
General Relativity and other branches of physics. Some examples of these ones are the Fermi
theory of beta decay, chiral perturbation theory, a low-energy effective theory of the Standard
Model known as Standard Model Effective Field Theory (SMEFT) [20, 26, 27] and even General
Relativity itself is expected to be an effective field theory of a full theory of quantum gravity.
One of the most common effective theories of general relativity is the Non-Relativistic General
Relativity [28, 29].

Renormalization is a very important procedure in Quantum Field Theory (QFT). This one
makes the theories to be predictive because of the fact that allows us to describe the behavior
of a system at any possible energy scale. Actually, the renormalization group and the analy-
sis of symmetries are useful when constructing effective field theories. A description of this
technique for several theories like Quantum Electrodynamics (QED) and Quantum Chromo-
dynamics (QCD) can be consulted in [16–23].

The analysis of our model will allow us to acquire a better understanding of the renormaliza-
tion process and the implications that could have whether the theory is renormalizable or not
for different values of the gyromagnetic factor. The theory we are working with is not phys-
ical but yet it is interesting to study the renormalization of this one. This research will show
us if the construction of pure QED with matter spin-1 particles without the inclusion of self-
interactions is possible and we also want to confirm that our model is gauge invariant and that
it is symmetric under charge conjugation.

The signature that has been adopted in the metric is (+,−,−,−) and natural units ( speed of
light c = 1, reduced Planck’s constant h̄ = 1) are used throughout the text. The rest of the thesis
is organized as follows.

The Introduction gives a brief revision about the subject of our work. Chapter 1 sets the the-
oretical fundamentals that are useful to understand the rest of the thesis and gives a small
description of the work previously carried out in [22] for spin 1/2. Chapter 2 presents the
model we are going to investigate and the determination of the Feynman rules for this one. In
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Chapter 3 it is presented a first study of the renormalization of a simplified model considering
only the self-interacting terms. Chapter 4 exposes the study of the Quantum Electrodynamics
of the complete model, the determination of the β functions and the fixed points found for
the model. The Conclusions sums up the main and general results obtained after completing
the research. In the Appendix A is presented the general procedure to obtain the Feynman
rules and the Appendix B describes the steps to compute the beta functions and anomalous
dimensions of the model.
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Chapter 1

Theoretical Fundamentals

In this Chapter we present a short summary of the work previously carried out in [22] for spin
1/2. We also introduce some of the theory fundamentals that will be necessary to understand
the rest of the thesis in order to make this document more self-contained.

1.1 Special Relativity

In 1905 Albert Einstein published a very important article [30] that meant the birth of a theory
that changed radically some ideas of that time: Special Relativity.

The two main postulates of this theory state that [30–34]:

• The laws of Physics are the same for all the inertial reference frames.

• The speed of light in the vacuum is constant in any inertial reference frame regardless of
the motion of the source.

One implication of the theory is that the interval, defined as

ds2 = dt2 − dx2 − dy2 − dz2, (1.1)

is invariant under the Lorentz transformations. These transformations for two reference frames
where the frame S is at rest and the frame S′ is moving at a speed v with respect to the first one
are given by

t′ =γ(t + vx),

x′ =γ(x + vt),

y′ =y,

z′ =z,

(1.2)

where γ = (1− β2)−1/2 and β = v. And the interval remains invariant ds′2 = ds2 as it was
stated above.



6 Chapter 1. Theoretical Fundamentals

Now the mathematical formalism of Special Relativity will be presented. A more detailed
description can be found in [12, 35–37].

In theoretical physics, if the form of the physical laws that describe a theory remains invariant
under arbitrary differentiable coordinate transformations it is said that they are covariant. In
this case, it is required that quantities should be Lorentz covariant, then they transform ap-
propriately under the elements of the Lorentz group. To achieve this, it is necessary to write
the theory in terms of certain well-defined mathematical objects, such as scalars, vectors and
tensors.

Scalar objects are invariant under rotations and boosts, like the mass or interval ds2, among
other quantities. The prototypical vector is expressed as

aµ = (a0, a1, a2, a3). (1.3)

In the case of the space-time this is

xµ = (x0, x1, x2, x3) = (t, x, y, z) = (t, x). (1.4)

There are two inequivalent types of vectors in Minkowski space which are denoted as con-
travariant and covariant. The first kind of vector transforms in the same way as dxµ does:

dx′µ =
∂x′µ

∂xν
dxν, (1.5)

then
a′µ ≡ ∂x′µ

∂xν
aν = Λµ

νaν. (1.6)

The second kind transforms as the gradient

∂φ

∂x′µ
=

∂xν

∂x′µ
∂φ

∂xν
, (1.7)

therefore
b′µ ≡

∂xν

∂x′µ
bν = Λµ

νbν. (1.8)

Here Λµ
ν is the inverse of Λµ

ν. In particular, the Lorentz transformation in eq.(1.2) x′µ = Λµ
νxν

can be written in matrix form as follows
x′0

x′1

x′2

x′3

 =


γ γβ 0 0

γβ γ 0 0
0 0 1 0
0 0 0 1




x0

x1

x2

x3

 =


cosh φ sinh φ 0 0
sinh φ cosh φ 0 0

0 0 1 0
0 0 0 1




x0

x1

x2

x3

 , (1.9)

with the parameter φ, known as rapidity, defined as tanh φ = β.

There exists an object known as the metric, that can be used to write down the coefficients of
the differentials in the interval, which in this case are just ±1. The metric of Special Relativity
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is given by

gµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 . (1.10)

The metric has an inverse, which in this case is exactly the same matrix and it is denoted with
upper indexes

gµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 . (1.11)

The metric and its inverse satisfy the relation

gµνgνρ = δ
µ
ρ . (1.12)

In terms of the metric tensor, the invariant interval reads

ds2 = gµνdxµdxν. (1.13)

Another important fact about the metric is that can be used to raise or lower an index in the
following way

xµ ≡ gµνxν, xµ = gµνxν. (1.14)

It is also important to write the useful relation

gρµΛµ
νgνσ = Λρ

σ, (1.15)

which can be clearly deduced from

b′ρ = gρµb′µ = gρµΛµ
νgνσbσ = Λρ

σbσ. (1.16)

For consistency, the relation

ds′2 = gµνdx′µdx′ν = gµνΛµ
ρΛν

σdxρdxσ = gρσdxρdxσ = ds2, (1.17)

shows the invariance of the interval. From the previous expression can be determined the
relation

Λµ
ρgµνΛν

σ = gρσ. (1.18)

Some examples of four-vectors are:

• The energy-momentum four-vector pµ = (E, p), where E is the energy and p is the mo-
mentum.
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• The current density four-vector jµ = (ρ, j), where ρ is the charge density and j is the
current density.

• The vector potential four-vector Aµ = (ϕ, A), where ϕ is the scalar electric potential and
A is the magnetic vector potential.

• The four-dimensional derivative operator ∂µ is also a combination of a time-like part and
a space-like part, and is defined by

∂µ ≡
∂

∂xµ
≡
(

∂

∂x0 ,
∂

∂x1 ,
∂

∂x2 ,
∂

∂x3

)
≡ (∂0, ∂1, ∂2, ∂3) ≡ (∂0,∇). (1.19)

Here is important to note that the lower index written in ∂µ is in contrast with the upper index
on four-vectors like xµ. This derivative satisfies the following

∂µxν =
∂xν

∂xµ
= δν

µ. (1.20)

The derivative operator with upper indices is then defined as

∂µ ≡ gµν∂ν = (∂0,−∇). (1.21)

Thus, the D’Alembertian operator is given by

� ≡ ∂2 ≡ ∂µ∂µ =
∂2

∂t2 −∇
2. (1.22)

Using relativistic notation, the conservation of charge can be written simply as

∂µ jµ =
∂ρ

∂t
+∇ · j = 0. (1.23)

1.2 Lorentz Group

The Lorentz group is a group of four-by-four matrices performing Lorentz transformations
on the four-dimensional Minkowski space. The transformations leave invariant the interval
ds2 = dt2 − dx2 − dy2 − dz2. The generators of this group SO(1, 3) are Mµν, (µ, ν = 0, 1, 2, 3).
These generators satisfy the following algebra in 4 dimensions [4, 22, 37–39]

[Mµν, Mρσ] = i(gµρMνσ − gνρMµσ + gνσMµρ + gµσMνρ). (1.24)

Then, any element of the Lorentz group can be written in general as

Λ = e−
i
2 Ωµν·Mµν

, (1.25)

where Ωµν is a matrix of real parameters that includes the angles of the rotations and boosts (θi

and φi).
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It is customary to separate the Lorentz generators as presented previously in generators of
rotations J and boosts generators K. They are related to Mµν as follows

Ji ≡
1
2

εijkMjk, Ki ≡ M0i. (1.26)

There are a total of six generators: three for rotations and three for boosts. Thus, the Lorentz
group is a six-parameters group.

The generators for the proper rotations are J1, J2, J3 and they are given by

J1 =


0 0 0 0
0 0 0 0
0 0 0 −i
0 0 i 0

 , J2 =


0 0 0 0
0 0 0 i
0 0 0 0
0 −i 0 0

 , J3 =


0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

 . (1.27)

For example, the rotation along the x-axis can be written as

Λ1 = e−iθ1 J1 , (1.28)

or in matrix form

Λ1 =


1 0 0 0
0 1 0 0
0 0 cos θ1 − sin θ1

0 0 sin θ1 cos θ1

 . (1.29)

The Boosts generators are K1, K2, K3 and they are given by

K1 =


0 i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

 , K2 =


0 0 i 0
0 0 0 0
i 0 0 0
0 0 0 0

 , K3 =


0 0 0 i
0 0 0 0
0 0 0 0
i 0 0 0

 . (1.30)

For example, the boost in the t-x plane can be written as

Λt−x = e−iφ1K1 , (1.31)

or in matrix form

Λt−x =


cosh φ1 sinh φ1 0 0
sinh φ1 cosh φ1 0 0

0 0 1 0
0 0 0 1

 . (1.32)
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The 6 generators of the Lorentz Group satisfy the algebra 1.24 which can be explicitly written
for the J and K [40–42] as

[Ji, Jj] = iεijk Jk, [Ji, Kj] = iεijkKk, [Ki, Kj] = −iεijk Jk. (1.33)

There exists also a relation between the general parameter of the Lorentz transformations Ωµν

and the parameters of the rotations and boosts (θi and φi):

θi ≡
1
2

εijkΩjk, φi ≡ Ω0i. (1.34)

In general, the elements of this group can also be written as follows

Λ = e−i(Θ·J+Φ·K), (1.35)

which is equivalent to eq.(1.25):

Λ = e−
i
2 Ωµν·Mµν

= e−i(Θ·J+Φ·K). (1.36)

The Lorentz Group (SO(1, 3)) is isomorphic to the group SU(2)A ⊗ SU(2)B generated by

A =
1
2
(J + iK), B =

1
2
(J− iK). (1.37)

These generators satisfy the commutation relations

[Ai, Aj] = iεijk Ak, [Bi, Bj] = iεijkBk, [Ai, Bj] = 0. (1.38)

Some of the most common representations of the Lorentz group are:

• (0, 0) is the Lorentz scalar representation. This representation is carried by relativistic
scalar field theories.

•
( 1

2 , 0
)

is the left-handed Weyl spinor and
(
0, 1

2

)
is the right-handed Weyl spinor represen-

tation.

•
( 1

2 , 1
2

)
is the four-vector representation. The four-momentum of a particle transforms

under this representation.

• (1, 0) is the self-dual tensor and (0, 1) is the anti-self-dual tensor.

• (1, 1) is the spin 2 representation of a traceless symmetric tensor field [43].

Among the irreducible representations (irreps.) of the Lorentz Group there are only a few that
are used to describe the particles. In fact, the Standard Model is constructed only using the
representations: (0, 0) for the Higgs Boson;

( 1
2 , 0
)

and
(
0, 1

2

)
for the quarks and leptons and( 1

2 , 1
2

)
for the gauge bosons[39].



1.2. Lorentz Group 11

For the representation
( 1

2 , 0
)
⊕
(
0, 1

2

)
the authors in [4] construct a parity-based covariant basis

given by {
1, χ, Sµ, χSµ, Mµν

}
, (1.39)

their procedure reproduces the conventional covariant basis with the γµ matrices in the Weyl
representation {

1, γ5, γµ, γ5γµ, σµν

}
. (1.40)

The parity-based covariant basis for a general (j, 0)⊕ (0, j) operator space, according to [4, 9],
contains the following set of elements:

• The unit matrix of dimension 2(2j + 1) and the chirality operator χ. These are Lorentz
scalar operators.

• Six operators transforming in the (1, 0)⊕ (0, 1) representation. These ones form a rank-2
antisymmetric tensor, Mµν, whose components are the generators of the HLG.

• A pair of symmetric traceless matrix tensors, denoted by Sµ1µ2...µ2j and χSµ1µ2 ...µ2j , trans-
forming in the (j, j) representation.

• A series of tensor matrix operators with the appropriate symmetry properties such that
they transform in the (2, 0) ⊕ (0, 2);(3, 0) ⊕ (0, 3); (2j, 0) ⊕ (0, 2j) representations of the
HLG.

In our work, we are going to use the representation (1, 0)⊕ (0, 1). Then, with the ingredients
described previously, the basis of matrices with well-defined Lorentz transformation properties
[4, 9, 39] for our case is given by {

1, χ, Sµν, χSµν, Mµν, Cµναβ
}

, (1.41)

where the elements are defined as follows [4, 9, 11, 39, 44]:

1αβγδ =
1
2
(gαγgβδ − gαδgβγ), χαβγδ =

i
2

εαβγδ, (1.42)

(Mµν)αβγδ = −i(gµγ1αβνδ + gµδ1αβγν − gγν1αβµδ − gδν1αβγµ), (1.43)

Sµν is a symmetric traceless tensor (Sµ
µ = 0), defined as

(Sµν)αβγδ = gµν1αβγδ − gµγ1αβνδ − gµδ1αβγν − gγν1αβµδ − gδν1αβγµ. (1.44)

The tensor Cµναβ is defined as

Cµναβ = 4
{

Mµν, Mαβ
}
+ 2

{
Mµα, Mνβ

}
− 2

{
Mµβ, Mνα

}
− 16(1µναβ). (1.45)

Sµν satisfies the relations

[Sµν, Sαβ] = −i(gµα Mνβ + gνα Mµβ + gνβ Mµα + gµβ Mνα), (1.46)
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{
Sµν, Sαβ

}
=

4
3

(
gµαgνβ + gναgµβ − 1

2
gµνgαβ

)
− 1

6
(Cµανβ + Cµβνα). (1.47)

Cµναβ is a traceless tensor, which means that the contraction of any pair of indices vanishes. It
also satisfy the Bianchi identity

Cµναβ + Cµαβν + Cµβνα = 0, (1.48)

and it has the symmetries

Cµναβ = −Cνµαβ = −Cµνβα, Cµναβ = Cαβµν. (1.49)

These symmetries allow to reduce the 256 components of a general four-index tensor to only
10 independent components.

Defining C̃µρνσ ≡ 1
2 ε

µρ
αβCαβνσ = −iχCµρνσ and M̃µν = εµναβ Mαβ/2, we also have for the

covariant basis of eq.(1.41) the commutation rules

i[Mµν, Sρσ] = gµρSνσ − gνρSµσ + gµσSνρ − gνσSµρ, (1.50)

[χSµν, χSρσ] = igµρ Mνσ + igνρ Mµσ + igµσ Mνρ + igνσ Mµρ, (1.51)

[χSµν, Sρσ] =
4
3

(
gµρgνσ + gµσgνρ − 1

2
gµνgρσ

)
− i

6

(
C̃µρνσ + C̃µσνρ

)
, (1.52)

[χ, Sµν] = 2χSµν, (1.53)

[χ, χSµν] = 2Sµν, (1.54)

and the anticommutators

{Mµν, Sρσ} = εµνασχSρ
α + εµναρχSσ

α, (1.55)

{χSµν, χSρσ} = −4
3

(
gµρgνσ + gµσgνρ − 1

2
gµνgρσ

)
+

1
6
(Cµρνσ + Cµσνρ) , (1.56)

{χSµν, Sρσ} = 1
2

(
gµρ M̃νσ + gνσ M̃µρ

)
+

1
2

(
gµσ M̃νρ + gνρ M̃µσ

)
, (1.57)

{Mµν, Mρσ} = 4
3
(gµρgνσ − gµσgνρ)− 8

6
iεµνρσχ +

1
6

Cµνρσ, (1.58)

{χ, Sµν} = 0, (1.59)

{χ, χSµν} = 0. (1.60)

1.3 Some Aspects of Quantum Field Theory

In the development of Quantum Field Theory [12–15, 35, 45–48] during the last century there
were developed techniques that made it a really consistent and successful theory. Some of these
are the Dimensional Regularization and the Renormalization.

Dimensional regularization and renormalization are very powerful tools used in modern theo-
retical physics[12, 13, 16, 18]. Dimensional regularization was introduced by Carlos Bollini and
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Juan José Giambiagi[52] in 1972 and simultaneously by Gerardus’t Hooft and Martinus J. G.
Veltman in 1972-1973 [49, 50]. Precisely this work made t Hooft and Veltman receive the No-
bel Prize in Physics in 1999 [51] for the application of this method to non-abelian electroweak
theory.

1.3.1 Dimensional Regularization

Dimensional regularization has the important advantage with respect to other regularization
schemes, like cutoff regularization, that it respects gauge and Lorentz symmetries [16].

The key idea of dimensional regularization is to change the number of dimensions of the prob-
lem considered and this is achieved computing the volume V(x) in n-dimensions. Here n does
not have to be necessarily an integer [16, 49, 50, 52].

For example, for an infinite charged line 1 the potential is given by the expression

φ(x) =
λ

4πε0

∫ +∞

−∞

dy√
x2 + y2

. (1.61)

Using dimensional regularization the integration along y is changed for integration along a
general 1-dimension volume as follows

∫ +∞

−∞
dy =

∫
dV1. (1.62)

In general, for n dimensions, the integration over the volume Vn is defined as

∫
dVn =

∫
dΩn

∫ +∞

0
yn−1dy, (1.63)

where Ωn is given by

Ωn =
∫

dΩn =
2πn/2

Γ
( n

2

) ≡ n πn/2

Γ
( n

2 + 1
) . (1.64)

Here, Ωn is the solid-angle in n-dimensions, and we have used the property of the Gamma
function: Γ(z + 1) = z Γ(z).

1.3.2 Renormalization

In Quantum Field Theory in general infinities arise in important quantities that need to be
compared with experimental measurements [19]. There have been some works that presented
a way of describing these apparently divergent theories in a consistent manner [54–58].

Renormalization consists of removing these infinite parts in such a way that the considered
theory remains consistent. In general a renormalization scheme has two components[18]. First

1For a more detailed and explicit development of this example, see [16, 53]
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it has to be applied the process known as regularization. This step isolates the infinities ap-
pearing in the Feynman diagrams. The regularization is arbitrary, the only requirement is that
it must respect the symmetries of the theory.

After the regularization, it is necessary to apply a systematic method to remove the diver-
gences. This process is called renormalization scheme. The selection of the subtraction method
that leads to the renormalized theory is also arbitrary. Here the important fact to be considered
is that the physical results should not depend on this choice [17–21].

In general, the procedure consists in defining a relation between the parameters of the orig-
inal Lagrangian (commonly called “bare Lagrangian”) and the ones of the renormalized La-
grangian. This is justified because when observing at very short distances of particles, there
are other factors to consider. For example, in an electron theory a first description states an
initial mass and charge, but in QFT a cloud of virtual particles, such as photons, positrons, and
others surrounds and interacts with the initial electron. Then, the electron at such distances
has a slightly different mass and electric charge than does the dressed electron seen at large
distances.

Mathematically, the process is to replace the initially postulated parameters of the theory with
the renormalized ones, which are the experimentally observed values. The parameters are re-
lated through some constants that are absorbing the divergent quantities that arise in the calcu-
lations. A detailed development of this procedure for several theories like QED and Quantum
Chromodynamics (QCD) can be consulted in references [16–21, 23].

1.4 Case for self-interacting second order spin 1/2 fermions

In [22] the authors study the “Renormalization of the QED of self-interacting second order spin
1/2 fermion”. The Lagrangian considered in this paper is

L = −1
4

FµνFµν + D†µψ̄TµνDνψ−m2ψ̄ψ +
λ1

2
(ψ̄ψ)2 +

λ2

2
(
ψ̄γ5ψ

) (
ψ̄γ5ψ

)
+

λ3

2
(ψ̄Mµνψ)

(
ψ̄Mµνψ

)
, (1.65)

where Dµ = ∂µ + ieAµ is the gauge covariant derivative, Aµ is the gauge field, ψ is the fermion
field, the fermion charge is −e, λj (j = 1, 2, 3) are the couplings of the three possible dimension
four fermion self-interaction terms. This Lagrangian has a gauge symmetry. The space-time
tensor Tµν is defined as

Tµν ≡ gµν − igMµν − ig′M̃µν. (1.66)

To renormalize the theory it is necessary to introduce some counterterms. These counterterms
are going to absorb the divergent part of the amplitudes. Then, the parameters of the bare
Lagrangian 2 are the fermion mass m0, the fermion charge e0, the gyromagnetic factor g0 and

2The bare Lagrangian L0 is exactly as 1.65 only including a subscript 0 to every parameter and field.
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the self-interaction couplings λ0j (j = 1, 2, 3). The renormalized fields are related to the bare
ones as

Aµ
r = Z−

1
2

1 Aµ
0 , ψr = Z−

1
2

2 ψ0. (1.67)

After splitting the Lagrangian in a convenient way and using the definitions:

δ1 ≡ Z1 − 1, δ2 ≡ Z2 − 1, δm ≡ Zm − Z2, Zm ≡
m2

0
m2

r
Z2,

δe ≡ Ze − 1, δ3 ≡ Z3 − 1, δλj ≡ Zλj − 1, δg ≡ Zeg − Ze,

Ze ≡
e0

er
Z

1
2
1 Z2, Z3 ≡

e2
0

e2
r

Z1Z2, Zλj ≡
λ0j

λrj
Z2

2 , Zeg ≡
g0

gr
Ze, (1.68)

the following expressions for the counterterms are obtained

δ1 = − e2τ

(4π)2

(
g2

4
− 1

3

) [
1
ε̃
− ln

m2

µ2

]
, (1.69)

δm =
1

(4π)2

{[
1
ε̃
− ln

m2

µ2

] [
(τ − 1)λ1 − λ2 − 3λ3 − 3

(
1 +

g2

4

)
e2
]

(1.70)

+(τ − 1)λ1 − λ2 +
λ3

2
−
(

7 +
g2

4

)
e2

}
, (1.71)

δ2 = δe = δ3 =
e2

(4π)2 (3− ξ)

[
1
ε̃
− ln

m2

µ2 − ln
m2

γ

m2

]
, (1.72)

δg = − 1
(4π)2

(
1
ε̃
− ln

m2

µ2

) [(
1− g2

4

)
e2 + λ1 + λ2 −

(
1 +

τ

2

)
λ3

]
, (1.73)

δλ1 = −
1

(4π)2
1
ε̃

{
6
(

1− g2

4

)2 e4

λ1
+ e2

[
3g2

2

(
1 +

λ3

λ1

)
+ 2ξ

]

+(4− τ)λ1 + 2
λ2

2
λ1

+ 3
λ2

3
λ1

+ 2λ2 + 6λ3

}
, (1.74)

δλ2 = −
1

(4π)2
1
ε̃

{
e2
[

3g2

2

(
1 +

λ3

λ2

)
+ 2ξ

]
+ 3

λ2
3

λ2

+6λ1 + (2− τ)λ2 + 6λ3

}
, (1.75)

δλ3 = −
1

(4π)2
1
ε̃

{
e2
[

g2

2

(
2

λ1

λ3
+ 2

λ2

λ3
− 1
)
+ 2ξ

]
+6λ1 + 6λ2 −

(
4 + τ

2

)
λ3

}
. (1.76)

The beta functions encode the dependence of the coupling parameters on the energy scale µ

(also called the "running of the coupling") of a given physical process. This functions βη ≡ µ
∂η
∂µ

and the anomalous dimensions γm ≡ µ
m

∂m
∂µ in the ε→ 0 limit are obtained in this paper as:

βe =
e3τ

48π2

(
3
4

g2 − 1
)

, (1.77)
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βg =
g

32π2

[
e2 (g2 − 4

)
− 4(λ1 + λ2) + 4

(
1 +

τ

2

)
λ3

]
, (1.78)

βλ1 = −
1

16π2

{3
4

e4 (g2 − 4
)2

+ 3e2 [(4 + g2) λ1 + g2λ3
]

(1.79)

+2(4− τ)λ2
1 + 4λ2 (λ1 + λ2) + 6λ3 (2λ1 + λ3)

}
,

βλ2 = −
1

16π2

{
3e2 [(4 + g2) λ2 + g2λ3

]
(1.80)

+12λ2λ1 + 2(2− τ)λ2
2 + 6λ3 (2λ2 + λ3)

}
,

βλ3 = −
1

16π2

{
e2 [(12− g2) λ3 + 2g2 (λ1 + λ2)

]
(1.81)

+12λ3(λ1 + λ2)− (4 + τ)λ2
3

}
,

γm =
1

64π2

{
−3e2 (g2 + 4

)
+ 4[(τ − 1)λ1 − λ2 − 3λ3]

}
. (1.82)

In the cited work, the authors study the one-loop level renormalization of the electrodynamics
of second order fermions in the Poincaré projector formalism, in an arbitrary covariant gauge
and including fermion self-interactions. They proved that βg vanishes for g = ±2, λ1 = λ2 =

λ3 = 0 showing that the theory has a simple connection to Dirac QED, as expected. They also
showed that making the proper replacements in the expressions obtained for the beta func-
tions they are able to recover the well known Dirac-QED beta function and the corresponding
anomalous dimension of the mass

βD
e =

e3

12π2 , γD
m = − 3e2

8π2 . (1.83)

1.5 Ward-Takahashi Identities

In Quantum Field Theory, Ward–Takahashi identities are relations between correlation func-
tions. They are the result of the global or gauge symmetries of the theory, and they remain
valid after renormalization.

The first of these identities was originally used by John Clive Ward[60] and Yasushi Taka-
hashi[61] in Quantum Electrodynamics to relate the wave function renormalization of the elec-
tron to its vertex renormalization factor. With this, they guaranteed the cancellation of the
ultraviolet divergence to all orders in perturbation theory.

In general, a Ward–Takahashi identity is the quantum version of the classical current conser-
vation that the Noether’s theorem states that is related to a continuous symmetry. This gener-
alized sense can be found well described in [13] and should not be confused with the specific
case of the original Ward-Takahashi identity.

The Ward–Takahashi identity applies to correlation functions in momentum space and it is not
a requirement that all their external momenta be on-shell. Let

M(k; p1 . . . pn; q1 . . . qn) = εµ(k)Mµ(k; p1 . . . pn; q1 . . . qn), (1.84)
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be a QED correlation function. This function involves an external photon with momentum k,
εµ(k) is the polarization vector of the photon and the pi are the momenta of the initial-state
electrons, the qi are the momenta of the final-state electrons. M0 is defined as the simpler
amplitude that is obtained by removing the photon with momentum k from the original am-
plitude. Then the Ward–Takahashi identity reads

kµMµ(k; p1 · · · pn; q1 · · · qn) = e ∑
i

{
M0(p1 · · · pn; q1 · · · (qi − k) · · · qn)

−M0(p1 · · · (pi + k) · · · pn; q1 · · · qn)
}

, (1.85)

where e is the charge of the electron.

For a more extensive exploration about this topic, can be consulted reference [18] for the case
of non-abelian gauge theories, [62] for a derivation of the Ward–Takahashi identities for con-
nected Green’s functions in QED without using some techniques like equal-time commutation
relations and the Feynman-Dyson perturbation expansions and [63] to see the violation of these
identities in axial current anomalies [64, 65].

The gauge invariance of the theory imposes two important Ward-Takahashi identities (see [59]
for their derivation in the analogous spin 1/2 case). The first one relates the tensor-tensor-
photon (TTγ) vertex function −ieΓµ(q, p,−p − q), where q is the momentum of the photon,
with the tensor self-energy −iΣ(p) according to

Γµ(0, p,−p) = −∂Σ(p)
∂pµ

. (1.86)

The second one involves the tensor-tensor-photon-photon (TTγγ) vertex ie2Γµν(q, q′, p, p′), with
photon momenta q and q′, and the TTγ vertex, and reads

Γµν(0, q′, p, p′) =
∂Γν(q′, p, p′)

∂pµ
+

∂Γν(q′, p, p′)
∂p′µ

. (1.87)
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Chapter 2

Description of the model

In this Chapter we shall present the model we are considering and the Feynman rules obtained.
The field considered is a massive complex spin-1 antisymmetric tensor Bαβ in the (1, 0)⊕ (0, 1)
representation of the HLG. The kinetic part of the Lagrangian is of Klein-Gordon type. The
spin-1 information is encoded by a Pauli-like term modulated by an arbitrary gyromagnetic
factor g and the four independent quartic self-interactions that can be built from the covariant
basis for this representation space, given by the complete set of tensors presented in eq.(1.41).

2.1 Lagrangian for the spin-1 field Bαβ

The Lagrangian of the spin-1 matter field Bαβ is given by

L = −1
4

FµνFµν + (DµBαβ)† (Tµν

)
αβγδ

(DνBγδ)−m2(Bαβ)
†
Bαβ

+
λ1

2
(Bαβ †1αβγδBγδ)(Bµν †1µνρσBρσ) +

λ2

2
(Bαβ †χαβγδBγδ)(Bµν †χµνρσBρσ)

+
λ3

2
(Bα1β1 †(Mµν)α1β1γ1δ1 Bγ1δ1)(Bα2β2 †(Mµν)α2β2γ2δ2 Bγ2δ2)

+
λ4

2
(Bα1β1 †(Sµν)α1β1γ1δ1 Bγ1δ1)(Bα2β2 †(Sµν)α2β2γ2δ2 Bγ2δ2), (2.1)

where Dµ = ∂µ + ieAµ is the gauge covariant derivative, Aµ is the gauge field, Bαβ is the boson
field. This Lagrangian has a gauge symmetry. The tensors Fµν and (Tµν)αβγδ are defined as

Fµν = ∂µ Aν − ∂ν Aµ, (Tµν)αβγδ = gµν1αβγδ − ig(Mµν)αβγδ. (2.2)

In our analysis, the gauge freedom is fixed by the Rξ contribution

LG.F. = −
1

2ξ
(∂µ Aµ)

2. (2.3)

With all the definitions presented in eqs.(2.2, 1.42-1.44) and with arbitrary gauge fixing param-
eter ξ, we can write the Lagrangian of the model in the following way

L = −1
4

FµνFµν −
1

2ξ
(∂µ Aµ)

2 + ((∂µ + ieAµ)Bαβ)† (gµν1αβγδ − ig(Mµν)αβγδ

)
(∂ν + ieAν)Bγδ
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−m2(Bαβ)
†
Bαβ +

λ1

2
(Bαβ †1αβγδBγδ)(Bµν †1µνρσBρσ) +

λ2

2
(Bαβ †χαβγδBγδ)(Bµν †χµνρσBρσ)

+
λ3

2
(Bα1β1 †(Mµν)α1β1γ1δ1 Bγ1δ1)(Bα2β2 †(Mµν)α2β2γ2δ2 Bγ2δ2)

+
λ4

2
(Bα1β1 †(Sµν)α1β1γ1δ1 Bγ1δ1)(Bα2β2 †(Sµν)α2β2γ2δ2 Bγ2δ2), (2.4)

and after some small transformations it can be written in a more suitable way

L = −1
4

FµνFµν −
1

2ξ
(∂µ Aµ)

2 + ∂µBαβ†∂µBαβ −m2(Bαβ)†Bαβ

−ieAµ[Bαβ†(Tµν)αβγδ∂νBγδ − (∂νBαβ†)(Tνµ)αβγδBγδ] + e2Aµ AµBαβ†Bαβ

+
λ1

2
(Bαβ †1αβγδBγδ)(Bµν †1µνρσBρσ) +

λ2

2
(Bαβ †χαβγδBγδ)(Bµν †χµνρσBρσ)

+
λ3

2
(Bα1β1 †(Mµν)α1β1γ1δ1 Bγ1δ1)(Bα2β2 †(Mµν)α2β2γ2δ2 Bγ2δ2)

+
λ4

2
(Bα1β1 †(Sµν)α1β1γ1δ1 Bγ1δ1)(Bα2β2 †(Sµν)α2β2γ2δ2 Bγ2δ2). (2.5)

2.1.1 Determining the Feynman rules for our Lagrangian

In this section the Feynman rules for our model are going to be determined. The general pro-
cedure to determine the Feynman rules is described in Appendix A.

First term of the Lagrangian

Beginning with the first term of the Lagrangian which is

Γ0 ⊃
∫

d4x[−1
4

FµνFµν −
1

2ξ
(∂µ Aµ)

2]. (2.6)

Using the definition in eq.(2.2) for Fµν we can write the first part of this term as

Γ0 ⊃
∫

d4x[−1
4

Fµν(∂µ Aν − ∂ν Aµ)] =
∫

d4x[−1
2

Fµν∂µ Aν], (2.7)

and after a few steps

Γ0 ⊃
∫

d4x
1
2
[Aνgνµ∂µ∂µ Aµ − Aν∂µ∂ν Aµ]

=
∫

d4x
1
2
[Aνgνµ∂µ∂µ Aµ − Aν∂µ∂ν Aµ]

=
1
2

∫
d4xAα[gαβ∂β∂β − ∂α∂β]Aβ. (2.8)

The second part of this term can be expressed as

− 1
2ξ

(∂µ Aµ)
2 = − 1

2ξ
∂µ Aµ∂ν Aν =

1
2ξ

Aµ∂µ∂ν Aν. (2.9)
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Then, we have

Γ0 ⊃
∫

d4x
1
2

Aα[gαβ∂β∂β + (
1
ξ
− 1)∂α∂β]Aβ. (2.10)

For this term the 2-points function reads

iΓ2
0µν(p1, p2)(2π)4δ4(p1 + p2) = i(2π)8 δ2Γ0[Aα]

δAµ(p1)δAν(p2)
. (2.11)

To continue with the procedure we need to use the Fourier transform, which is given by

Aα(x) =
∫ d4q1

(2π)4 e−iq1·x Aα(q1). (2.12)

Then we can write the following expression

(2π)8iΓ0 ⊃ (2π)8i
1
2

∫
d4x

d4q1

(2π)4
d4q2

(2π)4 e−iq1·x Aα(q1)[gαβ∂β∂β

+(
1
ξ
− 1)∂α∂β]e−iq2·x Aβ(q2). (2.13)

Now using that
∂µe−iq2·x = e−iq2·x(−iq2ν∂µxν) = e−iq2·x(−iq2µ), (2.14)

we can write eq.(2.13) as

(2π)8iΓ0 ⊃
i
2

∫
d4xd4q1d4q2e−i(q1+q2)·x Aα(q1)[gαβ(−iqµ

2 )(−iq2µ)

+(
1
ξ
− 1)(−iq2α)(−iq2β)]Aβ(q2). (2.15)

Then with the expression above, equation (2.11) becomes

iΓ2
0 µν(p1, p2)(2π)4δ4(p1 + p2) = − i

2

∫
d4xd4q1d4q2e−i(q1+q2)·x[q2

2gαβ

+(
1
ξ
− 1)q2αq2β]

δAα(q1)δAβ(q2)

δAµ(p1)δAν(p2)
. (2.16)

Performing the functional derivatives and the integration respect to q1 and q2 we have

iΓ2
0 µν(p1, p2)(2π)4δ4(p1 + p2) = − i

2

∫
d4xe−i(p1+p2)·x[p2

1gνµ (2.17)

+(
1
ξ
− 1)p1ν p1µ + p2

2gµν + (
1
ξ
− 1)p2µ p2ν].

And finally integrating respect to x

iΓ2
0 µν(p1, p2)(2π)4δ4(p1 + p2) = −(2π)4δ4(p1 + p2)2

i
2
[p2

1gµν + (
1
ξ
− 1)p1ν p1µ]. (2.18)
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With this expression and with p1 = p and p2 = −p we finally have

Γ2
0µν(p,−p) = −p2gµν − (

1
ξ
− 1)pµ pν. (2.19)

We need to find the propagator, which is the inverse of Γ2
0µν and can be obtained using the

ansatz
[Γ2

0]
−1
αβ = Xgµν + Ypα pβ. (2.20)

Finally the propagator is given by

∆µν(p) = i[Γ2
0]
−1
µν = − i

p2

[
gµν + (ξ − 1)

pµ pν

p2

]
. (2.21)

And the Feynman diagram for this piece is represented as

q
µν

Second term of the Lagrangian

Next, for the second term of the Lagrangian

L ⊃ ∂µBρσ †∂µBρσ −m2(Bρσ)†Bρσ, (2.22)

the 2-points function reads

iΓ2
αβγδ(p1, p2)(2π)4δ4(p1 + p2) = i(2π)8 δ2Γ0

δBαβ(p1)δB†
γδ(p2)

(2.23)

= i(2π)8 δ2

δBαβ(p1)δB†
γδ(p2)

[∫
d4x

d4q1

(2π)4
d4q2

(2π)4 [∂
µBρσ †∂µBρσ −m2(Bρσ)†Bρσ]e−iq1·xe−iq2·x

]
.

Now, using eq.(2.14) we can write

iΓ2
αβγδ(p1, p2)(2π)4δ4(p1 + p2) = i(2π)8 δ2

δBαβ(p1)δB†
γδ(p2)

×
[∫

d4x
d4q1

(2π)4
d4q2

(2π)4 [(−iqµ
1 )(−iq2µ)−m2](Bρσ)†Bρσe−iq1·xe−iq2·x

]
. (2.24)

Computing the functional derivatives

δ2[(Bρσ(q1))
†Bρσ(q2)]

δBαβ(p1)δB†
γδ(p2)

=
δ

δBαβ(p1)

[
δBρσ †(q1)

δB†
γδ(p2)

]
Bρσ(q2)

= gρµgσν1γδ
µν1αβ

ρσδ4(q1 − p2)δ
4(q2 − p1)
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= 1αβγδδ4(q1 − p2)δ
4(q2 − p1). (2.25)

Substituting this in eq.(2.24), this one can be written as

iΓ2
αβγδ(p1, p2)(2π)4δ4(p1 + p2) = i

∫
d4xd4q1d4q2e−i(q1+q2)·x[−q1 · q2 −m2]

× 1αβγδδ4(q1 − p2)δ
4(q2 − p1)

= i[
∫

d4xe−i(p1+p2)·x][−p1 · p2 −m2]1αβγδ

= i[−p1 · p2 −m2](2π)4δ4(p1 + p2)1αβγδ. (2.26)

Finally with p1 = p and p2 = −p we have that

Γ2
0 αβγδ(p,−p) = [p2 −m2]1αβγδ. (2.27)

Then the propagator for this part of the Lagrangian is given by

∆αβγδ(p) = i[Γ2
0]
−1
αβγδ =

i
p2 −m2 1αβγδ. (2.28)

And the Feynman diagram for this term is represented as

p
αβγδ

Third term of the Lagrangian

For the third term of the Lagrangian we start with

L ⊃ −ieAρ[Bλκ †(Tρσ)λκεθ∂σBεθ − (∂σBλκ †)(Tσρ)λκεθ Bεθ ]. (2.29)

Then, the 3-points function is given by

iΓ3
0 µ, αβγδ(p1, p2, p3)(2π)4δ4(p1 + p2 + p3) = i(2π)12 δ3

δAµ(p1)δBαβ†(p2)δBγδ(p3)

×(−ie)
∫

d4x
d4q1

(2π)4
d4q2

(2π)4
d4q3

(2π)4 Aρ(q1)[Bλκ†(q2)(Tρσ)λκεθ(∂
σBεθ(q3))

−(∂σBλκ †(q2))(Tσρ)λκεθ Bεθ(q3)]e−iq1·xe−iq2·xe−iq3·x. (2.30)

Now using again eq.(2.14) the previous expression becomes

iΓ3
0 µ, αβγδ(p1, p2, p3)(2π)4δ4(p1 + p2 + p3) = i

δ3

δAµ(p1)δBαβ†(p2)δBγδ(p3)

×(−ie)
∫

d4xd4q1d4q2d4q3e−i(q1+q2+q3)·x Aρ(q1)[Bλκ†(q2)(Tρσ)λκεθ(−iqσ
3 )Bεθ(q3)

−(−iqσ
2 )Bλκ†(q2)(Tσρ)λκεθ Bεθ(q3)]. (2.31)
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Like each field is independent of the others we can compute every term of the functional deriva-
tive separately:

δAρ(q1)

δAµ(p1)
= δ

ρ
µδ4(q1 − p1), (2.32)

δBλκ†(q2)

δBαβ†(p2)
= 1λκ

αβδ4(q2 − p2), (2.33)

δBεθ(q3)

δBγδ(p3)
= 1εθ

γδδ4(q3 − p3). (2.34)

With these results we can write

iΓ3
0 µ, αβγδ(p1, p2, p3)(2π)4δ4(p1 + p2 + p3) = −ie

∫
d4xd4q1d4q2d4q3

×e−i(q1+q2+q3)·xδ
ρ
µδ4(q1 − p1)[1λκ

αβδ4(q2 − p2)(Tρσ)λκεθqσ
3 1εθ

γδδ4(q3 − p3)

−qσ
2 1λκ

αβδ4(q2 − p2)(Tσρ)λκεθ1εθ
γδδ4(q3 − p3)]

= −ie
[∫

d4xe−i(p1+p2+p3)·x
]
[(Tµν)αβγδ pν

3 − (Tνµ)αβγδ pν
2]

= −ie(2π)4δ4(p1 + p2 + p3)[(Tµν)αβγδ pν
3 − (Tνµ)αβγδ pν

2]. (2.35)

Finally we have

iΓ3
0 µ, αβγδ = −ie[Tµν pν

3 − Tνµ pν
2]αβγδ = ie[Tνµ pν

2 − Tµν pν
3]αβγδ. (2.36)

The Feynman diagram corresponding to the vertex given by the above expression is

µ

αβ

γδ

Fourth term of the Lagrangian

For the fourth term of the Lagrangian we begin as the previous cases

L ⊃ e2Aρ AρB† λκBλκ. (2.37)

The 4-points function is given by

iΓ4 ν γδ
0 µ, αβ (p1, p2, p3, p4)(2π)4δ4(p1 + p2 + p3 + p4) = i(2π)16 δ4Γ0

δAµ(p1)δAν(p2)δBαβ†(p3)δBγδ(p4)
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= i(2π)16e2
∫ d4x

(2π)16

[
4

∏
i

d4qi

]
e−i(q1+q2+q3+q4)·x δ4[Aρ(q1)Aρ(q2)Bλκ†(q3)Bλκ(q4)]

δAµ(p1)δAν(p2)δBαβ†(p3)δBγδ(p4)
. (2.38)

Now calculating the functional derivative

δ4[Aρ(q1)Aρ(q2)Bλκ†(q3)Bλκ(q4)]

δAµ(p1)δAν(p2)δBαβ†(p3)δBγδ(p4)
=

δ2[Aρ(q1)Aρ(q2)]

δAµ(p1)δAν(p2)

δBλκ†(q3)

δBαβ†(p3)

δBλκ(q4)

δBγδ(p4)
. (2.39)

For convenience, each part is computed separately

δBλκ†(q3)

δBαβ†(p3)
= 1 λκ

αβ δ4(q3 − p3), (2.40)

δBλκ(q4)

δBγδ(p4)
= 1γδ

λκδ4(q4 − p4), (2.41)

δ2[Aρ(q1)Aρ(q2)]

δAµ(p1)δAν(p2)
=

δ

δAµ(p1)

[
δAρ(q1)

δAν(p2)
Aρ(q2) + Aρ(q1)

δAρ(q2)

δAν(p2)

]
(2.42)

=
δ

δAµ(p1)
[gρεδν

ε δ4(q1 − p2)Aρ(q2) + Aρ(q1)δ
ν
ρδ4(q2 − p2)]

= gµρgρνδ4(q1 − p2)δ
4(q2 − p1) + δν

µδ4(q1 − p1)δ
4(q2 − p2).

Then we have that

δ4[Aρ(q1)Aρ(q2)Bλκ†(q3)Bλκ(q4)]

δAµ(p1)δAν(p2)δBαβ†(p3)δBγδ(p4)
= δν

µ[δ
4(q1 − p2)δ

4(q2 − p1) + δ4(q1 − p1)δ
4(q2 − p2)]

×1 λκ
αβ 1γδ

λκδ4(q3 − p3)δ
4(q4 − p4)

= 1 γδ
αβ δν

µδ4(q3 − p3)δ
4(q4 − p4)[δ

4(q1 − p2)δ
4(q2 − p1) + δ4(q1 − p1)δ

4(q2 − p2)]. (2.43)

With this result and taking into account the symmetry of the terms when the integral is com-
puted, we can write the following

iΓ4 ν γδ
0 µ, αβ(p1, p2, p3, p4)(2π)4δ4(p1 + p2 + p3 + p4) = 2ie21 γδ

αβ δν
µ

∫
d4x

[
4

∏
i

d4qi

]
e−i(q1+q2+q3+q4)·x

×δ4(q1 − p1)δ
4(q2 − p2)δ

4(q3 − p3)δ
4(q4 − p4)

= 2ie21 γδ
αβ δν

µ

∫
d4xe−i(p1+p2+p3+p4)·x. (2.44)

Then it transforms into the expression

iΓ4 ν γδ
0 µ, αβ(p1, p2, p3, p4)(2π)4δ4(p1 + p2 + p3 + p4) = 2ie21γδ

αβδν
µ(2π)4δ(p1 + p2 + p3 + p4). (2.45)

And finally we have that
iΓ ν γδ

0 µ, αβ = 2ie21 γδ
αβ δν

µ, (2.46)

or which is the same
iΓ0 µν, αβγδ = 2ie21αβγδgµν. (2.47)
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Then, the Feynman diagram corresponding to this term is

µ

ν

αβ

γδ

Self-interaction terms

Let’s obtain now the Feynman rules for the self-interaction terms. Like the 4 terms have the
same algebraic structure we can write them in a general form as follows

L ⊃ λ

2
(Bλκ †Oλκεθ Bεθ)(Bηπ †OηπετBετ), (2.48)

where the operator Oλκεθ stands for 1αβγδ, χαβγδ, (Mµν)αβγδ and (Sµν)αβγδ. Here, the 4-points
function is given by

iΓ4
0 αβγδ, µνρσ(p1, p2, p3, p4)(2π)4δ4(p1 + p2 + p3 + p4) = i(2π)16 (2.49)

× δ4Γ0

δBαβ †(p1)δBγδ(p2)δBµν †(p3)δBρσ(p4)

= i(2π)16 λ

2

∫ d4x
(2π)16

[
4

∏
i

d4qi

]
e−i(q1+q2+q3+q4)·x

×
δ4[(Bλκ †(q1)Oλκεθ Bεθ(q2))(Bηπ †(q3)OηπετBετ(q4))]

δBαβ †(p1)δBγδ(p2)δBµν †(p3)δBρσ(p4)
.

Now, determining the functional derivatives

δ4[(Bλκ †(q1)Oλκεθ Bεθ(q2))(Bηπ †(q3)OηπετBετ(q4))]

δBαβ †(p1)δBγδ(p2)δBµν †(p3)δBρσ(p4)
= (2.50)

[OµνρσOαβγδδ4(q1 − p3)δ
4(q2 − p4)δ

4(q3 − p1)δ
4(q4 − p2)

+OαβρσOµνγδδ4(q1 − p1)δ
4(q2 − p4)δ

4(q4 − p2)δ
4(q3 − p3)

+OµνγδOαβρσδ4(q2 − p2)δ
4(q1 − p3)δ

4(q3 − p1))δ
4(q4 − p4)

+OαβγδOµνρσδ4(q1 − p1)δ
4(q2 − p2)δ

4(q3 − p3)δ
4(q4 − p4)],

computing the integral over qi with the symmetry of the exponential and then integrating over
x we finally obtain

iΓ4
0 αβγδ, µνρσ = iλ(OαβγδOµνρσ + OαβρσOµνγδ). (2.51)
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Then we can write a Feynman rule for each term in the following way

iΓ4
0 αβγδ, µνρσ (1) = iλ1(1αβγδ1µνρσ + 1αβρσ1µνγδ), (2.52)

iΓ4
0 αβγδ, µνρσ (2) = iλ2(χαβγδχµνρσ + χαβρσχµνγδ), (2.53)

iΓ4
0 αβγδ, µνρσ (3) = iλ3(Mκλ

αβγδ(Mκλ)µνρσ + Mκλ
αβρσ(Mκλ)µνγδ), (2.54)

iΓ4
0 αβγδ, µνρσ (4) = iλ4(Sκλ

αβγδ(Sκλ)µνρσ + Sκλ
αβρσ(Sκλ)µνγδ), (2.55)

and the Feynman diagram for all of them has the form

γδ

ρσ

αβ

µν

The Feynman rules for this model can be summarized as follows
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(I)
q

µν = − i
q2 [gµν + (ξ − 1) qµqν

q2 ]

(II)
p

αβγδ =
i1αβγδ

p2−m2+iε

(III) µ

p1, αβ

p2, γδ

= −ie[Tµν pν
2 − Tνµ pν

1]αβγδ

(IV)

µ

ν

αβ

γδ

= 2ie2gµν1αβγδ

(V)

γδ

ρσ

αβ

µν

= i{λ1(1αβγδ1µνρσ + 1αβρσ1µνγδ)

+λ2(χαβγδχµνρσ + χαβρσχµνγδ)

+λ3[Mκλ
αβγδ(Mκλ)µνρσ + Mκλ

αβρσ(Mκλ)µνγδ]

+λ4[Sκλ
αβγδ(Sκλ)µνρσ + Sκλ

αβρσ(Sκλ)µνγδ]}

Here we have changed the subscript of the momenta. The momentum p3 is substituted by p2

and p2 by p1.

2.2 Renormalization

In this section, we analyze the renormalization properties of the model at one-loop level, study-
ing the UV divergent parts of all the potentially divergent vertex functions. In this work, we
use dimensional regularization with d = 4 − 2ε and the naive prescription for the chirality
operator χ

[χ, Mµν] = 0, {χ, Sµν} = 0. (2.56)

This approach does not lead to inconsistencies as χ appears in pairs for all the processes in-
volved. The subtraction scheme used in the study is the minimal subtraction (MS) one.

2.2.1 Counterterms

Taking eq.(2.5) as the bare Lagrangian, with all bare quantities denoted by a 0 subscript, its
parameters are the tensor mass m0, the tensor charge e0 and the gyromagnetic factor g0. Then
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it can be written as

L0 = −1
4

Fµν
0 F0 µν + ∂µBαβ†

0 ∂µB0 αβ −m2
0(Bαβ

0 )†B0 αβ (2.57)

−ie0Aµ
0 [B

αβ†
0 (T0 µν)αβγδ∂νBγδ

0 − (∂νBαβ†
0 )(T0 νµ)αβγδBγδ

0 ] + e2
0 Aµ

0 A0 µBαβ†
0 B0 αβ

+
λ01

2
(Bαβ †

0 1αβγδBγδ
0 )(Bµν †

0 1µνρσBρσ
0 ) +

λ02

2
(Bαβ †

0 χαβγδBγδ
0 )(Bµν †

0 χµνρσBρσ
0 )

+
λ03

2
(Bα1β1 †

0 (Mµν)α1β1γ1δ1 Bγ1δ1
0 )(Bα2β2 †

0 (Mµν)α2β2γ2δ2 Bγ2δ2
0 )

+
λ04

2
(Bα1β1 †

0 (Sµν)α1β1γ1δ1 Bγ1δ1
0 )(Bα2β2 †

0 (Sµν)α2β2γ2δ2 Bγ2δ2
0 ).

The renormalized fields are related to the bare ones through

Aµ
r = Z−

1
2

1 Aµ
0 , Bαβ

r = Z−
1
2

2 Bαβ
0 , (2.58)

and therefore
Aµ

0 = Z
1
2
1 Aµ

r , Bαβ
0 = Z

1
2
2 Bαβ

r . (2.59)

Then, the first term of the Lagrangian can be written as

L(1)
0 = −1

4
Z1Fµν

r Fr µν. (2.60)

And with some modifications it can be obtained

L(1)
0 = −1

4
Fµν

r Fr µν −
1
4
(Z1 − 1)Fµν

r Fr µν, (2.61)

defining δ1 ≡ Z1 − 1, the previous expression becomes

L(1)
0 = −1

4
Fµν

r Fr µν −
1
4

δ1Fµν
r Fr µν. (2.62)

The second term of the Lagrangian is equivalent to

L(2)
0 = Z2∂µBαβ†

r ∂µBr αβ −m2
r

m2
0

m2
r

Z2(Bαβ
r )†Br αβ. (2.63)

With some modifications we get

L(2)
0 = ∂µBαβ†

r ∂µBr αβ −m2
r (Bαβ

r )†Br αβ (2.64)

+(Z2 − 1)∂µBαβ†
r ∂µBr αβ −m2

r (Zm − 1)(Bαβ
r )†Br αβ,

and finally this expression becomes

L(2)
0 = ∂µBαβ†

r ∂µBr αβ −m2
r (Bαβ

r )†Br αβ (2.65)

+δ2[∂
µBαβ†

r ∂µBr αβ −m2
r (Bαβ

r )†Br αβ]− δmm2
r (Bαβ

r )†Br αβ,

where δ2 ≡ Z2 − 1, δm ≡ Zm − Z2 and Zm ≡ m0
2

mr2 Z2.
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The third term can be expressed as

L(3)
0 = −ie0

er

er
Z

1
2
1 Z2Aµ

r [B
αβ†
r (T0 µν)αβγδ∂νBγδ

r − (∂νBαβ†
r )(T0 νµ)αβγδBγδ

r ], (2.66)

now taking Ze ≡ e0
er

Z
1
2
1 Z2 this formula becomes

L(3)
0 = −ierZe Aµ

r [B
αβ†
r (T0 µν)αβγδ∂νBγδ

r − (∂νBαβ†
r )(T0 νµ)αβγδBγδ

r ]. (2.67)

We have defined that
(T0 µν)αβγδ = gµν1αβγδ − ig0(Mµν)αβγδ, (2.68)

and
(T0 νµ)αβγδ = gνµ1αβγδ − ig0(Mνµ)αβγδ = gµν1αβγδ + ig0(Mµν)αβγδ. (2.69)

Therefore it can be written

(Tr µν)αβγδ = gµν1αβγδ − igr
g0

gr
(Mµν)αβγδ, (Tr νµ)αβγδ = gµν1αβγδ + igr

g0

gr
(Mµν)αβγδ. (2.70)

With this we can write eq.(2.67) as

L(3)
0 = −ierZe Aµ

r [B
αβ†
r gµν1αβγδ∂νBγδ

r − (∂νBαβ†
r )gµν1αβγδBγδ

r ] (2.71)

−ierZe
g0

gr
Aµ

r [B
αβ†
r (−igr)(Mµν)αβγδ∂νBγδ

r − (∂νBαβ†
r )(igr)(Mµν)αβγδBγδ

r ],

defining Zeg ≡ g0
gr

Ze

L(3)
0 = −ierZe Aµ

r [B
αβ†
r gµν1αβγδ∂νBγδ

r − (∂νBαβ†
r )gµν1αβγδBγδ

r ] (2.72)

−ierZeg Aµ
r [B

αβ†
r (−igr)(Mµν)αβγδ∂νBγδ

r − (∂νBαβ†
r )(igr)(Mµν)αβγδBγδ

r ].

Now making a small modification

L(3)
0 = −ier Aµ

r [B
αβ†
r gµν1αβγδ∂νBγδ

r − (∂νBαβ†
r )gµν1αβγδBγδ

r ] (2.73)

−ier(Ze − 1)Aµ
r [B

αβ†
r gµν1αβγδ∂νBγδ

r − (∂νBαβ†
r )gµν1αβγδBγδ

r ]

−ier Aµ
r [B

αβ†
r (−igr)(Mµν)αβγδ∂νBγδ

r − (∂νBαβ†
r )(igr)(Mµν)αβγδBγδ

r ]

−ier(Zeg − 1)Aµ
r [B

αβ†
r (−igr)(Mµν)αβγδ∂νBγδ

r − (∂νBαβ†
r )(igr)(Mµν)αβγδBγδ

r ].

Defining also δe ≡ Ze − 1, the above expression becomes

L(3)
0 = −ier Aµ

r [B
αβ†
r (gµν1αβγδ − igr(Mµν)αβγδ)∂

νBγδ
r − (∂νBαβ†

r )(gµν1αβγδ + (igr)(Mµν)αβγδ)Bγδ
r ]

−ierδe Aµ
r [B

αβ†
r gµν1αβγδ∂νBγδ

r − (∂νBαβ†
r )gµν1αβγδBγδ

r ]

−ier(Zeg − 1)Aµ
r [B

αβ†
r (−igr)(Mµν)αβγδ∂νBγδ

r − (∂νBαβ†
r )(igr)(Mµν)αβγδBγδ

r ], (2.74)
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then, with one final modification the expression becomes

L(3)
0 = −ier Aµ

r [B
αβ†
r (Tr µν)αβγδ∂νBγδ

r − (∂νBαβ†
r )(Tr νµ)αβγδ)Bγδ

r ] (2.75)

−ierδe Aµ
r [B

αβ†
r Tr µν)αβγδ∂νBγδ

r − (∂νBαβ†
r )Tr νµ)αβγδBγδ

r ]

−ierδeg Aµ
r [B

αβ†
r (−igr)(Mµν)αβγδ∂νBγδ

r − (∂νBαβ†
r )(igr)(Mµν)αβγδBγδ

r ],

where have been defined δeg ≡ Zeg − Ze and Zeg ≡ g0
gr

Ze.

The fourth term of the Lagrangian can be rewritten as

L(4)
0 = e2

0
e2

r
e2

r
Z1Z2Aµ

r Ar µBαβ†
r Br αβ = e2

r
e2

0
e2

r
Z1Z2Aµ

r Ar µBαβ†
r Br αβ, (2.76)

now defining Ze2 ≡ e2
0

e2
r
Z1Z2 and with some modifications the above expression becomes

L(4)
0 = e2

r (1 + Ze2 − 1)Aµ
r Ar µBαβ†

r Br αβ (2.77)

= e2
r Aµ

r Ar µBαβ†
r Br αβ + e2

r (Ze2 − 1)Aµ
r Ar µBαβ†

r Br αβ,

and defining δe2 ≡ Ze2 − 1 we finally have

L(4)
0 = e2

r Aµ
r Ar µBαβ†

r Br αβ + δe2e2
r Aµ

r Ar µBαβ†
r Br αβ. (2.78)

Now using eq.(2.59) we can write the self-interacting terms of the Lagrangian as follows

L(1)
0 si =

λ01

2
Z2

2(Bαβ †
r 1αβγδBγδ

r )(Bµν †
r 1µνρσBρσ

r ), (2.79)

and with some modifications this term becomes

L(1)
0 si =

λr1

2
(Bαβ †

r 1αβγδBγδ
r )(Bµν †

r 1µνρσBρσ
r ) +

λr1

2
δλ1(Bαβ †

r 1αβγδBγδ
r )(Bµν †

r 1µνρσBρσ
r ). (2.80)

Similarly for the other three terms we have that

L(2)
0 si =

λr2

2
(Bαβ †

r χαβγδBγδ
r )(Bµν †

r χµνρσBρσ
r ) +

λr2

2
δλ2(Bαβ †

r χαβγδBγδ
r )(Bµν †

r χµνρσBρσ
r ), (2.81)

L(3)
0 si =

λr3

2
(Bα1β1 †

r (Mµν)α1β1γ1δ1 Bγ1δ1
r )(Bα2β2 †

r (Mµν)α2β2γ2δ2 Bγ2δ2
r )

+
λr3

2
δλ3(Bα1β1 †

r (Mµν)α1β1γ1δ1 Bγ1δ1
r )(Bα2β2 †

r (Mµν)α2β2γ2δ2 Bγ2δ2
r ), (2.82)

and

L(4)
0 si =

λr4

2
(Bα1β1 †

r (Sµν)α1β1γ1δ1 Bγ1δ1
r )(Bα2β2 †

r (Sµν)α2β2γ2δ2 Bγ2δ2
r )

+
λr4

2
δλ4(Bα1β1 †

r (Sµν)α1β1γ1δ1 Bγ1δ1
r )(Bα2β2 †

r (Sµν)α2β2γ2δ2 Bγ2δ2
r ), (2.83)
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where δλj ≡ Zλj − 1 and Zλj ≡
λ0j
λrj

Z2
2.

Then, with all these new terms it is convenient to split the Lagrangian as the sum of two terms

L0 = Lr + Lct, (2.84)

where the first piece is the renormalized Lagrangian, and has the same structure as eq.(2.5)

Lr = −1
4

Fµν
r Fr µν −

1
2ξr

(∂µ Aµ
r )

2 + ∂µBαβ†
r ∂µBr αβ −m2

r (Bαβ
r )†Br αβ (2.85)

−ier Aµ
r [B

αβ†
r (Tr µν)αβγδ∂νBγδ

r − (∂νBαβ†
r )(Tr νµ)αβγδ)Bγδ

r ]

+e2
r Aµ

r Ar µBαβ†
r Br αβ +

λr1

2
(Bαβ †

r 1αβγδBγδ
r )(Bµν †

r 1µνρσBρσ
r )

+
λr2

2
(Bαβ †

r χαβγδBγδ
r )(Bµν †

r χµνρσBρσ
r )

+
λr3

2
(Bα1β1 †

r (Mµν)α1β1γ1δ1 Bγ1δ1
r )(Bα2β2 †

r (Mµν)α2β2γ2δ2 Bγ2δ2
r )

+
λr4

2
(Bα1β1 †

r (Sµν)α1β1γ1δ1 Bγ1δ1
r )(Bα2β2 †

r (Sµν)α2β2γ2δ2 Bγ2δ2
r ),

and the second one contains the relevant counterterms

Lct = −1
4

δ1Fµν
r Fr µν + δ2[∂

µBαβ†
r ∂µBr αβ −m2

r (Bαβ
r )†Br αβ]− δmm2

r (Bαβ
r )†Br αβ

−ierδe Aµ
r [B

αβ†
r (Tr µν)αβγδ∂νBγδ

r − (∂νBαβ†
r )(Tr νµ)αβγδBγδ

r ]

−ierδeg Aµ
r [B

αβ†
r (−igr)(Mµν)αβγδ∂νBγδ

r − (∂νBαβ†
r )(igr)(Mµν)αβγδBγδ

r ]

+δe2e2
r Aµ

r Ar µBαβ†
r Br αβ +

λr1

2
δλ1(Bαβ †

r 1αβγδBγδ
r )(Bµν †

r 1µνρσBρσ
r )

+
λr2

2
δλ2(Bαβ †

r χαβγδBγδ
r )(Bµν †

r χµνρσBρσ
r )

+
λr3

2
δλ3(Bα1β1 †

r (Mµν)α1β1γ1δ1 Bγ1δ1
r )(Bα2β2 †

r (Mµν)α2β2γ2δ2 Bγ2δ2
r )

+
λr4

2
δλ4(Bα1β1 †

r (Sµν)α1β1γ1δ1 Bγ1δ1
r )(Bα2β2 †

r (Sµν)α2β2γ2δ2 Bγ2δ2
r ), (2.86)

where we have used the following definitions

δ1 ≡ Z1 − 1, δ2 ≡ Z2 − 1, δm ≡ Zm − Z2, δe ≡ Ze − 1,
δeg ≡ Zeg − Ze, δe2 ≡ Ze2 − 1, δλj ≡ Zλj − 1, ξr ≡ Z−1

1 ξ0,
(2.87)

and

Zm ≡
m2

0
m2

r
Z2, Ze ≡

e0

er
Z

1
2
1 Z2, Zeg ≡

g0

gr
Ze, Ze2 ≡

e2
0

e2
r

Z1Z2 Zλj ≡
λ0j

λrj
Z2

2. (2.88)

2.2.2 Determining the Feynman rules for the counterterms

The Feynman rules for the counterterms are very similar to the rules for the bare Lagrangian.
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For the first term of the Lagrangian (2.86)

Lct ⊃ −
1
4

δ1Fµν
r Fr µν, (2.89)

the 2-points function reads

Γ2
0µν(q,−q) = −δ1[q2gµν − qµqν]. (2.90)

Then, the propagator is

∆µν(q) = iΓ2
0µν(q,−q) = −iδ1[q2gµν − qµqν]. (2.91)

And the Feynman diagram for this one is depicted by

q
µν •

For the second term

Lct ⊃ δ2(∂
µBαβ†

r ∂µBr αβ −m2
r (Bαβ

r )†Br αβ)− δmm2
r (Bαβ

r )†Br αβ, (2.92)

the 2-points function reads

Γ2
0 αβγδ(p,−p) = [δ2(p2 −m2)− δmm2]1αβγδ, (2.93)

and the propagator is

∆(p) = iΓ2
0 αβγδ(p,−p) = i[δ2(p2 −m2)− δmm2]1αβγδ. (2.94)

With the Feynman diagram given by

p
αβγδ •

For the third term of the Lagrangian

Lct ⊃ −ierδe Aµ
r [B

αβ†
r (Tr µν)αβγδ∂νBγδ

r − (∂νBαβ†
r )(Tr νµ)αβγδBγδ

r ], (2.95)

the 3-points function reads

iΓ3
0 µ, αβγδ = −ierδe[(Tr µν)αβγδ pν

3 − pν
2(Tr νµ)αβγδ]. (2.96)

For the fourth one

Lct ⊃ −ierδeg Aµ
r [B

αβ†
r (−igr)(Mµν)αβγδ∂νBγδ

r − (∂νBαβ†
r )(igr)(Mµν)αβγδBγδ

r ], (2.97)
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the 3-points function is given by

iΓ3
0 µ, αβγδ = −ierδeg[(−igr)(Mµν)αβγδ pν

3 − pν
2(igr)(Mµν)αβγδ]. (2.98)

And the Feynman diagram for these two last terms is then represented by

µ

αβ

γδ

•

For the fifth term
Lct ⊃ δe2e2

r Aµ
r Ar µBαβ†

r Br αβ, (2.99)

the 4-points function reads
iΓ4

0 µν, αβγδ = 2ie2
r δe21αβγδgµν. (2.100)

And the Feynman diagram for this term is

µ

ν

αβ

γδ

•

The Feynman rules for the self-interaction terms are exactly the same as for these terms in the
bare Lagrangian except for the multiplication of the constants δλj. Then they are given by

iΓ4
0 αβγδ, µνρσ (1) = iλr1δλ1(1αβγδ1µνρσ + 1αβρσ1µνγδ), (2.101)

iΓ4
0 αβγδ, µνρσ (2) = iλr2δλ2(χαβγδχµνρσ + χαβρσχµνγδ), (2.102)

iΓ4
0 αβγδ, µνρσ (3) = iλr3δλ3(Mκλ

αβγδ(Mκλ)µνρσ + Mκλ
αβρσ(Mκλ)µνγδ), (2.103)

iΓ4
0 αβγδ, µνρσ (4) = iλr4δλ4(Sκλ

αβγδ(Sκλ)µνρσ + Sκλ
αβρσ(Sκλ)µνγδ), (2.104)
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and the Feynman diagram for all of them is

γδ

ρσ

αβ

µν

•

The Feynman rules for the counterterms can be summarized as follows

(VI)
q

µν • = −iδ1[q2gµν − qµqν]

(VII)
p

αβγδ • = i[δ2(p2 −m2)− δmm2]1αβγδ

(VIII) µ

p1, αβ

p2, γδ

•
= −ieδe[Tµν pν

2 − Tνµ pν
1]αβγδ

−egδeg(pν
1 + pν

2)(Mµν)αβγδ

(IX)

µ

ν

αβ

γδ

• = 2ie2δe21αβγδgµν

(X)

γδ

ρσ

αβ

µν

•

= i{λ1δλ1(1αβγδ1µνρσ + 1αβρσ1µνγδ)

+λ2δλ2(χαβγδχµνρσ + χαβρσχµνγδ)

+λ3δλ3[Mκλ
αβγδ(Mκλ)µνρσ + Mκλ

αβρσ(Mκλ)µνγδ]

+λ4δλ4[Sκλ
αβγδ(Sκλ)µνρσ + Sκλ

αβρσ(Sκλ)µνγδ]}

Here we have also made the changes expressed for the Feynman rules of the model.
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Chapter 3

Simplified model of self-interactions

In this Chapter we will carry out the renormalization of a simplified model where only the
self-interaction terms are considered.

It is important to remark that all the calculations of this Chapter and the ones of Chapter 4 are
going to be developed using the package FeynCalc [66, 67] of the software Wolfram Mathe-
matica and that we are working in d = 4− 2ε dimensions. Then, the renormalized parameters
must be scaled according to

er → µεer, gr → gr, λr i → µ2ελr i, mr → mr, (3.1)

where µ is the arbitrary scale introduced by dimensional regularization. In what follows, we
will omit the r subscript for the renormalized parameters.

3.1 Presentation of the terms

We are going to work with a part of the total Lagrangian, which is given by

Ls = ∂µBαβ†∂µBαβ −m2(Bαβ)†Bαβ +
λ1

2
(Bαβ †1αβγδBγδ)(Bµν †1µνρσBρσ) (3.2)

+
λ2

2
(Bαβ †χαβγδBγδ)(Bµν †χµνρσBρσ) +

λ3

2
(Bα1β1 †(Mµν)α1β1γ1δ1 Bγ1δ1)(Bα2β2 †(Mµν)α2β2γ2δ2 Bγ2δ2)

+
λ4

2
(Bα1β1 †(Sµν)α1β1γ1δ1 Bγ1δ1)(Bα2β2 †(Sµν)α2β2γ2δ2 Bγ2δ2) + δ2[∂

µBαβ†∂µBαβ −m2(Bαβ)†Bαβ]

−δmm2(Bαβ)†Bαβ +
λ1

2
δλ1(Bαβ †1αβγδBγδ)(Bµν †1µνρσBρσ)

+
λ2

2
δλ2(Bαβ †χαβγδBγδ)(Bµν †χµνρσBρσ)

+
λ3

2
δλ3(Bα1β1 †(Mµν)α1β1γ1δ1 Bγ1δ1)(Bα2β2 †(Mµν)α2β2γ2δ2 Bγ2δ2)

+
λ4

2
δλ4(Bα1β1 †(Sµν)α1β1γ1δ1 Bγ1δ1)(Bα2β2 †(Sµν)α2β2γ2δ2 Bγ2δ2),

and the Feynman rules for these terms can be summarized as follows
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p
αβγδ =

i1αβγδ

p2−m2+iε

γδ

ρσ

αβ

µν

= i{λ1(1αβγδ1µνρσ + 1αβρσ1µνγδ)

+λ2(χαβγδχµνρσ + χαβρσχµνγδ)

+λ3[Mκλ
αβγδ(Mκλ)µνρσ + Mκλ

αβρσ(Mκλ)µνγδ]

+λ4[Sκλ
αβγδ(Sκλ)µνρσ + Sκλ

αβρσ(Sκλ)µνγδ]}

p
αβγδ • = i[δ2(p2 −m2)− δmm2]1αβγδ

γδ

ρσ

αβ

µν

•

= i{λ1δλ1(1αβγδ1µνρσ + 1αβρσ1µνγδ)

+λ2δλ2(χαβγδχµνρσ + χαβρσχµνγδ)

+λ3δλ3[Mκλ
αβγδ(Mκλ)µνρσ + Mκλ

αβρσ(Mκλ)µνγδ]

+λ4δλ4[Sκλ
αβγδ(Sκλ)µνρσ + Sκλ

αβρσ(Sκλ)µνγδ]}

3.2 Tensor self-energy

In this model we have to calculate one correction for the tensor self-energy at one-loop order.
This one is given by

γδ

ρσ

p
αβ

µν

p

l

And its amplitude is given by

−iΣαβγδ(p)s = µ2ε

[∫ ddl
(2π)d

1
l2 −m2

]
[λ1(1αβγδ1 µν

µν + 1 µν
αβ 1µνγδ) (3.3)

+λ2(χαβγδχ
µν

µν + χ
µν

αβ χµνγδ) + λ3(Mκλ
αβγδ(Mκλ)

µν
µν + Mκλ µν

αβ (Mκλ)µνγδ)

+λ4(Sκλ
αβγδ(Sκλ)

µν
µν + Sκλ µν

αβ (Sκλ)µνγδ)].

The divergent part of this amplitude reads

− iΣ∗αβγδ(p)s =

[
−im2{7λ1 + λ2 + 8λ3 + 12λ4

16π2ε
}
]

1αβγδ. (3.4)

The counterterm is

p
αβγδ •
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with an amplitude
− iΣαβγδ(p)s ct = i[δ2(p2 −m2)− δmm2]1αβγδ. (3.5)

Then the counterterms that cancel the UV divergence are given by

δ2 = 0, δm = −7λ1 + λ2 + 8λ3 + 12λ4

16π2ε
. (3.6)

3.3 TTTT vertex

In this particular case we have to calculate three corrections (s, t and u channels) for the TTTT
vertex. The name of these channels comes from the Mandelstam variables. These variables are
numerical quantities that encode the energy, momentum, and angles of particles in scattering
processes. They are used for scattering processes of two particles to two particles and are
defined as

s = (p1 + p2)
2 = (p3 + p4)

2, (3.7)

t = (p1 − p3)
2 = (p4 − p2)

2, (3.8)

u = (p1 − p4)
2 = (p3 − p2)

2, (3.9)

where p1 and p2 are the four-momenta of the incoming particles and p3 and p4 are the four-
momenta of the outgoing particles. The s-channel, t-channel, u-channel represent different
Feynman diagrams or different possible scattering events.

For example, the s-channel corresponds to the process where the incoming particles 1 and
2 joining into an intermediate particle that later splits into particles 3 and 4. The t-channel
represents the process in which the particle 1 emits the intermediate particle and becomes the
final particle 3, while the particle 2 absorbs the intermediate particle and becomes 4. The u-
channel is the t-channel but particle 1 becomes 4 and particle 2 becomes 3.

The one-loop correction for the s-channel is given by

p3, α3β3

p4, α4β4

l

−l + p1 + p2

p1, α1β1

p2, α2β2

and its amplitude is

iΛα1β1α2β2α3β3α4β4 s 1 = µ2ε
∫ ddl

(2π)d i[λ1(1α1β1γ3δ31α2β2γ4δ4 + 1α1β1γ4δ41α2β2γ3δ3)

+λ2(χα1β1γ3δ3 χα2β2γ4δ4 + χα1β1γ4δ4 χα2β2γ3δ3) + λ3(Mκλ
α1β1γ3δ3

(Mκλ)α2β2γ4δ4

+Mκλ
α1β1γ4δ4

(Mκλ)α2β2γ3δ3) + λ4(Sκλ
α1β1γ3δ3

(Sκλ)α2β2γ4δ4 + Sκλ
α1β1γ4δ4

(Sκλ)α2β2γ3δ3)]
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×
[

i1γ3δ3γ1δ1

l2 −m2

]
i[λ1(1γ1δ1α3β31γ2δ2α4β4 + 1γ1δ1α4β41γ2δ2α3β3) + λ2(χγ1δ1α3β3 χγ2δ2α4β4

+χγ1δ1α4β4 χγ2δ2α3β3) + λ3(Mκλ
γ1δ1α3β3

(Mκλ)γ2δ2α4β4 + Mκλ
γ1δ1α4β4

(Mκλ)γ2δ2α3β3)

+λ4(Sκλ
γ1δ1α3β3

(Sκλ)γ2δ2α4β4 + Sκλ
γ1δ1α4β4

(Sκλ)γ2δ2α3β3)]

[
i1γ4δ4γ2δ2

(p1 + p2 − l)2 −m2

]
. (3.10)

The correction for the t-channel is given by

p3, α3β3

p4, α4β4

l l − p3 + p1

p1, α1β1

p2, α2β2

with an amplitude

iΛα1β1α2β2α3β3α4β4 s 2 = µ2ε
∫ ddl

(2π)d i[λ1(1α1β1α3β31γ1δ1γ4δ4 + 1α1β1γ4δ41γ1δ1α3β3)

+λ2(χα1β1α3β3 χγ1δ1γ4δ4 + χα1β1γ4δ4 χγ1δ1α3β3) + λ3(Mκλ
α1β1α3β3

(Mκλ)γ1δ1γ4δ4

+Mκλ
α1β1γ4δ4

(Mκλ)γ1δ1α3β3) + λ4(Sκλ
α1β1α3β3

(Sκλ)γ1δ1γ4δ4 + Sκλ
α1β1γ4δ4

(Sκλ)γ1δ1α3β3)]

×
[

i1γ3δ3γ1δ1

l2 −m2

]
i[λ1(1γ2δ2γ3δ31α2β2α4β4 + 1γ2δ2α4β41α2β2γ3δ3) + λ2(χγ2δ2γ3δ3 χα2β2α4β4

+χγ2δ2α4β4 χα2β2γ3δ3) + λ3(Mκλ
γ2δ2γ3δ3

(Mκλ)α2β2α4β4 + Mκλ
γ2δ2α4β4

(Mκλ)α2β2γ3δ3)

+λ4(Sκλ
γ2δ2γ3δ3

(Sκλ)α2β2α4β4 + Sκλ
γ2δ2α4β4

(Sκλ)α2β2γ3δ3)]

[
i1γ4δ4γ2δ2

(l − p3 + p1)2 −m2

]
. (3.11)

And the correction for the u-channel is given by

p3, α3β3

p4, α4β4

l l − p3 + p2

p2, α2β2

p1, α1β1

with amplitude

iΛα1β1α2β2α3β3α4β4 s 3 = µ2ε
∫ ddl

(2π)d i[λ1(1α2β2α3β31γ1δ1γ4δ4 + 1α2β2γ4δ41γ1δ1α3β3)

+λ2(χα2β2α3β3 χγ1δ1γ4δ4 + χα2β2γ4δ4 χγ1δ1α3β3) + λ3(Mκλ
α2β2α3β3

(Mκλ)γ1δ1γ4δ4

+Mκλ
α2β2γ4δ4

(Mκλ)γ1δ1α3β3) + λ4(Sκλ
α2β2α3β3

(Sκλ)γ1δ1γ4δ4 + Sκλ
α2β2γ4δ4

(Sκλ)γ1δ1α3β3)]

×
[

i1γ3δ3γ1δ1

l2 −m2

]
i[λ1(1γ2δ2γ3δ31α1β1α4β4 + 1γ2δ2α4β41α1β1γ3δ3) + λ2(χγ2δ2γ3δ3 χα1β1α4β4
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+χγ2δ2α4β4 χα1β1γ3δ3) + λ3(Mκλ
γ2δ2γ3δ3

(Mκλ)α1β1α4β4 + Mκλ
γ2δ2α4β4

(Mκλ)α1β1γ3δ3)

+λ4(Sκλ
γ2δ2γ3δ3

(Sκλ)α1β1α4β4 + Sκλ
γ2δ2α4β4

(Sκλ)α1β1γ3δ3)]

[
i1γ4δ4γ2δ2

(l − p3 + p2)2 −m2

]
. (3.12)

The divergent part of the TTTT vertex is

iΛα1β1α2β2α3β3α4β4 s =
1

16π2ε

{
11λ2

1 + 2λ1 (λ2 + 8λ3 + 12λ4) + 3(λ2
2 + 16λ3

2)

−8λ2λ4 + 96λ4 (λ3 + λ4)
}
(1α1β1α3β31α2β2α4β4 + 1α1β1α4β41α2β2α3β3)

+
1

2π2ε

{
λ2(λ1 + λ2) + 2λ2 (λ3 − λ4) + 6 (λ3 − λ4)

2
}
(χα1β1α3β3 χα2β2α4β4

+χα1β1α4β4 χα2β2α3β3)−
1

2π2ε

{
3λ2

4 − λ3 (λ1 + λ2 + λ3)
}
(Mκλ

α1β1α3β3
(Mκλ)α2β2α4β4

+Mκλ
α1β1α4β4

(Mκλ)α2β2α3β3) +
1

2π2ε

{
λ4(λ1 − 4λ3 + 2λ4)

}
(Sκλ

α1β1α3β3
(Sκλ)α2β2α4β4

+Sκλ
α1β1α4β4

(Sκλ)α2β2α3β3). (3.13)

The counterterm for this vertex is given by

p3, α3β3

p4, α4β4

p1, α1β1

p2, α2β2

•

and its amplitude is

iΛα1β1α2β2α3β3α4β4 s ct = i[λ1δλ1(1α1β1α3β31α2β2α4β4 + 1α1β1α4β41α2β2α3β3) (3.14)

+λ2δλ2(χα1β1α3β3 χα2β2α4β4 + χα1β1α4β4 χα2β2α3β3) + λ3δλ3(Mκλ
α1β1α3β3

(Mκλ)α2β2α4β4

+Mκλ
α1β1α4β4

(Mκλ)α2β2α3β3) + λ4δλ4(Sκλ
α1β1α3β3

(Sκλ)α2β2α4β4 + Sκλ
α1β1α4β4

(Sκλ)α2β2α3β3)].

The corresponding counterterms that render the total amplitude finite are given in the MS
scheme by

δλ1 = − 1
16π2λ1ε

{
11λ2

1 + 2λ1 (λ2 + 8λ3 + 12λ4) + 3(λ2
2 + 16λ3

2) (3.15)

−8λ2λ4 + 96λ4 (λ3 + λ4)
}

,

δλ2 = − 1
2π2λ2ε

{
λ2(λ1 + λ2) + 2λ2 (λ3 − λ4) + 6 (λ3 − λ4)

2
}

, (3.16)

δλ3 =
1

2π2λ3ε

{
3λ2

4 − λ3 (λ1 + λ2 + λ3)
}

, (3.17)

δλ4 = − 1
2π2ε

{
λ1 − 4λ3 + 2λ4

}
. (3.18)
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3.4 Beta functions

In this section we are going to present the beta functions for the simplified model we have been
analyzing in this chapter.

Summarizing, from the results obtained in eqs.(3.6,3.15,3.16,3.17,3.18) and the definition of the
counterterms in eqs.(2.87,2.88), the relations between the bare and renormalized parameters of
the theory are given by

λ0j = Z−2
2 Zλj µ

2ελj, m2
0 = Z−1

2 Zmm2, (3.19)

the renormalization constants defined in the MS scheme are

ZMS
λ1

= 1− 1
16π2λ1ε

{
11λ2

1 + 2λ1 (λ2 + 8λ3 + 12λ4) (3.20)

+3(λ2
2 + 16λ3

2)− 8λ2λ4 + 96λ4 (λ3 + λ4)
}

,

ZMS
λ2

= 1− 1
2π2λ2ε

{
λ2(λ1 + λ2) + 2λ2 (λ3 − λ4) + 6 (λ3 − λ4)

2
}

, (3.21)

ZMS
λ3

= 1 +
1

2π2λ3ε

{
3λ2

4 − λ3 (λ1 + λ2 + λ3)
}

, (3.22)

ZMS
λ4

= 1− 1
2π2ε

{
λ1 − 4λ3 + 2λ4

}
, (3.23)

ZMS
m = ZMS

2 + δMS
m = 1− 1

16π2ε

{
7λ1 + λ2 + 8λ3 + 12λ4

}
. (3.24)

From eqs.(3.19-3.24) one can extract the following beta functions1 βη ≡ µ
∂η
∂µ and anomalous

dimensions γm ≡ µ
m

∂m
∂µ in the ε→ 0 limit:

βλ1 = − 1
8π2

{
11λ2

1 + 2λ1 (λ2 + 8λ3 + 12λ4) + 3λ2
2 + 48λ2

3 (3.25)

−8λ2λ4 + 96λ4 (λ3 + λ4)
}

,

βλ2 = − 1
π2

{
λ2

2 + λ1λ2 + 2λ2 (λ3 − λ4) + 6 (λ3 − λ4)
2
}

, (3.26)

βλ3 =
1

π2

{
3λ2

4 − λ3 (λ1 + λ2 + λ3)
}

, (3.27)

βλ4 = − 1
π2

{
λ4 (λ1 − 4λ3 + 2λ4)

}
, (3.28)

γm = − 1
16π2

{
7λ1 + λ2 + 8λ3 + 12λ4

}
. (3.29)

1The general procedure to determine the beta functions is presented in Appendix B
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Chapter 4

Quantum Electrodynamics

In this Chapter we study the renormalization of the Quantum Electrodynamics of the complete
model using the same tools and conventions1 of Chapter 3. Also, there will be determined the
beta functions of the model and some fixed points are going to be presented.

4.1 Vacuum Polarization

In this model there are two diagrams contributing to the vacuum polarization at one-loop order.
Then, we can write

− iΠµν(q) = −iΠµν(q)1 − iΠµν(q)2. (4.1)

The first one is

q, ν
l

l + q

q, µ

and its amplitude is given by

−iΠµν(q)1 = µ2ε

[∫ ddl
(2π)d

]
ie[Tρν(−l − q)ρ − Tνρlρ]α1β1γ1δ1 (4.2)

×
[

i1γ2δ2α1β1

(l + q)2 −m2

]
ie[Tρµ(−l)ρ − Tµρ(l + q)ρ]α2β2γ2δ2

[
i1γ1δ1α2β2

l2 −m2

]
,

and the second one is

q, ν

l

q, µ

1These tools and conventions are briefly presented at the beginning of Chapter 3.
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with amplitude

− iΠµν(q)2 = µ2ε

[∫ ddl
(2π)d

]
2ie2gµν1αβγδ

[
i1γδαβ

l2 −m2

]
. (4.3)

The divergent piece, denoted by −iΠµν(q)∗ is given by

− iΠµν(q)∗ = i
e2(2g2 − 1)

8π2ε
(q2gµν − qµqν). (4.4)

The counterterm is represented by

q
µν •

and its amplitude is
− iΠµν(q)ct = −iδ1[q2gµν − qµqν]. (4.5)

The divergent piece in eq.(4.4) can be removed in the MS scheme by fixing the counterterm δ1

as

δ1 =
e2(2g2 − 1)

8π2ε
. (4.6)

4.2 Tensor self-energy

In the complete model we have to calculate three corrections for this propagator. Then, we can
write

− iΣα2β2γ1δ1(p) = −iΣα2β2γ1δ1(p)1 − iΣα2β2γ1δ1(p)2 − iΣα2β2γ1δ1(p)3. (4.7)

The first contribution is given by the diagram

p, γ1δ1 p, α2β2

l

whose amplitude is

−iΣα2β2γ1δ1(p)1 = µ2ε

[∫ ddl
(2π)d

1
l2 −m2

]
[λ1(1α2β2γ1δ11 µν

µν + 1 µν
α2β2

1µνγ1δ1)

+λ2(χα2β2γ1δ1 χ
µν

µν + χ
µν

α2β2
χµνγ1δ1) + λ3(Mκλ

α2β2γ1δ1
(Mκλ)

µν
µν

+Mκλ µν
α2β2

(Mκλ)µνγ1δ1) + λ4(Sκλ
α2β2γ1δ1

(Sκλ)
µν

µν + Sκλ µν
α2β2

(Sκλ)µνγ1δ1)]. (4.8)

The second one is

p, γ1δ1 p, α2β2

l

l + p
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with an amplitude

−iΣα2β2γ1δ1(p)2 = µ2ε

[∫ ddl
(2π)d

]
ie[Tρµ(−l − p)ρ − Tµρ pρ]α1β1γ1δ1 (4.9)

×
[
− i

l2

(
gµν + (ξ − 1)

lµlν

l2

)]
ie[Tρν(−p)ρ − Tνρ(l + p)ρ]α2β2γ2δ2

[
i1γ2δ2α1β1

(l + p)2 −m2

]
,

and the third one

p, γ1δ1 p, α2β2

l

with an amplitude

− iΣα2β2γ1δ1(p)3 = µ2ε

[∫ ddl
(2π)d

]
2ie2gµν1α2β2γ1δ1

[
− i

l2

(
gµν + (ξ − 1)

lµlν

l2

)]
. (4.10)

The divergent part of this amplitude is given by

−iΣ∗α2β2γ1δ1
(p) =

−i
32π2ε

{
m2 (2e2g2 + e2ξ + 7λ1 + λ2 + 8λ3 + 12λ4

)
−e2(ξ − 3)p2

}
1α2β2γ1δ1 . (4.11)

The counterterm is represented by

p
α2β2γ1δ1 •

and its amplitude is

iΣα2β2γ1δ1(p)ct = i[δ2(p2 −m2)− δmm2]1α2β2γ1δ1 . (4.12)

Then the values of the counterterms that cancel the UV divergence are then given by

δ2 = − e2(ξ − 3)
16π2ε

, (4.13)

δm = −
e2 (2g2 + 3

)
+ 7λ1 + λ2 + 8λ3 + 12λ4

16π2ε
. (4.14)

4.3 γγγ vertex

For the γγγ vertex we have to determine two contributions.

The first correction is
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q2, µ

q1, ν

q3, σ

with an amplitude

−iMσµν 1 = µ2ε

[∫ ddl
(2π)d

]
ie[Tρν(−l)ρ − Tνρ(l − q1)

ρ]α1β1γ1δ1 (4.15)

×
[

i1γ2δ2α1β1

l2 −m2

]
ie[Tρµ(−l − q2)

ρ − Tµρ(l)ρ]α2β2γ2δ2

[
i1γ3δ3α2β2

(l + q2)2 −m2

]
×ie[Tρσ(q1 − l)ρ − Tσρ(l + q2)

ρ]α3β3γ3δ3

[
i1γ1δ1α3β3

(l − q1)2 −m2

]
,

and the second one is

q2, µ

q1, ν

q3, σ

with an amplitude

−iMσµν 2 = µ2ε

[∫ ddl
(2π)d

]
ie[Tρν(l − q1)

ρ − Tνρ(−l)ρ]γ1δ1α1β1 (4.16)

×
[

i1α1β1γ2δ2

l2 −m2

]
ie[Tρµ(l)ρ − Tµρ(−l − q2)

ρ]γ2δ2α2β2

[
i1α2β2γ3δ3

(l + q2)2 −m2

]
×ie[Tρσ(l + q2)

ρ − Tσρ(q1 − l)ρ]γ3δ3α3β3

[
i1α3β3γ1δ1

(l − q1)2 −m2

]
.

The contribution to the γγγ vertex from the diagrams shown above vanishes identically from
the charge conjugation invariance of the theory.

− iMσµν = −iMσµν 1 − iMσµν 2 = 0. (4.17)

4.4 TTγ vertex

The corrections to the TTγ vertex are given by four diagrams. The first one is

q, µ

p1, α1β1

p2, γ2δ2
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with an amplitude

−ieΓµ
α1β1γ2δ2

(−p1 − p2, p1, p2)1 = µ2ε

[∫ ddl
(2π)d

]
ie[Tρν(p1)

ρ − Tνρ(−p1 − l)ρ]α1β1γ1δ1

×
[

i1γ1δ1α3β3

(−p1 − l)2 −m2

]
ie[Tρµ(l + p1)

ρ − Tµρ(p2 − l)ρ]α3β3γ3δ3

[
i1γ3δ3α2β2

(l − p2)2 −m2

]
×ie[Tρσ(l − p2)

ρ − Tσρ(p2)
ρ]α2β2γ2δ2

[
− i

l2

(
gσν + (ξ − 1)

lσlν

l2

)]
. (4.18)

The second one is

q, µ

p1, α1β1

p2, γ2δ2

with an amplitude

−ieΓµ
α1β1γ2δ2

(−p1 − p2, p1, p2)2 = µ2ε

[∫ ddl
(2π)d

]
2ie2gµν1α1β1γ1δ1 (4.19)

×
[

i1γ1δ1α2β2

(l − p2)2 −m2

] [
− i

l2

(
gνσ + (ξ − 1)

lνlσ

l2

)]
ie[Tρσ(l − p2)

ρ − Tσρ(p2)
ρ]α2β2γ2δ2 .

The third one is

q, µ

p1, α1β1

p2, γ2δ2

with an amplitude

−ieΓµ
α1β1γ2δ2

(−p1 − p2, p1, p2)3 = µ2ε

[∫ ddl
(2π)d

]
ie[Tρσ(p1)

ρ − Tσρ(−p1 + l)ρ]α1β1γ1δ1

×
[

i1γ1δ1α2β2

(l − p1)2 −m2

]
2ie2gµν1α2β2γ2δ2

[
− i

l2

(
gνσ + (ξ − 1)

lνlσ

l2

)]
, (4.20)

and the fourth one is
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q, µ
l

l + p1 + p2

p1, α1β1

p2, γ2δ2

with an amplitude

−ieΓµ
α1β1γ2δ2

(−p1 − p2, p1, p2)4 = µ2ε

[∫ ddl
(2π)d

]
i[λ1(1α1β1γ1δ11α2β2γ2δ2 (4.21)

+1α1β1γ2δ21α2β2γ1δ1) + λ2(χα1β1γ1δ1 χα2β2γ2δ2 + χα1β1γ2δ2 χα2β2γ1δ1)

+λ3(Mκλ
α1β1γ1δ1

(Mκλ)α2β2γ2δ2 + Mκλ
α1β1γ2δ2

(Mκλ)α2β2γ1δ1)

+λ4(Sκλ
α1β1γ1δ1

(Sκλ)α2β2γ2δ2 + Sκλ
α1β1γ2δ2

(Sκλ)α2β2γ1δ1)]

[
i1γ1δ1α3β3

(l)2 −m2

]
×ie[Tρµ(−l)ρ − Tµρ(l + p1 + p2)

ρ]α3β3γ3δ3

[
i1γ3δ3α2β2

(l + p1 + p2)2 −m2

]
.

The divergent piece of the one-loop contribution can be written as

−ieΓ∗µα1β1γ2δ2
(−p1 − p2, p1, p2) = −i

[
e3(ξ − 3)

16π2ε

]
[Tµρ pρ

2 − Tρµ pρ
1]α1β1γ2δ2

−eg

[
e2 (g2 + 2

)
+ λ1 + λ2 + 12λ3

16π2ε

]
(pρ

1 + pρ
2)(Mµρ)α1β1γ2δ2 . (4.22)

The counterterm is

q, µ

p1, α1β1

p2, γ2δ2

•

and its amplitude

−ieΓµ
α1β1γ2δ2

(−p1 − p2, p1, p2)ct = −ieδe[Tµρ pρ
2 − Tρµ pρ

1]α1β1γ2δ2 (4.23)

−egδeg(pρ
1 + pρ

2)(Mµρ)α1β1γ2δ2 .

The amplitude of eq.(4.22) is canceled by the corresponding counterterm with

δe = −
e2(ξ − 3)

16π2ε
, (4.24)

δeg = −
e2 (g2 + 2

)
+ λ1 + λ2 + 12λ3

16π2ε
. (4.25)
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4.5 TTγγ vertex

There are 12 diagrams contributing to the TTγγ vertex at one-loop.
The first one is given by

q1, µ

q2, ν

p1, α1β1

p2, γ2δ2

with an amplitude

iΓµν
α1β1γ2δ2 1 = µ2ε

[∫ ddl
(2π)d

]
ie[−Tσρlρ]α1β1γ1δ1

[
i1γ1δ1α3β3

l2 −m2

]
(4.26)

×ie[Tρµ(−l)ρ − Tµρlρ]α3β3γ3δ3

[
i1γ3δ3α4β4

l2 −m2

]
×ie[Tρν(−l)ρ − Tνρlρ]α4β4γ4δ4

[
i1γ4δ4α2β2

l2 −m2

]
×ie[Tρτ(−l)ρ]α2β2γ2δ2

[
− i

l2

(
gστ + (ξ − 1)

lσlτ

l2

)]
.

The second correction is given by

q2, ν

q1, µ

p1, α1β1

p2, γ2δ2

and its amplitude is

iΓµν
α1β1γ2δ2 2 = µ2ε

[∫ ddl
(2π)d

]
ie[−Tσρlρ]α1β1γ1δ1

[
i1γ1δ1α3β3

l2 −m2

]
(4.27)

×ie[Tρν(−l)ρ − Tνρlρ]α3β3γ3δ3

[
i1γ3δ3α4β4

l2 −m2

]
×ie[Tρµ(−l)ρ − Tµρlρ]α4β4γ4δ4

[
i1γ4δ4α2β2

l2 −m2

]
×ie[Tρτ(−l)ρ]α2β2γ2δ2

[
− i

l2

(
gστ + (ξ − 1)

lσlτ

l2

)]
.

The third diagram is represented by
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q1, µ

q2, ν

p1, α1β1

p2, γ2δ2

with an amplitude

iΓµν
α1β1γ2δ2 3 = µ2ε

[∫ ddl
(2π)d

]
ie[−Tσρlρ]α1β1γ1δ1

[
i1γ1δ1α3β3

l2 −m2

]
(4.28)

×2ie2gµν1α3β3γ3δ3

[
i1γ3δ3α2β2

l2 −m2

]
×ie[Tρτ(−l)ρ]α2β2γ2δ2

[
− i

l2

(
gστ + (ξ − 1)

lσlτ

l2

)]
.

The fourth one is

q1, µ

q2, ν

p1, α1β1

p2, γ2δ2

and its amplitude

iΓµν
α1β1γ2δ2 4 = µ2ε

[∫ ddl
(2π)d

]
2ie2gµσ1α1β1γ1δ1

[
i1γ1δ1α2β2

l2 −m2

]
(4.29)

×2ie2gντ1α2β2γ2δ2

[
− i

l2

(
gστ + (ξ − 1)

lσlτ

l2

)]
.

The fifth correction is given by

q2, ν

q1, µ

p1, α1β1

p2, γ2δ2
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with an amplitude

iΓµν
α1β1γ2δ2 5 = µ2ε

[∫ ddl
(2π)d

]
2ie2gνσ1α1β1γ1δ1

[
i1γ1δ1α2β2

l2 −m2

]
(4.30)

×2ie2gµτ1α2β2γ2δ2

[
− i

l2

(
gστ + (ξ − 1)

lσlτ

l2

)]
.

The sixth one is

q1, µ

q2, ν

p1, α1β1

p2, γ2δ2

with an amplitude

iΓµν
α1β1γ2δ2 6 = µ2ε

[∫ ddl
(2π)d

]
2ie2gµσ1α1β1γ1δ1

[
i1γ1δ1α3β3

l2 −m2

]
(4.31)

×ie[Tρν(−l)ρ − Tνρlρ]α3β3γ3δ3

[
i1γ3δ3α2β2

l2 −m2

]
×ie[Tρτ(−l)ρ]α2β2γ2δ2

[
− i

l2

(
gστ + (ξ − 1)

lσlτ

l2

)]
.

The seventh correction is given by

q2, ν

q1, µ

p1, α1β1

p2, γ2δ2

with amplitude

iΓµν
α1β1γ2δ2 7 = µ2ε

[∫ ddl
(2π)d

]
2ie2gνσ1α1β1γ1δ1

[
i1γ1δ1α3β3

l2 −m2

]
(4.32)

×ie[Tρµ(−l)ρ − Tµρlρ]α3β3γ3δ3

[
i1γ3δ3α2β2

l2 −m2

]
×ie[Tρτ(−l)ρ]α2β2γ2δ2

[
− i

l2

(
gστ + (ξ − 1)

lσlτ

l2

)]
.

The eighth contribution is
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q1, µ

q2, ν

p1, α1β1

p2, γ2δ2

and its amplitude is given by

iΓµν
α1β1γ2δ2 8 = µ2ε

[∫ ddl
(2π)d

]
ie[−Tσρlρ]α1β1γ1δ1

[
i1γ1δ1α3β3

l2 −m2

]
(4.33)

×ie[Tρµ(−l)ρ − Tµρlρ]α3β3γ3δ3

[
i1γ3δ3α2β2

l2 −m2

]
×2ie2gντ1α2β2γ2δ2

[
− i

l2

(
gστ + (ξ − 1)

lσlτ

l2

)]
.

The ninth one is

q2, ν

q1, µ

p1, α1β1

p2, γ2δ2

and its amplitude

iΓµν
α1β1γ2δ2 9 = µ2ε

[∫ ddl
(2π)d

]
ie[−Tσρlρ]α1β1γ1δ1

[
i1γ1δ1α3β3

l2 −m2

]
(4.34)

×ie[Tρν(−l)ρ − Tνρlρ]α3β3γ3δ3

[
i1γ3δ3α2β2

l2 −m2

]
×2ie2gµτ1α2β2γ2δ2

[
− i

l2

(
gστ + (ξ − 1)

lσlτ

l2

)]
.

The tenth correction is given by

q1, µ

q2, ν

l

l

l

p1, α1β1

p2, γ2δ2
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with an amplitude

iΓµν
α1β1γ2δ2 10 = µ2ε

[∫ ddl
(2π)d

]
i[λ1(1α1β1γ1δ11α2β2γ2δ2 + 1α1β1γ2δ21α2β2γ1δ1) (4.35)

+λ2(χα1β1γ1δ1 χα2β2γ2δ2 + χα1β1γ2δ2 χα2β2γ1δ1) + λ3(Mκλ
α1β1γ1δ1

(Mκλ)α2β2γ2δ2

+Mκλ
α1β1γ2δ2

(Mκλ)α2β2γ1δ1) + λ4(Sκλ
α1β1γ1δ1

(Sκλ)α2β2γ2δ2 + Sκλ
α1β1γ2δ2

(Sκλ)α2β2γ1δ1)]

×
[

i1γ1δ1α3β3

l2 −m2

]
ie[Tρµ(−l)ρ − Tµρlρ]α3β3γ3δ3

[
i1γ3δ3α4β4

l2 −m2

]
×ie[Tρν(−l)ρ − Tνρlρ]α4β4γ4δ4

[
i1γ4δ4α2β2

l2 −m2

]
.

The eleventh one is given by

q2, ν

q1, µ

l

l

l

p1, α1β1

p2, γ2δ2

with an amplitude

iΓµν
α1β1γ2δ2 11 = µ2ε

[∫ ddl
(2π)d

]
i[λ1(1α1β1γ1δ11α2β2γ2δ2 + 1α1β1γ2δ21α2β2γ1δ1) (4.36)

+λ2(χα1β1γ1δ1 χα2β2γ2δ2 + χα1β1γ2δ2 χα2β2γ1δ1) + λ3(Mκλ
α1β1γ1δ1

(Mκλ)α2β2γ2δ2

+Mκλ
α1β1γ2δ2

(Mκλ)α2β2γ1δ1) + λ4(Sκλ
α1β1γ1δ1

(Sκλ)α2β2γ2δ2 + Sκλ
α1β1γ2δ2

(Sκλ)α2β2γ1δ1)]

×
[

i1γ1δ1α3β3

l2 −m2

]
ie[Tρν(−l)ρ − Tνρlρ]α3β3γ3δ3

[
i1γ3δ3α4β4

l2 −m2

]
×ie[Tρµ(−l)ρ − Tµρlρ]α4β4γ4δ4

[
i1γ4δ4α2β2

l2 −m2

]
.

The twelfth diagram is

q1, µ

q2, ν

l

l

p1, α1β1

p2, γ2δ2

and its amplitude

iΓµν
α1β1γ2δ2 12 = µ2ε

[∫ ddl
(2π)d

]
i[λ1(1α1β1γ1δ11α2β2γ2δ2 + 1α1β1γ2δ21α2β2γ1δ1) (4.37)

+λ2(χα1β1γ1δ1 χα2β2γ2δ2 + χα1β1γ2δ2 χα2β2γ1δ1) + λ3(Mκλ
α1β1γ1δ1

(Mκλ)α2β2γ2δ2

+Mκλ
α1β1γ2δ2

(Mκλ)α2β2γ1δ1) + λ4(Sκλ
α1β1γ1δ1

(Sκλ)α2β2γ2δ2 + Sκλ
α1β1γ2δ2

(Sκλ)α2β2γ1δ1)]
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×
[

i1γ1δ1α3β3

l2 −m2

]
2ie2gµν1α3β3γ3δ3

[
i1γ3δ3α2β2

l2 −m2

]
.

The corresponding divergent piece of the one-loop correction is

ie2Γ∗µν
αβγδ = ie2

[
e2(ξ − 3)

8π2ε

]
1αβγδgµν. (4.38)

The counterterm is given by

q1, µ

q2, ν

p1, α1β1

p2, γ2δ2

•

with an amplitude
iΓµν

α1β1γ2δ2 ct = 2ie2δe21α1β1γ2δ2 gµν. (4.39)

As anticipated from the Ward-Takahashi identities, the full TTγγ vertex becomes finite with δe2

given by eq.(4.24).

δe2 = δe = −
e2(ξ − 3)

16π2ε
. (4.40)

4.6 γγγγ vertex

The one-loop correction to the γγγγ vertex involves 21 diagrams. It is important to point out
that there are 9 diagrams obtained from diagrams 1− 9 reversing the arrow direction in the
loop. Their amplitudes are denoted by a prime.

The first correction is given by

q3, µ

q4, ν

q1, α

q2, β

with an amplitude

−iMαβµν 1 = µ2ε

[∫ ddl
(2π)d

]
ie[Tρα(−l)ρ − Tαρlρ]α1β1γ1δ1 (4.41)
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×
[

i1γ1δ1α2β2

l2 −m2

]
ie[Tρµ(−l)ρ − Tµρlρ]α2β2γ2δ2

×
[

i1γ2δ2α3β3

l2 −m2

]
2ie2gνβ1α3β3γ3δ3

[
i1γ3δ3α1β1

l2 −m2

]
,

and

−iMαβµν 1′ = µ2ε

[∫ ddl
(2π)d

]
ie[Tραlρ − Tαρ(−l)ρ]γ1δ1α1β1 (4.42)

×
[

i1α1β1γ3δ3

l2 −m2

]
2ie2gνβ1γ3δ3α3β3

[
i1α3β3γ2δ2

l2 −m2

]
×ie[Tρµlρ − Tµρ(−l)ρ]γ2δ2α2β2

[
i1α2β2γ1δ1

l2 −m2

]
.

The correction number 2 is given by

q3, µ

q4, ν

q2, β

q1, α

and its amplitude

−iMαβµν 2 = µ2ε

[∫ ddl
(2π)d

]
ie[Tρβ(−l)ρ − Tβρlρ]α1β1γ1δ1 (4.43)

×
[

i1γ1δ1α2β2

l2 −m2

]
ie[Tρµ(−l)ρ − Tµρlρ]α2β2γ2δ2

×
[

i1γ2δ2α3β3

l2 −m2

]
2ie2gνα1α3β3γ3δ3

[
i1γ3δ3α1β1

l2 −m2

]
,

and

−iMαβµν 2′ = µ2ε

[∫ ddl
(2π)d

]
ie[Tρβlρ − Tβρ(−l)ρ]γ1δ1α1β1 (4.44)

×
[

i1α1β1γ3δ3

l2 −m2

]
2ie2gνα1γ3δ3α3β3

[
i1α3β3γ2δ2

l2 −m2

]
×ie[Tρµlρ − Tµρ(−l)ρ]γ2δ2α2β2

[
i1α2β2γ1δ1

l2 −m2

]
.

The number 3 is
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q3, µ

q4, ν

q1, α

q2, β

with an amplitude

−iMαβµν 3 = µ2ε

[∫ ddl
(2π)d

]
2ie2gβα1α1β1γ1δ1

[
i1γ1δ1α2β2

l2 −m2

]
(4.45)

×ie[Tρµ(−l)ρ − Tµρlρ]α2β2γ2δ2

[
i1γ2δ2α3β3

l2 −m2

]
×ie[Tρν(−l)ρ − Tνρlρ]α3β3γ3δ3

[
i1γ3δ3α1β1

l2 −m2

]
,

and

−iMαβµν 3′ = µ2ε

[∫ ddl
(2π)d

]
2ie2gβα1γ1δ1α1β1

[
i1α1β1γ3δ3

l2 −m2

]
(4.46)

×ie[Tρνlρ − Tνρ(−l)ρ]γ3δ3α3β3

[
i1α3β3γ2δ2

l2 −m2

]
×ie[Tρµlρ − Tµρ(−l)ρ]γ2δ2α2β2

[
i1α2β2γ1δ1

l2 −m2

]
.

The diagram number 4 is represented by

q3, µ

q4, ν

q1, α

q2, β

with amplitude

−iMαβµν 4 = µ2ε

[∫ ddl
(2π)d

]
2ie2gαµ1α1β1γ1δ1

[
i1γ1δ1α2β2

l2 −m2

]
(4.47)

×ie[Tρν(−l)ρ − Tνρlρ]α2β2γ2δ2

[
i1γ2δ2α3β3

l2 −m2

]
×ie[Tρβ(−l)ρ − Tβρlρ]α3β3γ3δ3

[
i1γ3δ3α1β1

l2 −m2

]
,
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and

−iMαβµν 4′ = µ2ε

[∫ ddl
(2π)d

]
2ie2gαµ1γ1δ1α1β1

[
i1α1β1γ3δ3

l2 −m2

]
(4.48)

×ie[Tρβlρ − Tβρ(−l)ρ]γ3δ3α3β3

[
i1α3β3γ2δ2

l2 −m2

]
×ie[Tρνlρ − Tνρ(−l)ρ]γ2δ2α2β2

[
i1α2β2γ1δ1

l2 −m2

]
.

The number 5 is given by

q3, µ

q4, ν

q2, β

q1, α

with an amplitude

−iMαβµν 5 = µ2ε

[∫ ddl
(2π)d

]
2ie2gβµ1α1β1γ1δ1

[
i1γ1δ1α2β2

l2 −m2

]
(4.49)

×ie[Tρν(−l)ρ − Tνρlρ]α2β2γ2δ2

[
i1γ2δ2α3β3

l2 −m2

]
×ie[Tρα(−l)ρ − Tαρlρ]α3β3γ3δ3

[
i1γ3δ3α1β1

l2 −m2

]
,

and

−iMαβµν 5′ = µ2ε

[∫ ddl
(2π)d

]
2ie2gβµ1γ1δ1α1β1

[
i1α1β1γ3δ3

l2 −m2

]
(4.50)

×ie[Tραlρ − Tαρ(−l)ρ]γ3δ3α3β3

[
i1α3β3γ2δ2

l2 −m2

]
×ie[Tρνlρ − Tνρ(−l)ρ]γ2δ2α2β2

[
i1α2β2γ1δ1

l2 −m2

]
.

The contribution number 6 is given by

q3, µ

q4, ν

q1, α

q2, β
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with an amplitude

−iMαβµν 6 = µ2ε

[∫ ddl
(2π)d

]
ie[Tρα(−l)ρ − Tαρlρ]α1β1γ1δ1 (4.51)

×
[

i1γ1δ1α2β2

l2 −m2

]
2ie2gµν1α2β2γ2δ2

[
i1γ2δ2α3β3

l2 −m2

]
×ie[Tρβ(−l)ρ − Tβρlρ]α3β3γ3δ3

[
i1γ3δ3α1β1

l2 −m2

]
,

and

−iMαβµν 6′ = µ2ε

[∫ ddl
(2π)d

]
ie[Tραlρ − Tαρ(−l)ρ]γ1δ1α1β1 (4.52)

×
[

i1α1β1γ3δ3

l2 −m2

]
ie[Tρβlρ − Tβρ(−l)ρ]γ3δ3α3β3

×
[

i1α3β3γ2δ2

l2 −m2

]
2ie2gµν1γ2δ2α2β2

[
i1α2β2γ1δ1

l2 −m2

]
.

The number 7 is

q3, µ

q4, ν

q1, α

q2, β

with amplitude

−iMαβµν 7 = µ2ε

[∫ ddl
(2π)d

]
ie[Tρα(−l)ρ − Tαρlρ]α1β1γ1δ1 (4.53)

×
[

i1γ1δ1α2β2

l2 −m2

]
ie[Tρµ(−l)ρ − Tµρlρ]α2β2γ2δ2

[
i1γ2δ2α3β3

l2 −m2

]
×ie[Tρν(−l)ρ − Tνρlρ]α3β3γ3δ3

[
i1γ3δ3α4β4

l2 −m2

]
×ie[Tρβ(−l)ρ − Tβρlρ]α4β4γ4δ4

[
i1γ4δ4α1β1

l2 −m2

]
,

and

−iMαβµν 7′ = µ2ε

[∫ ddl
(2π)d

]
ie[Tραlρ − Tαρ(−l)ρ]γ1δ1α1β1 (4.54)

×
[

i1α1β1γ4δ4

l2 −m2

]
ie[Tρβlρ − Tβρ(−l)ρ]γ4δ4α4β4

[
i1α4β4γ3δ3

l2 −m2

]
×ie[Tρνlρ − Tνρ(−l)ρ]γ3δ3α3β3

[
i1α3β3γ2δ2

l2 −m2

]
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ie[Tρµlρ − Tµρ(−l)ρ]γ2δ2α2β2 ×
[

i1α2β2γ1δ1

l2 −m2

]
.

The number 8 is given by

q3, µ

q4, ν

q2, β

q1, α

with an amplitude

−iMαβµν 8 = µ2ε

[∫ ddl
(2π)d

]
ie[Tρβ(−l)ρ − Tβρlρ]α1β1γ1δ1 (4.55)

×
[

i1γ1δ1α2β2

l2 −m2

]
ie[Tρµ(−l)ρ − Tµρlρ]α2β2γ2δ2

[
i1γ2δ2α3β3

l2 −m2

]
×ie[Tρν(−l)ρ − Tνρlρ]α3β3γ3δ3

[
i1γ3δ3α4β4

l2 −m2

]
×ie[Tρα(−l)ρ − Tαρlρ]α4β4γ4δ4

[
i1γ4δ4α1β1

l2 −m2

]
,

and

−iMαβµν 8′ = µ2ε

[∫ ddl
(2π)d

]
ie[Tρβlρ − Tβρ(−l)ρ]γ1δ1α1β1 (4.56)

×
[

i1α1β1γ4δ4

l2 −m2

]
ie[Tραlρ − Tαρ(−l)ρ]γ4δ4α4β4

[
i1α4β4γ3δ3

l2 −m2

]
×ie[Tρνlρ − Tνρ(−l)ρ]γ3δ3α3β3

[
i1α3β3γ2δ2

l2 −m2

]
ie[Tρµlρ − Tµρ(−l)ρ]γ2δ2α2β2 ×

[
i1α2β2γ1δ1

l2 −m2

]
.

The correction number 9 is

q3, µ

q4, ν

q1, α

q2, β
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with amplitude

−iMαβµν 9 = µ2ε

[∫ ddl
(2π)d

]
ie[Tραlρ − Tαρ(−l)ρ]α1β1γ1δ1

[
i1γ1δ1α2β2

l2 −m2

]
(4.57)

×ie[Tρνlρ − Tνρ(−l)ρ]α2β2γ2δ2

×
[

i1γ2δ2α3β3

l2 −m2

]
ie[Tρβlρ − Tβρ(−l)ρ]α3β3γ3δ3

[
i1γ3δ3α4β4

l2 −m2

]
×ie[Tρµlρ − Tµρ(−l)ρ]α4β4γ4δ4

[
i1γ4δ4α1β1

l2 −m2

]
,

and

−iMαβµν 9′ = µ2ε

[∫ ddl
(2π)d

]
ie[Tρα(−l)ρ − Tαρlρ]γ1δ1α1β1 (4.58)

×
[

i1α1β1γ4δ4

l2 −m2

]
ie[Tρµ(−l)ρ − Tµρlρ]γ4δ4α4β4

[
i1α4β4γ3δ3

l2 −m2

]
×ie[Tρβ(−l)ρ − Tβρlρ]γ3δ3α3β3

[
i1α3β3γ2δ2

l2 −m2

]
ie[Tρν(−l)ρ − Tνρlρ]γ2δ2α2β2 ×

[
i1α2β2γ1δ1

l2 −m2

]
.

The correction number 10 is given by

q3, µ

q4, ν

l

l

q1, α

q2, β

with an amplitude

−iMαβµν 10 = µ2ε

[∫ ddl
(2π)d

]
2ie2gαβ1α1β1γ1δ1 (4.59)

×
[

i1γ1δ1α2β2

l2 −m2

]
2ie2gµν1α2β2γ2δ2

[
i1γ2δ2α1β1

l2 −m2

]
.

The number 11 is given by

q3, µ

q4, ν

l l

q1, α

q2, β
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with an amplitude

−iMαβµν 11 = µ2ε

[∫ ddl
(2π)d

]
2ie2gαµ1α1β1γ1δ1 (4.60)

×
[

i1γ1δ1α2β2

l2 −m2

]
2ie2gνβ1α2β2γ2δ2

[
i1γ2δ2α1β1

l2 −m2

]
.

and the diagram number 12 is given by

q3, µ

q4, ν

l l

q2, β

q1, α

with amplitude

−iMαβµν 12 = µ2ε

[∫ ddl
(2π)d

]
2ie2gβµ1α1β1γ1δ1 (4.61)

×
[

i1γ1δ1α2β2

l2 −m2

]
2ie2gνα1α2β2γ2δ2

[
i1γ2δ2α1β1

l2 −m2

]
.

In this case, there is no counterterm available to cancel a potential divergence. Thus, if the
model is renormalizable, the sum of all these pure QED diagrams must be finite. By an explicit
calculation, we have found that the divergent piece of the total amplitude vanishes exactly.

−iMαβµν = −iMαβµν 1 − iMαβµν 1′ − iMαβµν 2 − iMαβµν 2′ − iMαβµν 3 − iMαβµν 3′

−iMαβµν 4 − iMαβµν 4′ − iMαβµν 5 − iMαβµν 5′ − iMαβµν 6 − iMαβµν 6′

−iMαβµν 7 − iMαβµν 7′ − iMαβµν 8 − iMαβµν 8′ − iMαβµν 9 − iMαβµν 9′

−iMαβµν 10 − iMαβµν 11 − iMαβµν 12 = 0. (4.62)

Therefore, the four-gamma vertex function is finite, as expected.

4.7 TTTT vertex

The last potentially divergent function is the TTTT vertex and there are 19 diagrams contribut-
ing to the total amplitude.

The first correction is given by
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p3, α3β3

p4, α4β4

p1, α1β1

p2, α2β2

with an amplitude

iΛα1β1α2β2α3β3α4β4 1 = µ2ε

[∫ ddl
(2π)d

]
ie[−Tσρlρ]α1β1γ1δ1

[
i1γ1δ1γ3δ3

l2 −m2

]
(4.63)

×ie[Tρµ(−l)ρ]γ3δ3α3β3

[
− i

l2

(
gνµ + (ξ − 1)

lνlµ

l2

)]
×ie[Tρνlρ]γ4δ4α4β4

[
i1γ2δ2γ4δ4

l2 −m2

]
×ie[−Tτρ(−l)ρ]α2β2γ2δ2

[
− i

l2

(
gστ + (ξ − 1)

lσlτ

l2

)]
.

The second one is

p3, α3β3

p4, α4β4

p1, α1β1

p2, α2β2

and its amplitude is

iΛα1β1α2β2α3β3α4β4 2 = µ2ε

[∫ ddl
(2π)d

]
ie[−Tσρlρ]α2β2γ1δ1

[
i1γ1δ1γ3δ3

l2 −m2

]
(4.64)

×ie[Tρµ(−l)ρ]γ3δ3α3β3

[
− i

l2

(
gνµ + (ξ − 1)

lνlµ

l2

)]
×ie[Tρνlρ]γ4δ4α4β4

[
i1γ2δ2γ4δ4

l2 −m2

]
×ie[−Tτρ(−l)ρ]α1β1γ2δ2

[
− i

l2

(
gστ + (ξ − 1)

lσlτ

l2

)]
.

The third diagram is
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p3, α3β3

p4, α4β4

p1, α1β1

p2, α2β2

with an amplitude

iΛα1β1α2β2α3β3α4β4 3 = µ2ε

[∫ ddl
(2π)d

]
ie[−Tσρlρ]α1β1γ1δ1

[
i1γ1δ1γ3δ3

l2 −m2

]
(4.65)

×ie[Tρµ(−l)ρ]γ3δ3α3β3

[
− i

l2

(
gτµ + (ξ − 1)

lτ lµ

l2

)]
×ie[−Tτρlρ]α2β2γ2δ2

[
i1γ2δ2γ4δ4

l2 −m2

]
×ie[Tρν(−l)ρ]γ4δ4α4β4

[
− i

l2

(
gσν + (ξ − 1)

lσlν

l2

)]
.

The fourth one is represented by

p3, α3β3

p4, α4β4

p1, α1β1

p2, α2β2

with amplitude

iΛα1β1α2β2α3β3α4β4 4 = µ2ε

[∫ ddl
(2π)d

]
ie[−Tσρlρ]α2β2γ1δ1

[
i1γ1δ1γ3δ3

l2 −m2

]
(4.66)

×ie[Tρµ(−l)ρ]γ3δ3α3β3

[
− i

l2

(
gτµ + (ξ − 1)

lτ lµ

l2

)]
×ie[−Tτρlρ]α1β1γ2δ2

[
i1γ2δ2γ4δ4

l2 −m2

]
×ie[Tρν(−l)ρ]γ4δ4α4β4

[
− i

l2

(
gσν + (ξ − 1)

lσlν

l2

)]
.

The fifth contribution is given by
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p3, α3β3

p4, α4β4

p1, α1β1

p2, α2β2

with an amplitude

iΛα1β1α2β2α3β3α4β4 5 = µ2ε

[∫ ddl
(2π)d

]
ie[−Tσρlρ]α1β1γ1δ1

[
i1γ1δ1γ3δ3

l2 −m2

]
(4.67)

×ie[Tρµ(−l)ρ]γ3δ3α3β3

[
− i

l2

(
gνµ + (ξ − 1)

lνlµ

l2

)]
×2ie2gτν1α2β2α4β4

[
− i

l2

(
gστ + (ξ − 1)

lσlτ

l2

)]
.

The sixth one is

p3, α3β3

p4, α4β4

p1, α1β1

p2, α2β2

and the amplitude

iΛα1β1α2β2α3β3α4β4 6 = µ2ε

[∫ ddl
(2π)d

]
ie[−Tσρlρ]α2β2γ1δ1

[
i1γ1δ1γ3δ3

l2 −m2

]
(4.68)

×ie[Tρµ(−l)ρ]γ3δ3α3β3

[
− i

l2

(
gνµ + (ξ − 1)

lνlµ

l2

)]
×2ie2gτν1α1β1α4β4

[
− i

l2

(
gστ + (ξ − 1)

lσlτ

l2

)]
.

The seventh correction is

p3, α3β3

p4, α4β4

p1, α1β1

p2, α2β2
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with an amplitude

iΛα1β1α2β2α3β3α4β4 7 = µ2ε

[∫ ddl
(2π)d

]
2ie2gµσ1α1β1α3β3 (4.69)

×
[
− i

l2

(
gνµ + (ξ − 1)

lνlµ

l2

)]
ie[Tρµlρ]γ4δ4α4β4

[
i1γ2δ2γ4δ4

l2 −m2

]
×ie[−Tτρ(−l)ρ]α2β2γ2δ2

[
− i

l2

(
gστ + (ξ − 1)

lσlτ

l2

)]
.

The eighth one is given by

p3, α3β3

p4, α4β4

p1, α1β1

p2, α2β2

with an amplitude

iΛα1β1α2β2α3β3α4β4 8 = µ2ε

[∫ ddl
(2π)d

]
2ie2gµσ1α2β2α3β3 (4.70)

×
[
− i

l2

(
gνµ + (ξ − 1)

lνlµ

l2

)]
ie[Tρµlρ]γ4δ4α4β4

[
i1γ2δ2γ4δ4

l2 −m2

]
×ie[−Tτρ(−l)ρ]α1β1γ2δ2

[
− i

l2

(
gστ + (ξ − 1)

lσlτ

l2

)]
.

The ninth contribution is given by

p3, α3β3

p4, α4β4

l l

p1, α1β1

p2, α2β2

and its amplitude

iΛα1β1α2β2α3β3α4β4 9 = µ2ε

[∫ ddl
(2π)d

]
2ie2gµσ1α1β1α3β3 (4.71)

×
[
− i

l2

(
gνµ + (ξ − 1)

lνlµ

l2

)]
2ie2gτν1α2β2α4β4

[
− i

l2

(
gστ + (ξ − 1)

lσlτ

l2

)]
.

The tenth one is
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p3, α3β3

p4, α4β4

l l

p2, α2β2

p1, α1β1

with amplitude

iΛα1β1α2β2α3β3α4β4 10 = µ2ε

[∫ ddl
(2π)d

]
2ie2gµσ1α2β2α3β3 (4.72)

×
[
− i

l2

(
gνµ + (ξ − 1)

lνlµ

l2

)]
2ie2gτν1α1β1α4β4

[
− i

l2

(
gστ + (ξ − 1)

lσlτ

l2

)]
.

The eleventh diagram is represented by

p3, α3β3

p4, α4β4

p1, α1β1

p2, α2β2

and the amplitude

iΛα1β1α2β2α3β3α4β4 11 = µ2ε

[∫ ddl
(2π)d

]
i[λ1(1α1β1γ1δ11α2β2γ2δ2 + 1α1β1γ2δ21α2β2γ1δ1)

+λ2(χα1β1γ1δ1 χα2β2γ2δ2 + χα1β1γ2δ2 χα2β2γ1δ1) + λ3(Mκλ
α1β1γ1δ1

(Mκλ)α2β2γ2δ2

+Mκλ
α1β1γ2δ2

(Mκλ)α2β2γ1δ1) + λ4(Sκλ
α1β1γ1δ1

(Sκλ)α2β2γ2δ2 + Sκλ
α1β1γ2δ2

(Sκλ)α2β2γ1δ1)]

×
[

i1γ1δ1γ3δ3

l2 −m2

]
ie[Tρµ(−l)ρ]γ3δ3α3β3

[
− i

l2

(
gνµ + (ξ − 1)

lνlµ

l2

)]
×ie[Tρνlρ]γ4δ4α4β4

[
i1γ2δ2γ4δ4

l2 −m2

]
. (4.73)

The twelfth one is

p3, α3β3

p4, α4β4

p1, α1β1

p2, α2β2
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with amplitude

iΛα1β1α2β2α3β3α4β4 12 = µ2ε

[∫ ddl
(2π)d

]
ie[−Tµρlρ]α1β1γ1δ1

[
i1γ1δ1γ3δ3

l2 −m2

]
×i[λ1(1γ3δ3α3β31γ4δ4α4β4 + 1γ3δ3α4β41γ4δ4α3β3) + λ2(χγ3δ3α3β3 χγ4δ4α4β4

+χγ3δ3α4β4 χγ4δ4α3β3) + λ3(Mκλ
γ3δ3α3β3

(Mκλ)γ4δ4α4β4 + Mκλ
γ3δ3α4β4

(Mκλ)γ4δ4α3β3)

+λ4(Sκλ
γ3δ3α3β3

(Sκλ)γ4δ4α4β4 + Sκλ
γ3δ3α4β4

(Sκλ)γ4δ4α3β3)]

[
i1γ2δ2γ4δ4

l2 −m2

]
×ie[−Tνρ(−l)ρ]α2β2γ2δ2

[
− i

l2

(
gµν + (ξ − 1)

lµlν

l2

)]
. (4.74)

The thirteenth correction is given by

p3, α3β3

p4, α4β4

p1, α1β1

p2, α2β2

with an amplitude

iΛα1β1α2β2α3β3α4β4 13 = µ2ε

[∫ ddl
(2π)d

]
ie[−Tµρ(−l)ρ]α2β2γ2δ2

[
i1γ2δ2γ4δ4

l2 −m2

]
×i[λ1(1α1β1γ1δ11γ4δ4α4β4 + 1α1β1α4β41γ4δ4γ1δ1) + λ2(χα1β1γ1δ1 χγ4δ4α4β4

+χα1β1α4β4 χγ4δ4γ1δ1) + λ3(Mκλ
α1β1γ1δ1

(Mκλ)γ4δ4α4β4 + Mκλ
α1β1α4β4

(Mκλ)γ4δ4γ1δ1)

+λ4(Sκλ
α1β1γ1δ1

(Sκλ)γ4δ4α4β4 + Sκλ
α1β1α4β4

(Sκλ)γ4δ4γ1δ1)]

[
i1γ1δ1γ3δ3

l2 −m2

]
×ie[Tρνlρ]γ3δ3α3β3

[
− i

l2

(
gµν + (ξ − 1)

lµlν

l2

)]
. (4.75)

The fourteenth one is

p3, α3β3

p4, α4β4

p1, α1β1

p2, α2β2

with an amplitude

iΛα1β1α2β2α3β3α4β4 14 = µ2ε

[∫ ddl
(2π)d

]
ie[−Tµρ(−l)ρ]α1β1γ1δ1

[
i1γ1δ1γ2δ2

l2 −m2

]
×i[λ1(1γ2δ2α3β31α2β2γ3δ3 + 1γ2δ2γ3δ31α2β2α3β3) + λ2(χγ2δ2α3β3 χα2β2γ3δ3
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+χγ2δ2γ3δ3 χα2β2α3β3) + λ3(Mκλ
γ2δ2α3β3

(Mκλ)α2β2γ3δ3 + Mκλ
γ2δ2γ3δ3

(Mκλ)α2β2α3β3)

+λ4(Sκλ
γ2δ2α3β3

(Sκλ)α2β2γ3δ3 + Sκλ
γ2δ2γ3δ3

(Sκλ)α2β2α3β3)]

[
i1γ3δ3γ4δ4

l2 −m2

]
×ie[Tρνlρ]γ4δ4α4β4

[
− i

l2

(
gµν + (ξ − 1)

lµlν

l2

)]
. (4.76)

The fifteenth contribution is given by

p3, α3β3

p4, α4β4

p1, α1β1

p2, α2β2

and its amplitude

iΛα1β1α2β2α3β3α4β4 15 = µ2ε

[∫ ddl
(2π)d

]
ie[−Tνρ(−l)ρ]α1β1γ1δ1

×
[
− i

l2

(
gµν + (ξ − 1)

lµlν

l2

)]
ie[Tρµlρ]γ3δ3α3β3

[
i1γ4δ4γ3δ3

l2 −m2

]
×i[λ1(1γ2δ2γ4δ41α2β2α4β4 + 1γ2δ2α4β41α2β2γ4δ4) + λ2(χγ2δ2γ4δ4 χα2β2α4β4

+χγ2δ2α4β4 χα2β2γ4δ4) + λ3(Mκλ
γ2δ2γ4δ4

(Mκλ)α2β2α4β4 + Mκλ
γ2δ2α4β4

(Mκλ)α2β2γ4δ4)

+λ4(Sκλ
γ2δ2γ4δ4

(Sκλ)α2β2α4β4 + Sκλ
γ2δ2α4β4

(Sκλ)α2β2γ4δ4)]

[
i1γ1δ1γ2δ2

l2 −m2

]
. (4.77)

The sixteenth one is

p3, α3β3

p4, α4β4

p1, α1β1

p2, α2β2

with an amplitude

iΛα1β1α2β2α3β3α4β4 16 = µ2ε

[∫ ddl
(2π)d

]
i[λ1(1α1β1α3β31γ1δ1γ3δ3 + 1α1β1γ3δ31γ1δ1α3β3)

+λ2(χα1β1α3β3 χγ1δ1γ3δ3 + χα1β1γ3δ3 χγ1δ1α3β3) + λ3(Mκλ
α1β1α3β3

(Mκλ)γ1δ1γ3δ3

+Mκλ
α1β1γ3δ3

(Mκλ)γ1δ1α3β3) + λ4(Sκλ
α1β1α3β3

(Sκλ)γ1δ1γ3δ3 + Sκλ
α1β1γ3δ3

(Sκλ)γ1δ1α3β3)]

×
[

i1γ3δ3γ4δ4

l2 −m2

]
ie[Tρν(−l)ρ]γ4δ4α4β4

[
− i

l2

(
gµν + (ξ − 1)

lµlν

l2

)]
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×ie[−Tµρlρ]α2β2γ2δ2

[
i1γ2δ2γ1δ1

l2 −m2

]
. (4.78)

The seventeenth diagram is

p3, α3β3

p4, α4β4

l

−l

p1, α1β1

p2, α2β2

and its amplitude is

iΛα1β1α2β2α3β3α4β4 17 = µ2ε
∫ ddl

(2π)d i[λ1(1α1β1γ3δ31α2β2γ4δ4 + 1α1β1γ4δ41α2β2γ3δ3)

+λ2(χα1β1γ3δ3 χα2β2γ4δ4 + χα1β1γ4δ4 χα2β2γ3δ3) + λ3(Mκλ
α1β1γ3δ3

(Mκλ)α2β2γ4δ4

+Mκλ
α1β1γ4δ4

(Mκλ)α2β2γ3δ3) + λ4(Sκλ
α1β1γ3δ3

(Sκλ)α2β2γ4δ4 + Sκλ
α1β1γ4δ4

(Sκλ)α2β2γ3δ3)]

×
[

i1γ3δ3γ1δ1

l2 −m2

]
i[λ1(1γ1δ1α3β31γ2δ2α4β4 + 1γ1δ1α4β41γ2δ2α3β3) + λ2(χγ1δ1α3β3 χγ2δ2α4β4

+χγ1δ1α4β4 χγ2δ2α3β3) + λ3(Mκλ
γ1δ1α3β3

(Mκλ)γ2δ2α4β4 + Mκλ
γ1δ1α4β4

(Mκλ)γ2δ2α3β3)

+λ4(Sκλ
γ1δ1α3β3

(Sκλ)γ2δ2α4β4 + Sκλ
γ1δ1α4β4

(Sκλ)γ2δ2α3β3)]

[
i1γ4δ4γ2δ2

l2 −m2

]
. (4.79)

The eighteenth one is

p3, α3β3

p4, α4β4

l l

p1, α1β1

p2, α2β2

and its amplitude

iΛα1β1α2β2α3β3α4β4 18 = µ2ε
∫ ddl

(2π)d i[λ1(1α1β1α3β31γ1δ1γ4δ4 + 1α1β1γ4δ41γ1δ1α3β3)

+λ2(χα1β1α3β3 χγ1δ1γ4δ4 + χα1β1γ4δ4 χγ1δ1α3β3) + λ3(Mκλ
α1β1α3β3

(Mκλ)γ1δ1γ4δ4

+Mκλ
α1β1γ4δ4

(Mκλ)γ1δ1α3β3) + λ4(Sκλ
α1β1α3β3

(Sκλ)γ1δ1γ4δ4 + Sκλ
α1β1γ4δ4

(Sκλ)γ1δ1α3β3)]

×
[

i1γ3δ3γ1δ1

l2 −m2

]
i[λ1(1γ2δ2γ3δ31α2β2α4β4 + 1γ2δ2α4β41α2β2γ3δ3) + λ2(χγ2δ2γ3δ3 χα2β2α4β4

+χγ2δ2α4β4 χα2β2γ3δ3) + λ3(Mκλ
γ2δ2γ3δ3

(Mκλ)α2β2α4β4 + Mκλ
γ2δ2α4β4

(Mκλ)α2β2γ3δ3)

+λ4(Sκλ
γ2δ2γ3δ3

(Sκλ)α2β2α4β4 + Sκλ
γ2δ2α4β4

(Sκλ)α2β2γ3δ3)]

[
i1γ4δ4γ2δ2

l2 −m2

]
. (4.80)
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The nineteenth correction is given by

p3, α3β3

p4, α4β4

l l

p2, α2β2

p1, α1β1

And its amplitude is

iΛα1β1α2β2α3β3α4β4 19 = µ2ε
∫ ddl

(2π)d i[λ1(1α2β2α3β31γ1δ1γ4δ4 + 1α2β2γ4δ41γ1δ1α3β3)

+λ2(χα2β2α3β3 χγ1δ1γ4δ4 + χα2β2γ4δ4 χγ1δ1α3β3) + λ3(Mκλ
α2β2α3β3

(Mκλ)γ1δ1γ4δ4

+Mκλ
α2β2γ4δ4

(Mκλ)γ1δ1α3β3) + λ4(Sκλ
α2β2α3β3

(Sκλ)γ1δ1γ4δ4 + Sκλ
α2β2γ4δ4

(Sκλ)γ1δ1α3β3)]

×
[

i1γ3δ3γ1δ1

l2 −m2

]
i[λ1(1γ2δ2γ3δ31α1β1α4β4 + 1γ2δ2α4β41α1β1γ3δ3) + λ2(χγ2δ2γ3δ3 χα1β1α4β4

+χγ2δ2α4β4 χα1β1γ3δ3) + λ3(Mκλ
γ2δ2γ3δ3

(Mκλ)α1β1α4β4 + Mκλ
γ2δ2α4β4

(Mκλ)α1β1γ3δ3)

+λ4(Sκλ
γ2δ2γ3δ3

(Sκλ)α1β1α4β4 + Sκλ
γ2δ2α4β4

(Sκλ)α1β1γ3δ3)]

[
i1γ4δ4γ2δ2

l2 −m2

]
. (4.81)

The divergent part of the TTTT vertex is

iΛα1β1α2β2α3β3α4β4 =
1

16π2ε

{
e4(3g4 − 8g2 + 6) + 2λ1

(
e2(2g2 + ξ) + λ2 + 8λ3 + 12λ4

)
+11λ2

1 + 3λ2
2 − 8λ2λ4

}
(1α1β1α3β31α2β2α4β4 + 1α1β1α4β41α2β2α3β3)

+
1

8π2ε

{
λ2
(
e2 (2g2 + ξ

)
+ 4λ1 + 8λ3 − 8λ4

)
+ 8 (λ3 − λ4)

(
e2g2 + 3λ3 − 3λ4

)
+4λ2

2

}
(χα1β1α3β3 χα2β2α4β4 + χα1β1α4β4 χα2β2α3β3)−

1
16π2ε

{
e2g2 (λ1 + λ2)

+2λ3
(
e2ξ + 4λ1 + 4λ2

)
+ 8λ2

3 − 24λ2
4

}
(Mκλ

α1β1α3β3
(Mκλ)α2β2α4β4 + Mκλ

α1β1α4β4
(Mκλ)α2β2α3β3)

− 1
64π2ε

{
e4g4 + 8λ4

(
e2 (2g2 − ξ

)
− 4λ1 + 16λ3 − 8λ4

) }
(Sκλ

α1β1α3β3
(Sκλ)α2β2α4β4

+Sκλ
α1β1α4β4

(Sκλ)α2β2α3β3). (4.82)

The counterterm is

p3, α3β3

p4, α4β4

p1, α1β1

p2, α2β2

•
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and its amplitude

iΛα1β1α2β2α3β3α4β4 ct = i[λ1δλ1(1α1β1α3β31α2β2α4β4 + 1α1β1α4β41α2β2α3β3) (4.83)

+λ2δλ2(χα1β1α3β3 χα2β2α4β4 + χα1β1α4β4 χα2β2α3β3) + λ3δλ3(Mκλ
α1β1α3β3

(Mκλ)α2β2α4β4

+Mκλ
α1β1α4β4

(Mκλ)α2β2α3β3) + λ4δλ4(Sκλ
α1β1α3β3

(Sκλ)α2β2α4β4 + Sκλ
α1β1α4β4

(Sκλ)α2β2α3β3)],

and the corresponding counterterms that render the total amplitude finite are given in the MS
scheme by

δλ1 = − 1
16π2λ1ε

{
e4(3g4 − 8g2 + 6) + 2λ1

(
e2(2g2 + ξ) + λ2 + 8λ3 + 12λ4

)
+16

(
λ4(e2g2 + 6λ3) + λ3(e2g2 + 3λ3) + 6λ2

4
)

(4.84)

+11λ2
1 + 3λ2

2 − 8λ2λ4

}
,

δλ2 = − 1
8π2λ2ε

{
λ2
(
e2 (2g2 + ξ

)
+ 4λ1 + 8λ3 − 8λ4

)
(4.85)

+8 (λ3 − λ4)
(
e2g2 + 3λ3 − 3λ4

)
+ 4λ2

2

}
,

δλ3 = − 1
16π2λ3ε

{
e2g2 (λ1 + λ2) + 2λ3

(
e2ξ + 4λ1 + 4λ2

)
(4.86)

+8λ2
3 − 24λ2

4

}
,

δλ4 =
1

64π2λ4ε

{
e4g4 + 8λ4

(
e2 (2g2 − ξ

)
− 4λ1 + 16λ3 − 8λ4

) }
. (4.87)

4.8 Beta Functions

From the results obtained in eqs.(4.6,4.13,4.14,4.24,4.25,4.40,4.84,4.85,4.86,4.87) and the defini-
tion of the counterterms in eqs.(2.87,2.88), the relations between the bare and renormalized
parameters of the theory are given by

e0 = Z−
1
2

1 Z−1
2 Zeµ

εe, e2
0 = Z−1

1 Z−1
2 Ze2µ2εe2, λ0j = Z−2

2 Zλj µ
2ελj,

g0 = Z−1
e Zegg, m2

0 = Z−1
2 Zmm2,

(4.88)

the renormalization constants defined in the MS scheme are

ZMS
1 = 1 +

e2(2g2 − 1)
8π2ε

, (4.89)

ZMS
2 = ZMS

e2 = ZMS
e = 1− e2(ξ − 3)

16π2ε
, (4.90)

ZMS
λ1

= 1− 1
16π2λ1ε

{
e4(3g4 − 8g2 + 6) + 2λ1

(
e2(2g2 + ξ) + λ2 + 8λ3 + 12λ4

)
+16

(
λ4(e2g2 + 6λ3) + λ3(e2g2 + 3λ3) + 6λ2

4
)

(4.91)

+11λ2
1 + 3λ2

2 − 8λ2λ4

}
,

ZMS
λ2

= 1− 1
8π2λ2ε

{
λ2
(
e2 (2g2 + ξ

)
+ 4λ1 + 8λ3 − 8λ4

)
(4.92)
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+8 (λ3 − λ4)
(
e2g2 + 3λ3 − 3λ4

)
+ 4λ2

2

}
,

ZMS
λ3

= 1− 1
16π2λ3ε

{
e2g2 (λ1 + λ2) + 2λ3

(
e2ξ + 4λ1 + 4λ2

)
(4.93)

+8λ2
3 − 24λ2

4

}
,

ZMS
λ4

= 1 +
1

64π2λ4ε

{
e4g4 + 8λ4

(
e2 (2g2 − ξ

)
− 4λ1 + 16λ3 − 8λ4

) }
, (4.94)

ZMS
eg = ZMS

e + δMS
g = 1− 1

16π2ε

{
e2(g2 + ξ − 1) + λ1 + λ2 + 12λ3

}
, (4.95)

ZMS
m = ZMS

2 + δMS
m = 1− 1

16π2ε

{
e2 (2g2 + ξ

)
+ 7λ1 + λ2 + 8λ3 + 12λ4

}
. (4.96)

According to these constants, the two different relations between e0 and e in eq.(4.88) collapse
to

e0 = Z−1/2
1 µεe. (4.97)

From eqs. (4.88-4.96) one can extract the following beta functions2 βη ≡ µ
∂η
∂µ and anomalous

dimensions γm ≡ µ
m

∂m
∂µ in the ε→ 0 limit:

βe =
1

8π2

{
e3 (1− 2g2) }, (4.98)

βeg = − 1
8π2

{
g
(
e2 (g2 + 2

)
+ λ1 + λ2 + 12λ3

) }
, (4.99)

βλ1 =
1

8π2

{
e4
(
−3g4 + 8g2 − 6

)
− 2λ1

(
e2 (2g2 + 3

)
+ λ2 + 8λ3 + 12λ4

)
(4.100)

−16
(
λ4
(
e2g2 + 6λ3

)
+ λ3

(
e2g2 + 3λ3

)
+ 6λ2

4
)
− 11λ2

1 − 3λ2
2 + 8λ2λ4

}
,

βλ2 = −
1

4π2

{
λ2
(
e2 (2g2 + 3

)
+ 4λ1 + 8λ3 − 8λ4

)
(4.101)

+8 (λ3 − λ4)
(
e2g2 + 3λ3 − 3λ4

)
+ 4λ2

2

}
,

βλ3 = −
1

8π2

{
e2g2 (λ1 + λ2) + 2λ3

(
3e2 + 4λ1 + 4λ2

)
+ 8λ2

3 − 24λ2
4

}
, (4.102)

βλ4 =
1

32π2

{
e4g4 + 8λ4

(
e2 (2g2 − 3

)
− 4λ1 + 16λ3 − 8λ4

) }
, (4.103)

γm = − 1
16π2

{
e2 (2g2 + 3

)
+ 7λ1 + λ2 + 8λ3 + 12λ4

}
. (4.104)

4.9 Fixed points for βeg

When a β function for some coupling in a quantum field theory has a zero at some value of
the coupling parameter it is said that this is a fixed point. The scale-dependence of a theory is
characterized by the way its coupling parameters depend on the energy-scale. This dependence
is precisely described by the beta-functions of the theory. The importance of the fixed points
is that they determine when a theory is scale-invariant. If we have a fixed point when the
coupling parameter goes to zero (free field) we say that this is a trivial fixed point.

2The general procedure to determine the beta functions is presented in Appendix B.
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In this section we want to analyze some fixed points for the function βeg. They are particular
cases for βeg = 0.

First, turning off the electromagnetic interactions by taking e = 0 and g = 0, the theory re-
duces to the renormalizable model of pure self-interacting terms for the tensor field analyzed
in Chapter 3:

βλ1 = − 1
8π2

{
11λ2

1 + 2λ1 (λ2 + 8λ3 + 12λ4) + 3λ2
2 + 48λ2

3 (4.105)

−8λ2λ4 + 96λ4 (λ3 + λ4)
}

,

βλ2 = − 1
π2

{
λ2

2 + λ1λ2 + 2λ2 (λ3 − λ4) + 6 (λ3 − λ4)
2
}

, (4.106)

βλ3 =
1

π2

{
3λ2

4 − λ3 (λ1 + λ2 + λ3)
}

, (4.107)

βλ4 = − 1
π2

{
λ4 (λ1 − 4λ3 + 2λ4)

}
, (4.108)

γm = − 1
16π2

{
7λ1 + λ2 + 8λ3 + 12λ4

}
. (4.109)

If we take g = 0 we get

βe =
e3

8π2 , (4.110)

βλ1 = −
1

8π2

{
6
(

e4 + 8λ2
3

)
+ 2λ1

(
3e2 + λ2 + 8λ3 + 12λ4

)
(4.111)

+11λ2
1 + 3λ2

2 − 8λ2λ4 + 96λ4 (λ3 + λ4)
}

,

βλ2 = −
1

4π2

{
λ2
(
3e2 + 4λ1 + 8λ3 − 8λ4

)
+ 4λ2

2 + 24 (λ3 − λ4)
2
}

, (4.112)

βλ3 =
1

4π2

{
12λ2

4 − λ3
(
3e2 + 4λ1 + 4λ2 + 4λ3

) }
, (4.113)

βλ4 = −
1

4π2

{
λ4
(
3e2 + 4λ1 − 16λ3 + 8λ4

) }
, (4.114)

γm = − 1
16π2

{
3e2 + 7λ1 + λ2 + 8λ3 + 12λ4

}
. (4.115)

Taking g = 0, λ2 = 0 we get

βe =
e3

8π2 , (4.116)

βλ1 = −
1

8π2

{
6
(

e4 + 8
(
λ2

3 + 2λ4λ3 + 2λ2
4
))

+ 11λ2
1 (4.117)

+2λ1
(
3
(
e2 + 4λ4

)
+ 8λ3

) }
,

βλ2 = −
1

π2

{
6 (λ3 − λ4)

2
}

, (4.118)

βλ3 =
1

4π2

{
12λ2

4 − λ3
(
3e2 + 4λ1 + 4λ3

) }
, (4.119)

βλ4 = −
1

4π2

{
λ4
(
3e2 + 4λ1 − 16λ3 + 8λ4

) }
, (4.120)
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γm = − 1
16π2

{
3
(
e2 + 4λ4

)
+ 7λ1 + 8λ3

}
. (4.121)

If we take g = 0, λ3 = 0 the beta functions become

βe =
e3

8π2 , (4.122)

βλ1 = −
1

8π2

{
6e4 + 2λ1

(
3
(
e2 + 4λ4

)
+ λ2

)
+ 11λ2

1 (4.123)

+3λ2
2 + 96λ2

4 − 8λ2λ4

}
,

βλ2 = −
1

4π2

{
λ2
(
3e2 + 4λ1 − 8λ4

)
+ 4λ2

2 + 24λ2
4

}
, (4.124)

βλ3 =
3λ2

4
π2 , (4.125)

βλ4 = −
1

4π2

{
λ4
(
3e2 + 4λ1 + 8λ4

) }
, (4.126)

γm = − 1
16π2

{
3
(
e2 + 4λ4

)
+ 7λ1 + λ2

}
. (4.127)

Taking g = 0, λ4 = 0 we get

βe =
e3

8π2 , (4.128)

βλ1 = −
1

8π2

{
6
(

e4 + 8λ2
3

)
+ 2λ1

(
3e2 + λ2 + 8λ3

)
+ 11λ2

1 + 3λ2
2

}
, (4.129)

βλ2 = −
1

4π2

{
λ2
(
3e2 + 4λ1 + 8λ3

)
+ 4λ2

2 + 24λ2
3

}
, (4.130)

βλ3 = −
1

4π2

{
λ3
(
3e2 + 4λ1 + 4λ2 + 4λ3

) }
, (4.131)

γm = − 1
16π2

{
3e2 + 7λ1 + λ2 + 8λ3

}
. (4.132)

If we take g = 0, λ2 = 0, λ3 = 0 it is obtained

βe =
e3

8π2 , (4.133)

βλ1 = −
1

8π2

{
6e4 + 6λ1

(
e2 + 4λ4

)
+ 11λ2

1 + 96λ2
4

}
, (4.134)

βλ2 = −
6λ2

4
π2 , (4.135)

βλ3 =
3λ2

4
π2 , (4.136)

βλ4 = −
1

4π2

{
λ4
(
3e2 + 4λ1 + 8λ4

) }
, (4.137)

γm = − 1
16π2

{
3
(
e2 + 4λ4

)
+ 7λ1

}
. (4.138)
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If g = 0, λ2 = 0, λ4 = 0 we get

βe =
e3

8π2 , (4.139)

βλ1 = −
1

8π2

{
6
(

e4 + 8λ2
3

)
+ 2λ1

(
3e2 + 8λ3

)
+ 11λ2

1

}
, (4.140)

βλ2 = −
6λ2

3
π2 , (4.141)

βλ3 = −
1

4π2

{
λ3
(
3e2 + 4λ1 + 4λ3

) }
, (4.142)

γm = − 1
16π2

{ (
3e2 + 7λ1 + 8λ3

) }
. (4.143)

With g = 0, λ3 = 0, λ4 = 0 we get

βe =
e3

8π2 , (4.144)

βλ1 = −
1

8π2

{
6e4 + 2λ1

(
3e2 + λ2

)
+ 11λ2

1 + 3λ2
2

}
, (4.145)

βλ2 = −
1

4π2

{
λ2
(
3e2 + 4λ1 + 4λ2

) }
, (4.146)

γm = − 1
16π2

{
3e2 + 7λ1 + λ2

}
. (4.147)

Finally, taking g = 0, λ2 = 0, λ3 = 0, λ4 = 0 we get

βe =
e3

8π2 , (4.148)

βλ1 = −
1

8π2

{
6e4 + 6e2λ1 + 11λ2

1

}
, (4.149)

γm = − 1
16π2

{
3e2 + 7λ1

}
. (4.150)

This trivial fixed point for the beta functions of the theory corresponds to the limit in which each
component of the tensor Bµν behaves as a complex scalar field in a λφ4 theory with λ1 = −λ/2
because the information about the spin of the field disappears when g = 0.

Now we analyze the case without self-interactions. The function βeg reads

βeg = − 1
8π2

{
g
(
e2 (g2 + 2

)) }
. (4.151)

Then, we can see that there is no non-trivial finite value of the gyromagnetic factor that gives a
fixed point in the absence of self-interactions.
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Conclusions

In this work, we have studied the one-loop renormalization of a model describing a spin-1 mat-
ter field in the (1, 0)⊕ (0, 1) representation of the HLG in the Poincaré projector formalism. The
kinetic part of the Lagrangian is of Klein-Gordon type and the spin information is encoded by a
Pauli-like term and the four independent quartic self-interactions that can be built from the co-
variant basis for this representation space, given by the complete set of tensors presented in [4].
The analysis has been carried out in an arbitrary covariant gauge, with arbitrary gyromagnetic
factor and including all the independent parity conserving self-interactions.

Throughout the document we analyzed two models. We first discussed a simplified model in
which only the self-interacting terms were considered. For this particular case, was shown that
it is renormalizable and the β functions were also determined.

After studying this first case, we analyzed the Quantum Electrodynamics of the complete
model. We also showed that the γγγ vertex is null, verifying in this way the charge conju-
gation invariance of the theory. In our model the γγγγ vertex is finite because the divergent
amplitudes that appear in the contributions to this vertex they all cancel.

Moreover, some of the obtained counterterms are equal. This is related to the Ward-Takahashi
identities and it verifies that the model is gauge invariant. We prove that the model is renormal-
izable at one-loop order. Moreover, the β functions related to the parameters of the Lagrangian
were determined and we presented some fixed points for βeg. The most important of these
points are the cases when g = 0, e = 0 because it recovers the functions of the simplified model
studied in Chapter 3 and when g = 0, λ2 = 0, λ3 = 0, λ4 = 0 because it describes scalar QED.
On the other hand, the βλi are all nonzero for any non-vanishing real value of the gyromagnetic
factor g, even if all self-interactions are set to λi = 0, i = 1, . . . , 4. This means that, oppositely to
the spin 1/2 case [22], pure electrodynamics for matter fields of spin 1 is not viable for g 6= 0,
as self interactions are necessary to make the theory renormalizable.

The main conclusion of the work is that the theory is renormalizable for any value of the gy-
romagnetic factor, displaying a rich set of renormalization group equations. In contrast to the
analogous spin 1/2 case studied in [22] where it was demonstrated that there exists a fixed
point for g = 2, there is no non-trivial finite value for the gyromagnetic factor that allows the
existence of a pure electrodynamics without the inclusion of self-interactions.
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Appendix A

General procedure to determine the
Feynman rules

The action is given by the expression

Γ0[φa] =
∫

d4xL(φa). (A.1)

Let’s define the functional derivative

δφa(p)
δφb(q)

= δa
bδ4(p− q). (A.2)

Specifically for the field Bαβ

δBαβ(p)
δBγδ(q)

= 1αβ
γδδ4(p− q) =

1
2
(δα

γδ
β
δ − δα

δ δ
β
γ)δ

4(p− q). (A.3)

For the field Aµ can also be written

δAµ(p)
δAν(q)

= δ
µ
ν δ4(p− q). (A.4)

Now let’s define the n-points function

iΓn
a1,a2,...,an

(p1, p2, ..., pn)(2π)4δ4(p1 + p2 + ...+ pn) = i(2π)4n δnΓ0[φa]

δφa1(p1)δφa2(p2)...δφan(pn)
. (A.5)

The n-points functions are the Green’s functions that result from the perturbative analysis in
Quantum Field Theory. They are defined as the functional expectation value of the product of
n field operators at different positions

Γn(x1, x2, . . . , xn) = 〈0|φ(x1)φ(x2) · · · φ(xn)|0〉 (A.6)

Propagators
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A propagator is a Green’s function that gives the probability amplitude of a particle displacing
between two points. A propagator is related to the 2 points function as

∆a1,a2 = i[Γ0 a1,a2(p,−p)]−1. (A.7)

Vertices

The vertex in momenta space is then given by the rule

iΓn
0 a1,a2,...,an

. (A.8)
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Appendix B

General procedure to determine the
beta functions

The physics of the model must be independent of the arbitrary scale µ introduced in the di-
mensional regularization. To determine the beta functions we have to use the relations given
in eq. (4.88).

In general, these relations have the form

αi 0 = Za
αi

αi, (B.1)

where αi stands for e, g, λj.

The first step is to determine the natural logarithm of the parameters

ln αi = a ln Zαi + ln αi. (B.2)

Next, we have to compute the derivative with respect to the natural logarithm of µ

∂ ln αi 0

∂ ln µ
= a

∂ ln Zαi

∂ ln µ
+

∂ ln αi

∂ ln µ
= 0. (B.3)

Now
∂ ln αi

∂ ln µ
=

µ

αi

∂αi

∂µ
. (B.4)

Defining the β functions

βαi ≡
∂αi

∂ ln µ
= µ

∂αi

∂µ
, (B.5)

we can write
∂ ln αi

∂ ln µ
=

βαi

αi
. (B.6)

The Zαi s can be written as
Zαi = 1 + Xαi , (B.7)

and its natural logarithm as
ln Zαi = Xαi = Zαi − 1. (B.8)
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Then we can write

∂ ln Zαi

∂ ln µ
= µ

∂(Zαi − 1)
∂µ

= ∑
i

µ
∂(Zαi − 1)

∂αi

∂αi

∂µ
= ∑

i
βαi

∂(Zαi − 1)
∂αi

. (B.9)

Then eq.(B.3) becomes

∂ ln αi 0

∂ ln µ
= ∑

i
βαi

(
a

∂(Zαi − 1)
∂αi

)
+

βαi

αi
= 0. (B.10)

With this general description we compute all the beta functions and anomalous dimensions.
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