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▼✐❡♥tr❛s q✉❡ ❡❧ ❝á❧❝✉❧♦ ❢r❛❝❝✐♦♥❛r✐♦ ❤❛ t❡♥✐❞♦ ✉♥ ❣r❛♥ ❝r❡❝✐♠✐❡♥t♦ ❡♥ ❧❛s ú❧t✐♠❛s ❞é❝❛❞❛s ② s❡ ❤❛

❡st❛❜❧❡❝✐❞♦ ❝♦♠♦ ✉♥❛ ❤❡rr❛♠✐❡♥t❛ ✐♠♣♦rt❛♥t❡ ❡♥ ✈❛r✐❛s r❛♠❛s ❞❡ ❧❛ ❝✐❡♥❝✐❛ ❡ ✐♥❣❡♥✐❡rí❛✱ s✉ ✉s♦ ❡♥

♦tr❛s r❛♠❛s t♦❞❛✈í❛ ❡s r❡❧❛t✐✈❛♠❡♥t❡ r❡❝✐❡♥t❡ ② t✐❡♥❡ ❧❛ ♦♣♦rt✉♥✐❞❛❞ ❞❡ s❡r ✐♥✈❡st✐❣❛❞♦✳ ❊①✐st❡ ✉♥❛

❣r❛♥ ❝❛♥t✐❞❛❞ ❞❡ ❢❡♥ó♠❡♥♦s ♣♦r ❡①♣❧♦r❛r✱ ♣♦r ❧♦ ❝✉❛❧ ❡s ♣♦s✐❜❧❡ ❡❧ ❞❡s❝✉❜r✐r ♥✉❡✈♦s ❛s♣❡❝t♦s ❞❡ ❧♦s

♠♦❞❡❧♦s ❢r❛❝❝✐♦♥❛r✐♦s ② s✉s ❛♣❧✐❝❛❝✐♦♥❡s✳ ▲❛ ♣r✐♥❝✐♣❛❧ ✈❡♥t❛❥❛ ❞❡ ❧❛s ❞❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s ❡s s✉ ♥♦

❧♦❝❛❧✐❞❛❞ ② ❧❛ ✐♥❝♦r♣♦r❛❝✐ó♥ ❞❡ ❡❢❡❝t♦s ❞❡ ♠❡♠♦r✐❛ ② ❡❢❡❝t♦s ❞❡ ❝♦rr❡❧❛❝✐ó♥ ❡s♣❛❝✐❛❧ ❞❡ ❧❛r❣♦ ❛❧❝❛♥❝❡✳

❊♥ ❧❛ ♣r❡s❡♥t❡ t❡s✐s s❡ ❞❡s❛rr♦❧❧❛♥ ♥✉❡✈♦s ♠♦❞❡❧♦s ❞❡ ♣r♦♣✐❡❞❛❞❡s ❞✐❡❧é❝tr✐❝❛s ❞❡ ♠❡❞✐♦s ❤♦♠♦❣é✲

♥❡♦s ✉s❛♥❞♦ ❡❧ ❝á❧❝✉❧♦ ❢r❛❝❝✐♦♥❛r✐♦✳ ❙❡ ♦❜t✉✈✐❡r♦♥ ❧❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ❝♦♥❞✉❝t✐✈✐❞❛❞ ❡❧é❝tr✐❝❛✱

❧❛ ❢✉♥❝✐ó♥ ❞✐❡❧é❝tr✐❝❛ ❝♦♠♣❧❡❥❛✱ ❡❧ í♥❞✐❝❡ ❞❡ r❡❢r❛❝❝✐ó♥✱ ❧❛ r❡✢❡❝t❛♥❝✐❛ ② ❧❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞ ❡❧é❝tr✐❝❛

❞❡♥tr♦ ❞❡ ❧♦s ♠♦❞❡❧♦s ❞❡ ❉r✉❞❡ ② ▲♦r❡♥t③✳ ❆❞❡♠ás✱ s❡ ❢♦r♠✉❧ó ② s❡ ❡st✉❞✐ó ✉♥ ♠♦❞❡❧♦ ❢r❛❝❝✐♦♥❛r✐♦

❞❡ ❡✈♦❧✉❝✐ó♥ ❞❡ ♣✉❧s♦s ❧ás❡r ✉❧tr❛❝♦rt♦s ♣r♦♣❛❣á♥❞♦s❡ ❡♥ ✉♥❛ ✜❜r❛ ó♣t✐❝❛✳ ❊♥ ❧♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✱

❧♦s ♣❛rá♠❡tr♦s ❢ís✐❝♦s ❞❡ ❧♦s s✐st❡♠❛s ❞❡♣❡♥❞❡♥ ♥♦ s♦❧♦ ❞❡ ❧❛ ❢r❡❝✉❡♥❝✐❛ ❞❡❧ ❝❛♠♣♦ ❛♣❧✐❝❛❞♦✱ s✐♥♦

t❛♠❜✐é♥ ❞❡❧ ♦r❞❡♥ ❢r❛❝❝✐♦♥❛r✐♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ 0 < α ≤ 1✳ ❊st♦ ❛❜r❡ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡

❞❡s❝r✐❜✐r ❝♦♥ ♠❛②♦r ♣r❡❝✐s✐ó♥ ❧❛s ♦❜s❡r✈❛❝✐♦♥❡s ❡①♣❡r✐♠❡♥t❛❧❡s ❡♥ s✐st❡♠❛s ❝♦♠♣❧❡❥♦s ❬✶✱ ✷✱ ✸✱ ✹❪✳
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❆❜str❛❝t

❲❤✐❧❡ ❢r❛❝t✐♦♥❛❧ ❝❛❧❝✉❧✉s ❤❛s ❣r♦✇♥ tr❡♠❡♥❞♦✉s❧② ✐♥ r❡❝❡♥t ❞❡❝❛❞❡s ❛♥❞ ❤❛s ❡st❛❜❧✐s❤❡❞ ✐ts❡❧❢ ❛s

❛♥ ✐♠♣♦rt❛♥t t♦♦❧ ✐♥ ✈❛r✐♦✉s ❜r❛♥❝❤❡s ♦❢ s❝✐❡♥❝❡ ❛♥❞ ❡♥❣✐♥❡❡r✐♥❣✱ ✐ts ✉s❡ ✐♥ ♦t❤❡r ❜r❛♥❝❤❡s ✐s st✐❧❧

r❡❧❛t✐✈❡❧② r❡❝❡♥t ❛♥❞ ❤❛s ❛♥ ♦♣♣♦rt✉♥✐t② t♦ ❜❡ ✐♥✈❡st✐❣❛t❡❞✳ ❚❤❡r❡ ❛r❡ st✐❧❧ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣❤❡♥♦♠❡✲

♥❛ t♦ ❡①♣❧♦r❡✱ ♠❛❦✐♥❣ ✐t ♣♦ss✐❜❧❡ t♦ ❞✐s❝♦✈❡r ♥❡✇ ❛s♣❡❝ts ♦❢ ❢r❛❝t✐♦♥❛❧ ♠♦❞❡❧s ❛♥❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s✳

❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ ❢r❛❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s ✐s t❤❡✐r ♥♦♥❧♦❝❛❧✐t② ❛♥❞ t❤❡ ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ ❧♦♥❣✲r❛♥❣❡

s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥ ❡✛❡❝ts ❛♥❞ ♠❡♠♦r② ❡✛❡❝ts✳ ■♥ t❤✐s t❤❡s✐s✱ ♥❡✇ ♠♦❞❡❧s ♦❢ ❞✐❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❤♦✲

♠♦❣❡♥❡♦✉s ♠❡❞✐❛ ❛r❡ ❞❡✈❡❧♦♣❡❞ ✉s✐♥❣ ❢r❛❝t✐♦♥❛❧ ❝❛❧❝✉❧❛t✐♦♥✳ ●❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❡❧❡❝tr✐❝❛❧ ❝♦♥❞✉❝t✐✈✐t②✱

❝♦♠♣❧❡① ❞✐❡❧❡❝tr✐❝ ❢✉♥❝t✐♦♥✱ r❡❢r❛❝t✐✈❡ ✐♥❞❡①✱ r❡✢❡❝t❛♥❝❡✱ ❛♥❞ ❡❧❡❝tr✐❝❛❧ s✉s❝❡♣t✐❜✐❧✐t② ✇❡r❡ ♦❜t❛✐♥❡❞

✇✐t❤✐♥ t❤❡ ❉r✉❞❡ ❛♥❞ ▲♦r❡♥t③ ♠♦❞❡❧s✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛ ❢r❛❝t✐♦♥❛❧ ❡✈♦❧✉t✐♦♥ ♠♦❞❡❧ ♦❢ ✉❧tr❛s❤♦rt ❧❛s❡r

♣✉❧s❡s ♣r♦♣❛❣❛t✐♥❣ ♦♥ ❛♥ ♦♣t✐❝❛❧ ✜❜❡r ✇❛s ❢♦r♠✉❧❛t❡❞ ❛♥❞ st✉❞✐❡❞✳ ■♥ t❤❡ ❛❜♦✈❡ ❝❛s❡s✱ t❤❡ ♣❤②s✐❝❛❧

♣❛r❛♠❡t❡rs ♦❢ t❤❡ s②st❡♠s ❞❡♣❡♥❞ ♥♦t ♦♥❧② ♦♥ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞✱ ❜✉t ❛❧s♦ ♦♥ t❤❡ ❢r❛❝✲

t✐♦♥❛❧ ♦r❞❡r ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ 0 < α ≤ 1✳ ❚❤✐s ♦♣❡♥s ✉♣ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ♠♦r❡ ❛❝❝✉r❛t❡❧②

❞❡s❝r✐❜✐♥❣ ❡①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥s ✐♥ ❝♦♠♣❧❡① s②st❡♠s ❬✶✱ ✷✱ ✸✱ ✹❪✳

❑❡②✇♦r❞s ✕ ❋r❛❝t✐♦♥❛❧ ❝❛❧❝✉❧✉s✱ ❉r✉❞❡ ▼♦❞❡❧✱ ▲♦r❡♥t③ ▼♦❞❡❧✱ ✉❧tr❛ s❤♦rt ♣✉❧s❡s
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❆✳✷✳ ❆❧❣✉♥♦s ❡❥❡♠♣❧♦s ❞❡ ❞❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

❘❡❢❡r❡♥❝✐❛s ✺✸



❮♥❞✐❝❡ ❞❡ ✜❣✉r❛s

✶✳✶✳ ❆♥á❧✐s✐s ❞❡❧ ♥ú♠❡r♦ ❞❡ ♣✉❜❧✐❝❛❝✐♦♥❡s ❞❡ ❈á❧❝✉❧♦ ❢r❛❝❝✐♦♥❛r✐♦ ♣♦r ❛ñ♦✭❙❝♦♣✉s✮✳ ✳ ✳ ✳ ✳ ✷

✶✳✷✳ ❆♥á❧✐s✐s ❞❡❧ ♥ú♠❡r♦ ❞❡ ♣✉❜❧✐❝❛❝✐♦♥❡s ♣♦r ❛ñ♦ ♣♦r ❢✉❡♥t❡✭❙❝♦♣✉s✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✶✳✸✳ ❆♥á❧✐s✐s ❞❡❧ ♣♦r❝❡♥t❛❥❡ ❞❡ ♣✉❜❧✐❝❛❝✐♦♥❡s ♣♦r ❞✐s❝✐♣❧✐♥❛ ❞❡ ❡st✉❞✐♦✭❙❝♦♣✉s✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✸✳✶✳ P✉❧s♦ ●❛✉ss✐❛♥♦ s✐♥ ❝❤✐r♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✸✳✷✳ ❝❤✐r♣ a = −10 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✸✳✸✳ ❝❤✐r♣ a = 10 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✸✳✹✳ P✉❧s♦s ❝❤✐r♣ ●❛✉ss✐❛♥♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✸✳✺✳ ❉✐❢❡r❡♥t❡s ♣❡r✜❧❡s ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ♣❛rá♠❡tr♦ ❝❤✐r♣ ❛✿✵✱✶✱✷✱✸ ♣❛r❛ I(ω) = |E (ω)|2 ✳ ✳ ✳ ✷✷

✹✳✶✳ ❈♦♥❞✉❝t✐✈✐❞❛❞ r❡❛❧ ❡ ✐♠❛❣✐♥❛r✐❛ ♣❛r❛ ❛❧❣✉♥♦s ✈❛❧♦r❡s ❞❡ γ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✹✳✷✳ P❡r♠✐t✐✈✐❞❛❞ r❡❛❧ ❡ ✐♠❛❣✐♥❛r✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

①✐



✹✳✸✳ ❋✉♥❝✐ó♥ ❞✐❡❧é❝tr✐❝❛ ♣❛r❛ 0 < ζ < 1✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ❝❛s♦ s✉❜❛♠♦rt✐❣✉❛❞♦ ♣❛r❛

❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ γ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✹✳✹✳ ❋✉♥❝✐ó♥ ❞✐❡❧é❝tr✐❝❛ ♣❛r❛ ζ = 0✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ❝❛s♦ ♥♦ ❛♠♦rt✐❣✉❛❞♦ ♣❛r❛ ❞✐❢❡r❡♥t❡s

✈❛❧♦r❡s ❞❡ γ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✹✳✺✳ ❋✉♥❝✐ó♥ ❞✐❡❧é❝tr✐❝❛ ♣❛r❛ ζ = 1✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ❝❛s♦ ❝rít✐❝❛♠❡♥t❡ ❛♠♦rt✐❣✉❛❞♦ ♣❛r❛

❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ γ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✹✳✻✳ ❋✉♥❝✐ó♥ ❞✐❡❧é❝tr✐❝❛ ♣❛r❛ ζ = 2✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ❝❛s♦ s♦❜r❡❛♠♦rt✐❣✉❛❞♦ ♣❛r❛ ❞✐❢❡✲

r❡♥t❡s ✈❛❧♦r❡s ❞❡ γ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✹✳✼✳ F (x, y) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✹✳✽✳ ❱❛r✐❛❝✐ó♥ ❞❡ β2, D, d12 ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ❧♦♥❣✐t✉❞ ❞❡ ♦♥❞❛ ♣❛r❛ sí❧✐❝❛ ✭ β2, D ❞❡s❛♣❛✲

r❡❝❡♥ ❡♥ ❧❛ r❡❣✐ó♥ ❞❡ ❞✐s♣❡rs✐ó♥ ❝❡r♦ ❞❡ ❧♦♥❣✐t✉❞ ❞❡ ♦♥❞❛ ❡♥ ❡♥ ❧❛ ♣r♦①✐♠✐❞❛❞ ❞❡ ❧♦s

1.27µm ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✹✳✾✳ ❱❛r✐❛❝✐ó♥ ❡❧ í♥❞✐❝❡ ❞❡ r❡❢r❛❝❝✐ó♥ ② ❞❡❧ í♥❞✐❝❡ ❞❡ ❣r✉♣♦ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ❢r❡❝✉❡♥❝✐❛

♣❛r❛ sí❧✐❝❛ β1 =
ng

c ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✹✳✶✵✳ Pér❞✐❞❛s ✐♥trí♥s❡❝❛s ❞❡ ❧❛ s✐❧✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✹✳✶✶✳ A(z, t) ♣❛r❛ ❞✐st✐♥t♦s ✈❛❧♦r❡s ❞❡ γ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉❝❝✐ó♥

❊♥ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ♥❛t✉r❛❧❡③❛ ✉♥❛ ❞❡ ❧❛s ❣r❛♥❞❡s ✐♥✈❡♥❝✐♦♥❡s ❞❡❧ s❡r ❤✉♠❛♥♦ ❡s ❡❧ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥✲

❝✐❛❧ ❡ ✐♥t❡❣r❛❧ ❞❡ ♦r❞❡♥ ❡♥t❡r♦✱ ❡❧ ❝✉❛❧ s❡ ❜❛s❛ ❡♥ ❧♦s ❝♦♥❝❡♣t♦s ❞❡ ❢✉♥❝✐ó♥✱ ❞❡r✐✈❛❞❛ ❡ ✐♥t❡❣r❛❧✳ ❯♥❛

❞❡r✐✈❛❞❛ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❡♥ ❛❧❣ú♥ ♣✉♥t♦ ❝❛r❛❝t❡r✐③❛ ❧❛ t❛s❛ ❞❡ ❝❛♠❜✐♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❡♥ ❡s❡ ♣✉♥t♦✱

❡s ❞❡❝✐r✱ ❧❛ ❞❡r✐✈❛❞❛ ♦r❞✐♥❛r✐❛ ❡s ❧♦❝❛❧✳ ❈✉❛❧q✉✐❡r ♣r♦❝❡s♦ q✉❡ ❝❛♠❜✐❡ ❝♦♥ ❡❧ t✐❡♠♣♦ ♦ ❝♦♥ ❡❧ ❡s♣❛❝✐♦

♣✉❡❞❡ s❡r ❞❡s❝r✐t♦ ♠❡❞✐❛♥t❡ ✉♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ♦ ✉♥ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ♦r❞✐♥❛✲

r✐❛s ♦ ♣❛r❝✐❛❧❡s✳ ▲✉❡❣♦✱ r❡s♦❧✈✐❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ♦ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❞❛❞❛s✱ ♣♦❞❡♠♦s

♣r❡❞❡❝✐r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❝✉❛❧q✉✐❡r s✐st❡♠❛✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❞❡❜✐❞♦ ❛ ❧♦s ❛✈❛♥❝❡s t❡❝♥♦❧ó❣✐❝♦s s❡

❝✉❡♥t❛ ❛❤♦r❛ ❝♦♥ ✐♥str✉♠❡♥t♦s ❞❡ ♠❡❞✐❝✐ó♥ ♠✉② ♣r❡❝✐s♦s✱ ② ❛❧ ❝♦♠♣❛r❛r ❧♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥✲

t❛❧❡s ❝♦♥ ❧♦ ♣r❡❞✐❝❤♦ ♣♦r ❧❛ t❡♦rí❛ ♥♦s ❞❛♠♦s ❝✉❡♥t❛ q✉❡ ❤❛② ❝✐❡rt❛ ❞✐s❝r❡♣❛♥❝✐❛ ❬✸✱ ✺✱ ✻❪✳ ❊s ❛q✉í

❞♦♥❞❡ ❧♦s ♠♦❞❡❧♦s ❜❛s❛❞♦s ❡♥ ❡❧ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧ ❡ ✐♥t❡❣r❛❧ ♦r❞✐♥❛r✐♦ ②❛ ♥♦ ❢✉♥❝✐♦♥❛♥ ❞❡ ♠❛♥❡r❛

❛❞❡❝✉❛❞❛ ② ❞❛ ❧✉❣❛r ❛ ♦tr❛s ♣♦s✐❜❧❡s ❞❡r✐✈❛❞❛s ❡ ✐♥t❡❣r❛❧❡s✱ ❝♦♠♦ ❧♦ s♦♥ ❧❛s ❞❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s✳

▲❛ ♣❛rt❡ ❞❡ ❧❛ ♠❛t❡♠át✐❝❛ q✉❡ ❡st✉❞✐❛ ❧♦s ♦♣❡r❛❞♦r❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❡ ✐♥t❡❣r❛❧❡s ❞❡ ♦r❞❡♥ ❢r❛❝❝✐♦♥❛r✐♦

✭♥♦ ❡♥t❡r♦✮ s❡ ❞❡♥♦♠✐♥❛ ❈á❧❝✉❧♦ ❋r❛❝❝✐♦♥❛r✐♦ ✭❈❋✮✳

❊❧ ♦r✐❣❡♥ ❞❡❧ ❈❋ s❡ r❡♠♦♥t❛ ❛ ✶✻✼✺✱ ❝✉❛♥❞♦ ▲❡✐❜♥✐③ ✐♥tr♦❞✉❝❡ ❧❛ ♥♦❝✐ó♥ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ♦r❞❡♥

n ❞❡ ✉♥❛ ❢✉♥❝✐ó♥✳ ❆ñ♦s ♠ás t❛r❞❡✱ ❡♥ ✶✻✾✺✱ ❝✉❛♥❞♦ ❧♦s ♣r✐♠❡r♦s r❡s✉❧t❛❞♦s ♣✉❜❧✐❝❛❞♦s s♦♥ ❝✐t❛❞♦s ❡♥

✉♥❛ ❝❛rt❛ ❞❡ ▲✬❍ô♣✐t❛❧ ❛ ▲❡✐❜♥✐③✱ ❡♥ ❧❛ ❝✉❛❧ ▲✬❍ô♣✐t❛❧ ❧❡ ♣❧❛♥t❡❛ ❧❛ ❝✉❡st✐ó♥ ❞❡❧ ♣♦s✐❜❧❡ s✐❣♥✐✜❝❛❞♦ ❞❡

❧❛ ❞❡r✐✈❛❞❛ ❞❡ ♦r❞❡♥ n = 1
2 ✱ ❧❛ r❡s♣✉❡st❛ ✐♥t✉✐t✐✈❛ ❞❡ ▲❡✐❜♥✐③ ❢✉❡ ✏ ❊st♦ ❡s ✉♥❛ ❛♣❛r❡♥t❡ ♣❛r❛❞♦❥❛ q✉❡

♣❡r♠✐t✐rá ❡♥ ❡❧ ❢✉t✉r♦ ❡①tr❛❡r ❝♦♥s❡❝✉❡♥❝✐❛s ♠✉② út✐❧❡s✑ ❬✼❪✳ ❉❡s❞❡ ❡♥t♦♥❝❡s✱ ♠✉❝❤♦s ♠❛t❡♠át✐❝♦s
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❡st✉❞✐❛r♦♥ s♦❜r❡ ❡❧ ❝á❧❝✉❧♦ ❢r❛❝❝✐♦♥❛r✐♦ ② ❝♦♥tr✐❜✉②❡r♦♥ ❛ s✉ ❞❡s❛rr♦❧❧♦❀ ❡♥tr❡ ❡❧❧♦s ▲❛❝r♦✐①✱ ❘✐❡♠❛♥♥✱

▲✐♦✉✈✐❧❧❡✱ ❋♦✉r✐❡r✱ ▲❛❣r❛♥❣❡✱ ❆❜❡❧✱ ❊✉❧❡r✱ ❈❛✉❝❤②✱ ❈❛♣✉t♦✱ ●rü♥❞✇❛❧ ▲❡t♥✐❦♦✈ ❬✽❪✱ ② ♠ás r❡❝✐❡♥t❡✲

♠❡♥t❡ ❈❛♣✉t♦✲❋❛❜r✐③✐♦ ② ❆t❛♥❣❛♥❛✲❇❛❧❡❛♥✉ ❡♥tr❡ ♦tr♦s✳ ❆ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ♦r❞✐♥❛r✐❛ ♦ ❞❡

♦r❞❡♥ ❡♥t❡r♦✱ ❧❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ♥♦ t✐❡♥❡ ✉♥❛ ✐♥t❡r♣r❡t❛❝✐ó♥ ❢ís✐❝❛ ♦ ❣❡♦♠étr✐❝❛ ❜✐❡♥ s✉st❡♥t❛❞❛

❬✾❪✳ P♦r t❛❧ ♠♦t✐✈♦✱ ❡♥ ❧❛ ❧✐t❡r❛t✉r❛ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✈❛r✐❛s ❞❡✜♥✐❝✐♦♥❡s ❞❡ ❞❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s✱

❧♦❝❛❧❡s ② ♥♦ ❧♦❝❛❧❡s✱ ❝❛❞❛ ✉♥❛ ❝♦♥ s✉s ❜❡♥❡✜❝✐♦s ② ❧✐♠✐t❛❝✐♦♥❡s✳ ▲❛s ❞❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s s❡ ❞❡✜♥❡♥

♠❡❞✐❛♥t❡ ✐♥t❡❣r❛❧❡s ② s♦♥ ♦♣❡r❛❞♦r❡s ♥♦ ❧♦❝❛❧❡s✳ ❆❞❡♠ás✱ ést❛s s❛t✐s❢❛❝❡♥ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ ❧✐♥❡❛❧✐❞❛❞✱

s✐♥ ❡♠❜❛r❣♦✱ ♣r♦♣✐❡❞❛❞❡s✱ ❝♦♠♦ ❧❛ r❡❣❧❛ ❞❡❧ ♣r♦❞✉❝t♦✱ ❧❛ r❡❣❧❛ ❞❡❧ ❝♦❝✐❡♥t❡✱ ❧❛ r❡❣❧❛ ❞❡ ❧❛ ❝❛❞❡♥❛✱ ❡❧

t❡♦r❡♠❛ ❞❡ ❘♦❧❧❡✱ ❡❧ t❡♦r❡♠❛ ❞❡❧ ✈❛❧♦r ♠❡❞✐♦ ② ❧❛ r❡❣❧❛ ❞❡ ❝♦♠♣♦s✐❝✐ó♥ ❡♥tr❡ ♦tr❛s✱ ♥♦ s❡ ❝✉♠♣❧❡♥ ❡♥

❝❛s✐ t♦❞❛s ❧❛s ❞❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s✱ ❧♦ ❝✉❛❧ ❤❛❝❡ ♠ás ❞✐❢í❝✐❧ s✉ ❛♣❧✐❝❛❝✐ó♥ ❛ ♣r♦❜❧❡♠❛s ❢ís✐❝♦s ❬✾✱ ✼❪✳

❆❢♦rt✉♥❛❞❛♠❡♥t❡✱ ❝♦♥ ❧❛s ❝♦♠♣✉t❛❞♦r❛s ② ❛❧❣♦r✐t♠♦s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s ♠♦❞❡r♥♦s s❡ ❤❛ t❡♥✐❞♦ ❣r❛♥

❛✈❛♥❝❡ ❡♥ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡❧ ❈❋ ❛ ♣r♦❜❧❡♠❛s ❝✐❡♥tí✜❝♦s ② ❞❡ ✐♥❣❡♥✐❡rí❛✱ ♣♦r ❡❥❡♠♣❧♦✱ ❞❡s❞❡ s✉ é①✐t♦

❡♥ ❧❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ ❧❛ ❞✐❢✉s✐ó♥ ❛♥ó♠❛❧❛ ❬✶✵❪✱ ❡❧ ❈❋ s❡ ❤❛ ❝♦♥✈❡rt✐❞♦ ❡♥ ✉♥❛ ❤❡rr❛♠✐❡♥t❛ ❞❡ ❣r❛♥

✐♠♣♦rt❛♥❝✐❛ ❡♥ ✈❛r✐❛s ár❡❛s ❞❡ ❧❛ ❢ís✐❝❛✱ ❜✐♦❧♦❣í❛✱ q✉í♠✐❝❛✱ ✐♥❣❡♥✐❡rí❛ ② ❜✐♦✐♥❣❡♥✐❡rí❛✳ ▲♦s ♠♦❞❡❧♦s

❢r❛❝❝✐♦♥❛r✐♦s ♣r♦✈❡❡♥ ✉♥ ❣r❛❞♦s ❡①tr❛ ❞❡ ❧✐❜❡rt❛❞ ❡♥ ❧♦s ♠♦❞❡❧♦s ❛sí ❝♦♠♦ ✉♥❛ ❡①❝❡❧❡♥t❡ ❞❡s❝r✐♣❝✐ó♥

❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❤❡r❡❞✐t❛r✐❛s ② ❞❡ ♠❡♠♦r✐❛ ❞❡ ✈❛r✐♦s ♠❛t❡r✐❛❧❡s ② ♣r♦❝❡s♦s ❞❡❜✐❞♦ ❛ ❧❛ ❡①✐st❡♥❝✐❛

❞❡ ✉♥ tér♠✐♥♦ ❞❡ ♠❡♠♦r✐❛ ❡♥ ❡st♦s ♠♦❞❡❧♦s ❬✽✱ ✶✶❪✳ ❆s✐♠✐s♠♦✱ ♠✉❝❤♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❞❡ ♦r❞❡♥

s✉♣❡r✐♦r ② ❢❡♥ó♠❡♥♦s ❝♦♠♣❧❡❥♦s ♥♦ ❧✐♥❡❛❧❡s ♣✉❡❞❡♥ s❡r r❡♣r❡s❡♥t❛❞♦s ✉t✐❧✐③❛♥❞♦ ✉♥ ♠❡♥♦r ♥ú♠❡r♦

❞❡ ♣❛rá♠❡tr♦s ❬✾✱ ✸✱ ✶✷❪✱ ❞❛❞♦ q✉❡ ❡❧ ♦r❞❡♥ ❢r❛❝❝✐♦♥❛r✐♦ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❧❡ ❞❛ ✉♥ ♣❛rá♠❡tr♦ ❞❡ ❛❥✉st❡

❛❞✐❝✐♦♥❛❧ q✉❡ ♣❡r♠✐t❡ ❛❞❛♣t❛rs❡ ❛ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❡s♣❡❝í✜❝♦ ❬✶✸✱ ✶✹❪✳ ❊♥ ❧❛s s✐❣✉✐❡♥t❡s ✜❣✉r❛s

s❡ ♠✉❡str❛ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡❧ ❝á❧❝✉❧♦ ❢r❛❝❝✐♦♥❛r✐♦✿
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❊♥tr❡ ❧❛s r❛♠❛s ❡♥ ❧❛s q✉❡ s❡ ❤❛ ❛♣❧✐❝❛❞♦ ❡❧ ❝á❧❝✉❧♦ ❢r❛❝❝✐♦♥❛r✐♦ s❡ ❡♥❝✉❡♥tr❛♥ ❧❛s s✐❣✉✐❡♥t❡s✿

❼ ❚❡♦rí❛ ❞❡ ❧♦s ♠❛t❡r✐❛❧❡s✿ ❆♣❧✐❝❛❝✐ó♥ ② ❝♦♥tr♦❧ ❞❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧♦s ♠❛t❡r✐❛❧❡s ✈✐s❝♦✲

❡❧ást✐❝♦s ❬✸✱ ✶✷✱ ✶✸✱ ✶✹❪✱ ❛♥á❧✐s✐s ❞❡ ♠♦❞❡❧♦s ✈✐s❝♦✲❡❧ást✐❝♦s q✉❡ ❡♠♣❧❡❛ ❞❡r✐✈❛❞❛s ❞❡ ♦r❞❡♥ ❢r❛❝❝✐♦♥❛r✐♦✱

q✉❡ t✐❡♥❡ ✉♥❛ ♠❡❥♦r ❝✉r✈❛ ❞❡ ❛❥✉st❡ q✉❡ ❧♦s ♠♦❞❡❧♦s ♦r❞✐♥❛r✐♦s ❡♥ ❝❛s♦s ❝♦♠♣❧❡❥♦s✳

❼ ❚❡♦rí❛ ❞❡❧ tr❛♥s♣♦rt❡✿ ❊❧ ✢✉❥♦ ❞❡ ❝♦♥t❛♠✐♥❛♥t❡s tr❛♥s♣♦rt❛❞♦s ♣♦r ❛❣✉❛s s✉❜t❡rrá♥❡❛s q✉❡

❛tr❛✈✐❡s❛♥ ♠✉② ❞✐st✐♥t♦s ❡str❛t♦s ❬✶✺✱ ✶✻❪✱ ❡♥ ❡st♦s s❡ ❡st✉❞✐❛♥ ♠♦❞❡❧♦s ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛✲

❧❡s ♣❛r❝✐❛❧❡s ❢r❛❝❝✐♦♥❛r✐❛s ♣❛r❛ ❛♣❧✐❝❛rs❡ ❞❡ ♠❛♥❡r❛ ❝♦♥✜❛❜❧❡ ❝♦♥ ✐♥t❡r♣r❡t❛❝✐♦♥❡s ❤✐❞r♦✲❣❡♦❧ó❣✐❝❛s

❛♣r♦♣✐❛❞❛s✳

❼ ❋ís✐❝❛✱ ❡❧❡❝tr♦♠❛❣♥❡t✐s♠♦✱ t❡r♠♦❞✐♥á♠✐❝❛ ② ♠❡❝á♥✐❝❛ ❬✶✼✱ ✶✽✱ ✶✾✱ ✷✵❪✿ ❊♥ ❡st♦s ❧✐❜r♦s ② ❛rtí❝✉❧♦s

s❡ ❛♥❛❧✐③❛♥ ❞✐✈❡rs❛s ❛♣❧✐❝❛❝✐♦♥❡s ❞❡❧ ❝á❧❝✉❧♦ ❢r❛❝❝✐♦♥❛❧ ❡♥ ❧♦s ❝❛♠♣♦s ❞❡ ❧❛ ♠❡❝á♥✐❝❛ ❝❧ás✐❝❛✳

❼ ●❡♦❧♦❣í❛ ② ❛str♦❢ís✐❝❛✿ ❊❧ ❝♦♥tr♦❧ ❞❡ ❧♦s ❝❛♠❜✐♦s ❞❡ ✈❡❧♦❝✐❞❛❞ ② ❞✐r❡❝❝✐ó♥ ❞❡❧ ✈✐❡♥t♦ ❡♥ ❧♦s

❣❡♥❡r❛❞♦r❡s ❞❡ ❡❧❡❝tr✐❝✐❞❛❞ ❡♥ ❝❛♠♣♦s ❡ó❧✐❝♦s✱ ❡♥ ❧❛ r❛❞✐❛❝✐ó♥ ❝ós♠✐❝❛✱ ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ❛❣✉❛ ②

♣♦❧✈♦ ❡♥ ❧❛ ❛t♠ós❢❡r❛ ❬✷✶✱ ✷✷✱ ✷✸✱ ✷✹✱ ✷✺❪✳
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❼ ❇✐♦❧♦❣í❛✱ q✉í♠✐❝❛✱ t❡♦rí❛ ❞❡ ❝♦♥tr♦❧✿ ❊♥ ❬✷✻❪ ♣✉❡❞❡ ✈❡rs❡ ✉♥❛ r❡✈✐s✐ó♥ ✭r❡✈✐❡✇✮ s♦❜r❡ ❧♦s ❞❡s❛✲

rr♦❧❧♦s ② t❡♥❞❡♥❝✐❛s ❡♥ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡❧ ❝á❧❝✉❧♦ ❢r❛❝❝✐♦♥❛❧ ✭❋❈✮ ❡♥ ❜✐♦♠❡❞✐❝✐♥❛ ② ❜✐♦❧♦❣í❛✱ ♠✐❡♥tr❛s

q✉❡ ❡♥ ❬✷✼❪ s❡ ❡①♣❧✐❝❛ ❧❛ t❡♦rí❛ s♦❜r❡ ❡❧ ❝á❧❝✉❧♦ ❢r❛❝❝✐♦♥❛r✐♦ ❡♥ ❝♦♥tr♦❧✱ ♠❛t❡♠át✐❝❛s ② ❢ís✐❝❛✱ ❛❞❡♠ás

❞❡ ♣r❡s❡♥t❛r ❡❥❡♠♣❧♦s ❞❡ ♠♦❞❡❧♦s ❞❡ ♦r❞❡♥ ❢r❛❝❝✐♦♥❛r✐♦ ❡♥ ❡st❛s ár❡❛s✳

❼ Ó♣t✐❝❛✿ ❝♦rr❡❧❛❝✐ó♥ ❢r❛❝❝✐♦♥❛r✐❛✱❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ tr❛♥s❢♦r♠❛❞❛s ❞❡ r❛í❝❡s ② ♣♦t❡♥❝✐❛s ♣❛r❛ ❞✐✲

s❡ñ♦ ② ♣r♦❝❡s❛♠✐❡♥t♦ ❞❡ s❡ñ❛❧❡s ó♣t✐❝❛s✱ ❡♠✐s✐ó♥ ❡s♣♦♥tá♥❡❛ ❞❡ ✉♥ át♦♠♦ ❡♥ ✉♥ ❝r✐st❛❧ ❢♦tó♥✐❝♦

✸❉ ✉s❛♥❞♦ ✉♥ ♠♦❞❡❧♦ ❢r❛❝❝✐♦♥❛r✐♦✱tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❢r❛❝❝✐♦♥❛r✐❛ ❡♥ ✐♥t❡r❢❡r♦♠❡trí❛ ♣❛r❛ ❧❛

❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♣✉❧s♦s ✉❧tr❛ ❝♦rt♦s✱ ❞✐❢❡r❡♥❝✐❛❞♦r ❢r❛❝❝✐♦♥❛r✐♦ ó♣t✐❝♦ ✉s❛♥❞♦ ✉♥❛ r❡❥✐❧❧❛ ❞❡ ❜r❛❣❣

❞❡ ✜❜r❛ ❞❡s♣❧❛③❛❞❛ ❡♥ ❢❛s❡ ♦♣❡r❛♥❞♦ ❡♥ ♠♦❞♦ ❞❡ r❡✢❡①✐ó♥✱ ❛♣❧✐❝❛❝✐ó♥ ❞❡❧ ❝á❧❝✉❧♦ ❢r❛❝❝✐♦♥❛r✐♦ ♣❛r❛

✐♥tr♦❞✉❝✐r s♦❧✉❝✐♦♥❡s ❞❡ ♦r❞❡♥ ❢r❛❝❝✐♦♥❛r✐♦ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ♦♥❞❛ ♣❛r❛①✐❛❧✱ ❞❡✜♥✐❝✐ó♥ ② ❡❥❡♠♣❧♦s ❞❡

❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ♦r❞❡♥ ❛r❜✐tr❛r✐♦✱ ❜❛sá♥❞♦s❡ ❡♥ ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❢♦✉r✐❡r✱

❛sí ❝♦♠♦ ♠♦❞❡❧♦s ❞❡ ✜❧tr♦s ❜✐♥❛r✐♦s ✶❉ ② ✷❉ ❬✷✽✱ ✷✾✱ ✸✵✱ ✸✶✱ ✸✷✱ ✸✸✱ ✸✹✱ ✸✺✱ ✸✻❪

❯♥❛ ❝❛r❛❝t❡ríst✐❝❛ ♠ás ❞❡ ❧❛s ❞❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s ❡s q✉❡✱ ést❛s ❞❡♣❡♥❞❡♥ ❞❡❧ ❞♦♠✐♥✐♦ ② ❞❡

❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦♥t♦r♥♦✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❧❛s ❞❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s ❡♥ ✉♥ ♣✉♥t♦ x ♥♦ ❡stá

❞❡t❡r♠✐♥❛❞♦ ♣♦r ❧♦s ✈❛❧♦r❡s ❞❡ ✈❡❝✐♥❞❛❞ ♣ró①✐♠♦s✱ s✐♥♦ ♣♦r ❧♦s ✈❛❧♦r❡s ❞❡ ✈❡❝✐♥❞❛❞ ❞❡ ❧❛r❣♦ ❛❧❝❛♥❝❡✳

❊st♦ ❤❛❝❡ q✉❡ ❡❧ ❝á❧❝✉❧♦ ❢r❛❝❝✐♦♥❛r✐♦ s❡❛ ✉♥❛ ❞❡ ❧❛s ♠❡❥♦r❡s ❤❡rr❛♠✐❡♥t❛s ♣❛r❛ ❞❡s❝r✐❜✐r ♣r♦❝❡s♦s ❞❡

♠❡♠♦r✐❛ ❛ ❧❛r❣♦ ♣❧❛③♦ ❬✸✼❪✳ P♦r ❧♦ ❛♥t❡r✐♦r✱ ❡s ❞❡ ✐♠♣♦rt❛♥❝✐❛ ❛♥❛❧✐③❛r ❧♦s ♣r♦❝❡s♦s ❢ís✐❝♦s ✉s❛♥❞♦

♥✉❡✈♦s ♠ét♦❞♦s ♠❛t❡♠át✐❝♦s✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ ❡❧ ❝á❧❝✉❧♦ ❢r❛❝❝✐♦♥❛r✐♦ ②❛ q✉❡ s❡ s❛❜❡ q✉❡ ❧♦s ♣r♦❝❡s♦s

❞❡ ♠❡♠♦r✐❛ ❧❛r❣❛ ❥✉❡❣❛♥ ✉♥ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ❡♥ ♠✉❝❤❛s ár❡❛s ❞❡ ❧❛ ❝✐❡♥❝✐❛ ② t❡❝♥♦❧♦❣í❛✳❬✸✽❪✳

❊♥ ❡st❡ tr❛❜❛❥♦ s❡ ♣❧❛♥t❡❛ ❡❧ ✉s♦ ❞❡ ♠♦❞❡❧♦s ❢r❛❝❝✐♦♥❛r✐♦s ♣❛r❛ ❡❧ ❛♥á❧✐s✐s ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s

❞✐❡❧é❝tr✐❝❛s ❞❡ ✉♥ ♠❡❞✐♦ ❤♦♠♦❣é♥❡♦✱ s✐❡♥❞♦ ❡st♦s ❡❧ ♠♦❞❡❧♦ ❞❡ ❉r✉❞❡✱ ❡❧ ❝✉❛❧ ♣r♦♣♦♥❡ ❡❧ ♠♦❞❡❧♦

♦r❞✐♥❛r✐♦ ❞❡ ❝♦♥❞✉❝❝✐ó♥ ❡❧é❝tr✐❝❛ ♣❛r❛ ❡①♣❧✐❝❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ tr❛♥s♣♦rt❡ ❞❡ ❧♦s ❡❧❡❝tr♦♥❡s ❡♥ ❧♦s

♠❛t❡r✐❛❧❡s ✭❡s♣❡❝✐❛❧♠❡♥t❡ ❡♥ ❧♦s ♠❡t❛❧❡s✮✱ ❡❧ ♠♦❞❡❧♦ ❞❡❧ ♦s❝✐❧❛❞♦r ❞❡ ▲♦r❡♥t③ ♣✉❡❞❡ ❡①♣❧✐❝❛r ❧❛

r❡s♣✉❡st❛ ❞❡ ❧♦s ♠❛t❡r✐❛❧❡s ❛ ❧❛s ♦♥❞❛s ❡❧❡❝tr♦♠❛❣♥ét✐❝❛s✳ ▲♦r❡♥t③ ♣❡♥só ❡♥ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡❧ ♥ú❝❧❡♦

❞❡❧ át♦♠♦ ② ❡❧ ❡❧❡❝tró♥ ❝♦♠♦ ✉♥ s✐st❡♠❛ ♠❛s❛✲r❡s♦rt❡✱ ❡❧ r❡s♦rt❡ s❡ ♣♦♥❞rí❛ ❡♥ ♠♦✈✐♠✐❡♥t♦ ♣♦r ✉♥

❝❛♠♣♦ ❡❧é❝tr✐❝♦ q✉❡ ✐♥t❡r❛❝tú❛ ❝♦♥ ❧❛ ❝❛r❣❛ ❞❡❧ ❡❧❡❝tró♥✱ s✐❡♥❞♦ ❛♠❜♦s ❞❡ ❡st♦s ♣❛rt❡ ❞❡ ❧♦s ♠♦❞❡❧♦s

❝❧ás✐❝♦s ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❧✉③✲át♦♠♦✳ ▲❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ♣✉❧s♦s ❧ás❡r ✉❧tr❛❝♦rt♦s ❡♥ ✉♥❛ ✜❜r❛ ó♣t✐❝❛

❡s ✉♥ ♠♦❞❡❧♦ ♠✉② ✉t✐❧✐③❛❞♦ ❡♥ ❝♦♠✉♥✐❝❛❝✐♦♥❡s✳ ❊st♦s s♦♥ ♠♦❞❡❧♦s ❝❧ás✐❝♦s ♠✉② ✉t✐❧✐③❛❞♦s ❡♥ ó♣t✐❝❛

② ❡❧ ♠♦❞❡❧♦ ❣❡♥❡r❛❧✐③❛❞♦ ❛❣r❡❣❛ ✉♥ ♣❛rá♠❡tr♦ ❞❡ ❛❥✉st❡ ❡①tr❛ ❝♦♥ ❡❧ ❝✉❛❧ ❡s ♣♦s✐❜❧❡ ❛♣♦rt❛r ♥✉❡✈❛s

♣r♦♣✐❡❞❛❞❡s ❛❧ s✐st❡♠❛✱ ❡❧ ❝❛s♦ ♦r❞✐♥❛r✐♦ ❡s ✉♥ ❝❛s♦ ♣❛rt✐❝✉❧❛r✳

✹
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✶✳✶✳ ❏✉st✐✜❝❛❝✐ó♥

❊♥ ❧❛s ú❧t✐♠❛s ❞é❝❛❞❛s ❧❛s ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❢r❛❝❝✐♦♥❛r✐❛s ❤❛♥ ❛s✉♠✐❞♦ ✉♥ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡

♣❛r❛ ♠♦❞❡❧❛r ❧❛ ❞✐♥á♠✐❝❛ ❛♥ó♠❛❧❛ ❞❡ ✈❛r✐♦s ♣r♦❝❡s♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ s✐st❡♠❛s ❝♦♠♣❧❡❥♦s ❡♥ ♠✉❝❤❛s

ár❡❛s ❞❡ ❧❛ ❝✐❡♥❝✐❛ ② ❞❡ ❧❛ ✐♥❣❡♥✐❡rí❛ ✭❝♦♠♦ ♣✉❡❞❡ ✈❡rs❡ ❡♥ ❡❧ ❛♥á❧✐s✐s ❞❡❧ ♣♦r❝❡♥t❛❥❡ ❞❡ ♣✉❜❧✐❝❛❝✐♦♥❡s

♣♦r ❞✐s❝✐♣❧✐♥❛ ❞❡ ❡st✉❞✐♦✱ ♠♦str❛❞♦ ❡♥ ❧❛ ✜❣✉r❛ ✶✳✸✮✱ s✐❡♥❞♦ ✉♥ ár❡❛ q✉❡ ❡st❛ ❡①♣❡r✐♠❡♥t❛♥❞♦ ✉♥

❣r❛♥ ❝r❡❝✐♠✐❡♥t♦ ❡♥ ❧♦s ú❧t✐♠♦s ❛ñ♦s ✭♠♦str❛❞♦ ❡♥ ❧❛ ✜❣✉r❛ ✶✳✶✮✳

▼✐❡♥tr❛s q✉❡ ❡❧ ❝á❧❝✉❧♦ ❢r❛❝❝✐♦♥❛r✐♦ ②❛ s❡ ❤❛ ❡st❛❜❧❡❝✐❞♦ ❝♦♠♦ ✉♥❛ ❤❡rr❛♠✐❡♥t❛ ✐♠♣♦rt❛♥t❡ ❡♥

✈❛r✐❛s r❛♠❛s ❞❡ ❧❛ ❝✐❡♥❝✐❛ ❡ ✐♥❣❡♥✐❡rí❛✱ s✉ ✉s♦ ❡♥ ♦tr❛s r❛♠❛s ❡s r❡❧❛t✐✈❛♠❡♥t❡ r❡❝✐❡♥t❡ ✭❝♦♠♦ s❡

♠✉❡str❛ ❡♥ ❧❛ ❣rá✜❝❛ ✶✳✷✮✳ ❚♦❞❛✈í❛ ❡①✐st❡♥ ✉♥❛ ❣r❛♥ ❝❛♥t✐❞❛❞ ❞❡ ❢❡♥ó♠❡♥♦s ♥♦ ❧♦❝❛❧❡s ✐♥❡①♣❧♦r❛❞♦s✳

P♦r ❧♦ t❛♥t♦✱ ❛ñ♦ tr❛s ❛ñ♦✱ ❡s ♣♦s✐❜❧❡ ❡❧ ❞❡s❝✉❜r✐r ♥✉❡✈♦s ❛s♣❡❝t♦s ❞❡ ❧♦s ♠♦❞❡❧♦s ❢r❛❝❝✐♦♥❛r✐♦s ② s✉s

❛♣❧✐❝❛❝✐♦♥❡s ❬✸✾❪✳

▲♦s ♦♣❡r❛❞♦r❡s ❢r❛❝❝✐♦♥❛r✐♦s ❝♦♥st✐t✉②❡♥ ✉♥ ❝♦♠♣❧❡♠❡♥t♦ ✭♥♦ ✉♥ s✉st✐t✉t♦✮ ❛ ❧♦s ♠♦❞❡❧♦s ❝❧ás✐❝♦s✳

❊st❛ ❤❡rr❛♠✐❡♥t❛ ♠❛t❡♠át✐❝❛ ❤❛ s✐❞♦ ❡①t❡♥❞✐❞❛ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❞❡s❞❡ ❧♦s ❛ñ♦s ✾✵✳

❊❧ ♠♦❞❡❧♦ ❞❡ ❉r✉❞❡ ❡s ✉♥♦ ❞❡ ❧♦s ♣r✐♠❡r♦s t❡♠❛s ❡♥ ❛♣❛r❡❝❡r ❡♥ ❧♦s ❧✐❜r♦s ❞❡ t❡①t♦ ❞❡ ❢ís✐❝❛ ❞❡

❡st❛❞♦ só❧✐❞♦✱ ❡s ✉s❛❞♦ ❤❛st❛ ❡❧ ❞í❛ ❞❡ ❤♦② ❝♦♠♦ ✉♥❛ ❢♦r♠❛ ♣rá❝t✐❝❛ ② rá♣✐❞❛ ❞❡ ♦❜t❡♥❡r ❡st✐♠❛❞♦s ❞❡

♣r♦♣✐❡❞❛❞❡s q✉❡ ♣✉❡❞❡♥ r❡q✉❡r✐r ❞❡ ✉♥ ❛♥á❧✐s✐s ❝♦♠♣❧❡❥♦✳ ❊❧ ♠♦❞❡❧♦ ❞❡ ❉r✉❞❡ ❡s ✉t✐❧✐③❛❞♦ ❡♥ ❝♦♥❥✉♥t♦

❝♦♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ▲♦r❡♥t③ ♣❛r❛ ❡①♣❧✐❝❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s ó♣t✐❝❛s ❧✐♥❡❛❧❡s ❞❡ ♠❛t❡r✐❛❧❡s ❬✹✵✱ ✹✶❪✳ ▲❛

♣r♦♣❛❣❛❝✐ó♥ ❞❡ ✉♥ ❤❛③ ❞❡ ❧✉③ ❡♥ ✉♥❛ ✜❜r❛ ó♣t✐❝❛ ❡s ✉♥ ♣r♦❜❧❡♠❛ ❜ás✐❝♦ ❡♥ ❝♦♠✉♥✐❝❛❝✐♦♥❡s ② ó♣t✐❝❛✳

❙❡ ❡s♣❡r❛ q✉❡ ✉♥ ♠♦❞❡❧♦ ❢r❛❝❝✐♦♥❛r✐♦ ❧♦s ❝❛s♦s ♠❡♥❝✐♦♥❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡ ♣❡r♠✐t❛ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡

❞❡s❝r✐❜✐r ❝♦♥ ♠❛②♦r ♣r❡❝✐s✐ó♥ ❧♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛❧❡s ❡♥ s✐st❡♠❛s ❝♦♠♣❧❡❥♦s✳

✶✳✷✳ ❖❜❥❡t✐✈♦

❖❜❥❡t✐✈♦✿ Pr♦♣♦♥❡r ♠♦❞❡❧♦s ❛❧t❡r♥❛t✐✈♦s q✉❡ ❞❡s❝r✐❜❛♥ ❢❡♥ó♠❡♥♦s ❡❧❡❝tr♦♠❛❣♥ét✐❝♦s ✐♥t❡r❛❝t✉❛♥✲

❞♦ ❝♦♥ ✉♥ ♠❡❞✐♦ ❤♦♠♦❣é♥❡♦ ✉s❛♥❞♦ ❡❧ ❝á❧❝✉❧♦ ❢r❛❝❝✐♦♥❛r✐♦✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❛♥❛❧✐③❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s

❞✐❡❧é❝tr✐❝❛s ② ó♣t✐❝❛s ❞❡ ✉♥ ♠❡❞✐♦ ❤♦♠♦❣é♥❡♦✳ ❆❞❡♠ás✱ ❡❧ ♠♦❞❡❧♦ ❢r❛❝❝✐♦♥❛r✐♦ ❞❡ ❡✈♦❧✉❝✐ó♥ ❞❡ ♣✉❧s♦s

❧ás❡r ✉❧tr❛❝♦rt♦s ❡♥ ✉♥❛ ✜❜r❛ ó♣t✐❝❛✳

✺
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✶✳✸✳ ▼❡t❛s

❉❡s❛rr♦❧❧❛r ② ❡st✉❞✐❛r ❞❡ ♠❛♥❡r❛ s✐st❡♠át✐❝❛ ❡❧ ♠♦❞❡❧♦ ❞❡ ❉r✉❞❡ ❢r❛❝❝✐♦♥❛r✐♦✳

❉❡s❛rr♦❧❧❛r ② ❡st✉❞✐❛r ❞❡ ♠❛♥❡r❛ s✐st❡♠át✐❝❛ ❡❧ ♠♦❞❡❧♦ ❞❡ ▲♦r❡♥t③ ❢r❛❝❝✐♦♥❛r✐♦✳

❉❡s❛rr♦❧❧❛r ② ❡st✉❞✐❛r ❞❡ ♠❛♥❡r❛ s✐st❡♠át✐❝❛ ❡❧ ♠♦❞❡❧♦ ❢r❛❝❝✐♦♥❛r✐♦ ❞❡ ❡✈♦❧✉❝✐ó♥ ❞❡ ♣✉❧s♦s

❧ás❡r ✉❧tr❛❝♦rt♦s ❡♥ ✉♥❛ ✜❜r❛ ó♣t✐❝❛✳

✶✳✹✳ P❧❛♥ ❞❡ ❧❛ ♦❜r❛

❊♥ ❡❧ ❈❛♣ít✉❧♦ ✷ ♣r❡s❡♥t❛♠♦s ✉♥❛ ✐♥tr♦❞✉❝❝✐ó♥ ❛❧ ❝á❧❝✉❧♦ ❢r❛❝❝✐♦♥❛r✐♦✱ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✸ s❡ ❞❛ ✉♥❛

❜r❡✈❡ r❡✈✐s✐ó♥ ❞❡ ❧♦s ♣✉❧s♦s ✉❧tr❛❝♦rt♦s❀ ❊♥ ❡❧ ❈❛♣ít✉❧♦ ✹ s❡ ♣r❡s❡♥t❛♥ ❧♦s ❝❛s♦s ❛♥❛❧✐③❛❞♦s ❞❡ ♠♦✲

❞❡❧♦s ❢r❛❝❝✐♦♥❛r✐♦s ❞❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❡❧❡❝tr♦♠❛❣♥ét✐❝❛ ② ❡❧ ♠♦❞❡❧♦ ❢r❛❝❝✐♦♥❛r✐♦ ❞❡ ♣✉❧s♦s ✉❧tr❛❝♦rt♦s✱

✜♥❛❧♠❡♥t❡ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✺ s❡ ♣r❡s❡♥t❛♥ ❧❛s ❝♦♥❝❧✉s✐♦♥❡s ② ♣♦s✐❜❧❡s ✐♥✈❡st✐❣❛❝✐♦♥❡s ❢✉t✉r❛s✳

✻



❈❛♣ít✉❧♦ ✷

■♥tr♦❞✉❝❝✐ó♥ ❛❧ ❈á❧❝✉❧♦ ❋r❛❝❝✐♦♥❛r✐♦

✷✳✶✳ ❋✉♥❝✐♦♥❡s ❡s♣❡❝✐❛❧❡s

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ❛♥❛❧✐③❛♥ ❛❧❣✉♥♦s ❝♦♥❝❡♣t♦s ❜ás✐❝♦s s♦❜r❡ ❧❛s ❢✉♥❝✐♦♥❡s ❡s♣❡❝✐❛❧❡s q✉❡ s♦♥

❛♠♣❧✐❛♠❡♥t❡ ✉s❛❞❛s ❡♥ ❡❧ ❝á❧❝✉❧♦ ❢r❛❝❝✐♦♥❛r✐♦✳ ❯♥❛ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❜ás✐❝❛s ❡s ❧❛ ❢✉♥❝✐ó♥ ❣❛♠♠❛

Γ (z)✱ ❛ tr❛✈és ❞❡ ❡st❛ s❡ ❣❡♥❡r❛❧✐③❛ ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❢❛❝t♦r✐❛❧ n! ❛ ❧♦s ♥ú♠❡r♦s r❡❛❧❡s ②

❝♦♠♣❧❡❥♦s✳ ▲❛ ❢✉♥❝✐ó♥ ●❛♠♠❛ s❡ ❞❡✜♥❡ ❝♦♠♦✿

Γ (z) =

∫ ∞

0

e−ttz−1dt, ℜ(z) > 0, ✭✷✳✶✮

❊st❛ ❢✉♥❝✐ó♥ ❡s ❛♥❛❧ít✐❝❛ ❡♥ ❝✉❛❧q✉✐❡r ♣✉♥t♦✱ ❡①❝❡♣t♦ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧♦s ❡♥t❡r♦s ♥❡❣❛t✐✈♦s ② ❛❧ ❝❡r♦✱

❡s ❞❡❝✐r✱ t✐❡♥❡ ♣♦❧♦s s✐♠♣❧❡s ❡♥ ❧♦s ♣✉♥t♦s z = Z−✳ ▲❛ ❢✉♥❝✐ó♥ ❣❛♠♠❛ s❡ r❡❞✉❝❡ ❛❧ ❢❛❝t♦r✐❛❧ ♣❛r❛ ✉♥

❛r❣✉♠❡♥t♦ ❡♥t❡r♦ ♣♦s✐t✐✈♦ Z
∗
+✳

Γ(n) = (n− 1)!. ✭✷✳✷✮

❊st❛ ✐❣✉❛❧❞❛❞ ♥♦s ♠✉❡str❛ ❧❛ r❡❧❛❝✐ó♥ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❝♦♥ ❡❧ ❢❛❝t♦r✐❛❧✱ ♣♦r ❧♦ q✉❡ ❧❛ ❢✉♥❝✐ó♥ ●❛♠♠❛

❡①t✐❡♥❞❡ ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ❢❛❝t♦r✐❛❧ ❛ ❝✉❛❧q✉✐❡r ✈❛❧♦r ❝♦♠♣❧❡❥♦ ❞❡ z✳ ❖tr❛ ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❜ás✐❝❛s ❞❡

❧❛ ❢✉♥❝✐ó♥ ●❛♠♠❛ ❡s q✉❡ s❛t✐s❢❛❝❡ ❧❛ s✐❣✉✐❡♥t❡ ✐❣✉❛❧❞❛❞

Γ (z + 1) = zΓ (z) ✭✷✳✸✮

✼



❈❆P❮❚❯▲❖ ✷✳ ■◆❚❘❖❉❯❈❈■Ó◆ ❆▲ ❈➪▲❈❯▲❖ ❋❘❆❈❈■❖◆❆❘■❖

▲❛ ❢✉♥❝✐ó♥ ●❛♠♠❛ ♣✉❡❞❡ s❡r r❡♣r❡s❡♥t❛❞❛ t❛♠❜✐é♥ ♣♦r ♠❡❞✐♦ ❞❡❧ ❧í♠✐t❡

Γ (z) = lı́m
n→∞

n!nz

z (z + 1) (z + 2) . . . (z + n)
✭✷✳✹✮

❊♥ ❞♦♥❞❡ s❡ ❛s✉♠❡ q✉❡ ℜe (z) > 0✳

✷✳✶✳✶✳ ❋✉♥❝✐ó♥ ❇❡t❛

❊♥ ❛❧❣✉♥♦s ❝❛s♦s ❡s ❝♦♥✈❡♥✐❡♥t❡ ✉t✐❧✐③❛r ❧❛ ❢✉♥❝✐ó♥ ❇❡t❛ ❡♥ ❧✉❣❛r ❞❡ ❝♦♠❜✐♥❛❝✐♦♥❡s ❞❡ ✈❛❧♦r❡s ❞❡

❧❛ ❢✉♥❝✐ó♥ ●❛♠♠❛✳ ▲❛ ❢✉♥❝✐ó♥ ❇❡t❛ ❡st❛ ❞❡✜♥✐❞❛ ❝♦♠♦

B (z, ω) =

∫ 1

0

τz−1 (1− τ)ω−1
dτ, (ℜe (z) > 0, ℜe (ω) > 0) . ✭✷✳✺✮

❯♥❛ ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❇❡t❛ ❡s q✉❡ ❡st❛ s❡ r❡❧❛❝✐♦♥❛ ❝♦♥ ❧❛ ❢✉♥❝✐ó♥ ●❛♠♠❛ ♣♦r

♠❡❞✐❛♥t❡ ❧❛ ❡①♣r❡s✐ó♥✿

B (z, ω) =
Γ (z) Γ (ω)

Γ (z + ω)
✭✷✳✻✮

❆❞❡♠ás✱ ❧❛ ❢✉♥❝✐ó♥ ❇❡t❛ s❛t✐s❢❛❝❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ s✐♠❡trí❛

B (z, ω) = B (ω, z) ✭✷✳✼✮

❈♦♥ ❛②✉❞❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❇❡t❛ ❡s ♣♦s✐❜❧❡ ❡st❛❜❧❡❝❡r ❧❛s s✐❣✉✐❡♥t❡s ❞♦s r❡❧❛❝✐♦♥❡s✿

Γ (z) Γ (1− z) = π

sin (πz)
✭✷✳✽✮

Γ (z) Γ

(
z +

1

2

)
=
√
π22z−1Γ (2z) (2z 6= 0,−1,−2, . . .) ✭✷✳✾✮

▲❛ ❡❝✉❛❝✐ó♥ ✷✳✾ ❡s ❝♦♥♦❝✐❞❛ ❝♦♠♦ ❧❛ ❢ór♠✉❧❛ ❞❡ ▲❡❣❡♥❞r❡ ❬✾❪✳ ❯t✐❧✐③❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s s❡

♣✉❡❞❡♥ ❞❡❞✉❝✐r ❞♦s ❢ór♠✉❧❛s q✉❡ s♦♥ ❞❡ ❣r❛♥ ✉t✐❧✐❞❛❞✿

Γ

(
1

2

)
=
√
π ✭✷✳✶✵✮

Γ

(
n+

1

2

)
=

√
π2n!

22nn!
✭✷✳✶✶✮

✷✳✶✳✷✳ ❋✉♥❝✐ó♥ ❞❡ ▼✐tt❛❣✲▲❡✤❡r

❧❛ ❢✉♥❝✐ó♥ ❡①♣♦♥❡♥❝✐❛❧ ez t✐❡♥❡ ✉♥ ♣❛♣❡❧ ♠✉② ✐♠♣♦rt❛♥t❡ ❡♥ ❧❛ t❡♦rí❛ ❞❡❧❛s ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s

❞❡ ♦r❞❡♥ ❡♥t❡r♦✳ ▲❛ ❢✉♥❝✐ó♥ ❞❡ ▼✐tt❛❣✲▲❡✤❡r ❡s ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❡①♣♦♥❡♥❝✐❛❧✱ ♣♦r

✽
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❝♦♥s✐❣✉✐❡♥t❡✱ ❡s ❞❡ ❡s♣❡r❛r q✉❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ▼✐tt❛❣✲▲❡✤❡r t❡♥❣❛ ✉♥ r♦❧ ♠✉② ✐♠♣♦rt❛♥t❡ ❡♥ ❧❛s

s♦❧✉❝✐♦♥❡s ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❢r❛❝❝✐♦♥❛r✐❛s✳ ▲❛ ❢✉♥❝✐ó♥ ❞❡ ▼✐t❛❣❣✲▲❡✤❡r ✉♥✐♣❛r❛♠étr✐❝❛

❬✹✷❪ s❡ ❞❡✜♥❡ ♣♦r

Eα (z) =

∞∑

k=0

zk

Γ (αk + 1)
✭✷✳✶✷✮

❯♥❛ ❢✉♥❝✐ó♥ ❞❡ ❞♦s ♣❛rá♠❡tr♦s ❞❡❧ t✐♣♦ ▼✐tt❛❣✲▲❡✤❡r ❬✹✸❪ ❡s ❞❡✜♥✐❞❛ ♣♦r ❧❛ s❡r✐❡

Eα,β (z) =

∞∑

k=0

zk

Γ (αk + β)
, (α > 0, β > 0) ✭✷✳✶✸✮

❈♦♠♦ ❝❛s♦s ❡s♣❡❝✐❛❧❡s s❡ t✐❡♥❡♥ ❧❛s s✐❣✉✐❡♥t❡s r❡❧❛❝✐♦♥❡s✿

E1,m (z) =
1

zm−1

{
ez −

m−2∑

k=0

zk

k!

}

cosh (z) = E2,1

(
z2
)
,

sinh (z)

z
= E2,2

(
z2
)

ez
2

= ❡r❢❝ (−z)

E1,1(z) =

∞∑

k=0

zk

Γ (k + 1)
= ez ✭✷✳✶✹✮

✷✳✶✳✸✳ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ▼✐tt❛❣✲▲❡✤❡r ❞❡ ❞♦s

♣❛rá♠❡tr♦s

❙❡❛ f(t) ✉♥❛ ❢✉♥❝✐ó♥ ❞❡✜♥✐❞❛ ♣❛r❛ t♦❞♦ t ≥ 0✳ ❊♥t♦♥❝❡s✱❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ F (s) ❞❡ ❧❛

❢✉♥❝✐ó♥ f (t) ✈✐❡♥❡ ❞❛❞❛ ♣♦r ❧❛ ✐♥t❡❣r❛❧ ✐♠♣r♦♣✐❛

L {f (t)} =
∫ ∞

0

e−stf (t) dt ≡ F (s) ✭✷✳✶✺✮

P❛r❛ q✉❡ ❧❛ ✐♥t❡❣r❛❧ ❡①✐st❛✱ ❧❛ ❢✉♥❝✐ó♥ f (t) ❞❡❜❡ s❡r ❞❡ ♦r❞❡♥ α✱ ❡s ❞❡❝✐r✱ q✉❡ ❡①✐st❡♥ ❝♦♥st❛♥t❡

♣♦s✐t✐✈❛s M,T t❛❧❡s q✉❡✿

e−αt |f (t)| ≤M ∀t > T ✭✷✳✶✻✮

▲❛ ❢✉♥❝✐ó♥ ♦r✐❣✐♥❛❧ f (t) ♣✉❡❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ✉t✐❧✐③❛♥❞♦ ❧❛ tr❛♥s❢♦r♠❛❞❛ ✐♥✈❡rs❛ ❞❡ ▲❛♣❧❛❝❡

f (t) = L−1 {F (s)} = 1

2πi

∫ c+i∞

c−i∞

F (s)estdt ✭✷✳✶✼✮

❉♦♥❞❡ c = Re (s) > c0✱ c0 ②❛❝❡ ❡❧ ❧❛ ♠✐t❛❞ ❞❡r❡❝❤❛ ❞❡❧ ♣❧❛♥♦ ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛ ❞❡ ❧❛ ✐♥t❡❣r❛❧ ❞❡

▲❛♣❧❛❝❡ ✷✳✶✺ ▲❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ ❞❡ ❧❛ ❝♦♥✈♦❧✉❝✐ó♥ ❞❡ ❞♦s ❢✉♥❝✐♦♥❡s s❡ ❞❡✜♥❡ ❝♦♠♦

L {f (t) ∗ g (t)} = F (s)G (s) ✭✷✳✶✽✮

✾
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▲❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ ❞❡ ✉♥❛ ❞❡r✐✈❛❞❛ ♦r❞✐♥❛r✐❛ ❞❡ ♦r❞❡♥ n ❞❡ ❧❛ ❢✉♥❝✐ó♥ f (t)✱ ✈✐❡♥❡ ❞❛❞❛

♣♦r

L {fn (t)} = snF (s)−
n−1∑

k=0

skf (n−k−1) (0) ✭✷✳✶✾✮

❊st❡ r❡s✉❧t❛❞♦ s❡ ♣✉❡❞❡ ♦❜t❡♥❡r ❛ ♣❛rt✐r ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ✭✷✳✶✺✮ ❡ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✳

❘❡❝♦r❞❡♠♦s q✉❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ▼✐tt❛❣✲▲❡✤❡r ❡s ❧❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❡①♣♦♥❡♥❝✐❛❧✱ ❡♥t♦♥✲

❝❡s✱ ✉s❛r❡♠♦s ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❡①♣♦♥❡♥❝✐❛❧✱ ♣❛r❛ ❝❛❧❝✉❧❛r ❧❛ tr❛♥s❢♦r♠❛❞❛

❞❡ ▲❛♣❧❛❝❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ▼✐tt❛❣✲▲❡✤❡r✳ P❛r❛ ❡st♦✱ ♣❛rt✐r❡♠♦s ❞❡ ❧❛ ✐♥t❡❣r❛❧

∫ ∞

0

e−te±ztdt =
1

1∓ z , |z| < 1 ✭✷✳✷✵✮

❉❡r✐✈❛♥❞♦ ❛♠❜♦s ❧❛❞♦s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ② ✉s❛♥❞♦ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡s ❬✾❪ s❡ ♦❜t✐❡♥❡

∫ ∞

0

e−sttke±atdt =
k!

(s∓ a)k+1
, ℜ(s) > |a| ✭✷✳✷✶✮

❯s❛♥❞♦ ❡st❡ ♠✐s♠♦ ❢♦r♠❛❧✐s♠♦ ♣❛r❛ ♦❜t❡♥❡r ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ▼✐tt❛❣✲

▲❡✤❡r ❞❡ ❞♦s ♣❛rá♠❡tr♦s Eα,β ❝♦♥ tβ−1✱ r❡s✉❧t❛

L[tβ−1Eα,β(−atα)] =
sα−β

sα + a
, ℜ(s) > |a|1/α, a > 0 ✭✷✳✷✷✮

▲✉❡❣♦✱ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ ❞❡ ❧❛ k✲és✐♠❛ ❞❡r✐✈❛❞❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ▼✐tt❛❣✲▲❡✤❡r ❝♦♥

tαk+β−1 ❡st❛ ❞❛❞❛ ♣♦r

L[tαk+β−1E
(k)
α,β(±atα)] =

k!sα−β

(sα ∓ a)k+1
ℜ(s) > |a|1/α, a > 0 ✭✷✳✷✸✮

❉♦♥❞❡ q✉❡ E(k)
α,β(z) ≡ dk

dzkEα,β(z)✳

✷✳✷✳ ■♥t❡❣r❛❧❡s ② ❞❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s

P❛r❛ ❣❡♥❡r❛❧✐③❛r ❡❧ ❝á❧❝✉❧♦ ♦r❞✐♥❛r✐♦ ❛ ♦r❞❡♥❡s ♥♦ ❡♥t❡r♦s ❤❛② ❞♦s ❡♥❢♦q✉❡s✿

P❛rt✐❡♥❞♦ ❞❡ ❧❛ ✐♥t❡❣r❛❧ ✐t❡r❛❞❛ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥✱ ②

●❡♥❡r❛❧✐③❛♥❞♦ ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ❞❡r✐✈❛❞❛✱ ✈✐st♦ ❝♦♠♦ ❧í♠✐t❡✳

✶✵
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❊♠♣❧❡❛♥❞♦ ❡❧ ♣r✐♠❡r ❡♥❢♦q✉❡✱ ❡s ❞❡❝✐r✱ ✐♥t❡❣r❛❧❡s ✐t❡r❛❞❛s✱ s❡ t✐❡♥❡ q✉❡ ❧❛ ✐♥t❡❣r❛❧ ♦r❞✐♥❛r✐❛ I

❞❡ ✉♥❛ ❢✉♥❝✐ó♥ f(t) s❡ ❞❡✜♥❡ ❝♦♠♦

If(t) =

∫ t

0

f (τ) dτ ✭✷✳✷✹✮

■♥t❡❣r❛♥❞♦ ✉♥❛ ✈❡③ ♠ás✱ r❡s✉❧t❛

I2f(t) =

∫ t

0

∫ t

0

f (ϑ) dϑdτ ✭✷✳✷✺✮

❯s❛♥❞♦ ❡❧ t❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ ♣♦❞❡♠♦s ✐♥t❡r❝❛♠❜✐❛r ❧❛s ✐♥t❡❣r❛❧❡s✱ ❡st♦ ❡s

I2f(t) =

∫ t

0

f (ϑ) (t− ϑ) dϑ ✭✷✳✷✻✮

❙✐❣✉✐❡♥❞♦ ❡st❡ ♣r♦❝❡s♦ ❞❡ ✐♥t❡r❝❛♠❜✐♦ ❞❡ ✐♥t❡❣r❛❧❡s✱s❡ ❧❧❡❣❛ ❛ ♦❜t❡♥❡r ✉♥❛ ❝♦♥♦❝✐❞❛ ❢ór♠✉❧❛ ♣❛r❛

✐♥t❡❣r❛❧❡s ✐t❡r❛❞❛s

Inf(t) =
1

(n− 1)!

∫ t

0

f (τ) (t− τ)n−1
dτ ✭✷✳✷✼✮

❆❤♦r❛✱ t♦♠❛♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ r❡❧❛❝✐ó♥ ❞❡❧ ❢❛❝t♦r✐❛❧ ❝♦♥ ❧❛ ❢✉♥❝✐ó♥ ●❛♠♠❛✱ ❡s ❞❡❝✐r✱ s✐ r❡❡♠✲

♣❧❛③❛♠♦s ❡❧ ❢❛❝t♦r✐❛❧ (ν − 1)! ♣♦r ❧❛ ❢✉♥❝✐ó♥ Γ(ν)✱ ❡♥t♦♥❝❡s✱ ❧❛ ✐♥t❡❣r❛❧ ♣♦❞rá t♦♠❛r ✈❛❧♦r❡s r❡❛❧❡s

ν ∈ ℜ
Iνf(t) =

1

Γ (ν)

∫ t

0

f (τ) (t− τ)ν−1
dτ ✭✷✳✷✽✮

❉❡ ❡st❛ ♠❛♥❡r❛✱ s❡ ❤❛ ♦❜t❡♥✐❞♦ ❧❛ ✐♥t❡❣r❛❧ ❢r❛❝❝✐♦♥❛r✐❛ ♣❛r❛ ✉♥❛ ❢✉♥❝✐ó♥ ❛r❜✐tr❛r✐❛ f(t)✳

▲❛ ✐♥t❡❣r❛❧ ❞❡ ❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡ ❞❡ ♦r❞❡♥ ν ≥ 0 ❞❡ ❧❛ ❢✉♥❝✐ó♥ f(t) s♦❜r❡ ❡❧ ✐♥t❡r✈❛❧♦ ❬❛✱t❪ s❡

❞❡✜♥❡ ❝♦♠♦

Iνf(t) =
1

Γ(ν)

∫ t

a

f(τ)(t− τ)ν−1dτ ✭✷✳✷✾✮

❙✐ ❧♦s ❧í♠✐t❡s s♦♥ (−∞, t] ❡♥t♦♥❝❡s✱ ❧❛ ✐♥t❡❣r❛❧ ✭✷✳✷✾✮ ❡s ❧❛ ✐♥t❡❣r❛❧ ❞❡ ▲✐♦✉✈✐❧❧❡✱ s✐ [t,∞) ❧❛ ✐♥t❡❣r❛❧

s❡ ❧❧❛♠❛ ❞❡ ❲❡②❧ ❬✾❪✳ ❊❧ ♦♣❡r❛❞♦r Iν ❡s ✈á❧✐❞♦ s♦❧♦ ♣❛r❛ ✐♥t❡❣r❛❧❡s ② ♥♦ ❡s ♣♦s✐❜❧❡ ❡❧ ✉t✐❧✐③❛r❧♦ ♣❛r❛

❝❛❧❝✉❧❛r ✉♥❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛✳ ❊s ❞❡❝✐r✱ ♥♦ ❝♦♥ s♦❧♦ ❝❛♠❜✐❛r ❡❧ s✐❣♥♦ s❡ ❝❛❧❝✉❧❛ ✉♥❛ ❞❡r✐✈❛❞❛

❢r❛❝❝✐♦♥❛r✐❛✳ ▲❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ s❡ ❞❡✜♥✐rá ❡♥ ❧❛ s✐❣✉✐❡♥t❡ s❡❝❝✐ó♥✳

✷✳✷✳✶✳ Pr♦♣✐❡❞❛❞❡s ❞❡ ❧❛ ■♥t❡❣r❛❧ ❢r❛❝❝✐♦♥❛r✐❛

Iν [Iµf(t)] = I(ν+µ)f(t)✱ s❡♠✐❣r✉♣♦✳

Iν [Iµf(t)] = Iµ[Iνf(t)]✱ ❝♦♥♠✉t❛t✐✈✐❞❛❞✳

❙✐ f(t) ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❛♥❛❧ít✐❝❛ ❡♥ t > 0✱ ❡♥t♦♥❝❡s Iνf(t) ❡s ✉♥ ♦♣❡r❛❞♦r ❝♦♥t✐♥✉♦ r❡s♣❡❝t♦ ❛

ν✱ ❡st♦ ❡s

ĺım
µ→ν

Iµf(t) = Iνf(t).

✶✶
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✷✳✷✳✷✳ ▲❛ ■♥t❡❣r❛❧ ❋r❛❝❝✐♦♥❛r✐❛ ② ❧❛ ❈♦♥✈♦❧✉❝✐ó♥

▲❛ ✐♥t❡❣r❛❧ ❢r❛❝❝✐♦♥❛r✐❛ s❡ ♣✉❡❞❡ ❞❡s❝r✐❜✐r ✉s❛♥❞♦ ❧❛ ❝♦♥✈♦❧✉❝✐ó♥ ❞❡ ❞♦s ❢✉♥❝✐♦♥❡s✱ ❧❛ ❝✉❛❧ s❡

❞❡✜♥❡ ❝♦♠♦

f ∗ g =

∫ t

0

f(τ)g(t− τ)dτ =

∫ t

0

f(t− τ)g(τ)dτ ✭✷✳✸✵✮

❆❤♦r❛✱ s❡❛ ❧❛ ❢✉♥❝✐ó♥

Φν(t) =
tν−1

Γ(ν)
, t > 0 ✭✷✳✸✶✮

❊♥t♦♥❝❡s✱

Iνf(t) =
1

Γ(ν)

∫ t

0

(t− τ)ν−1f(τ)dτ = Φν(t) ∗ f(t). ✭✷✳✸✷✮

✷✳✷✳✸✳ ❉❡r✐✈❛❞❛ ❋r❛❝❝✐♦♥❛r✐❛ ❞❡ ❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡

❙❡❛ n ✉♥ ♥ú♠❡r♦ ♥❛t✉r❛❧ q✉❡ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ n − 1 < ν ≤ n✳ ❊♥t♦♥❝❡s✱ ❧❛ ❞❡r✐✈❛❞❛

❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ♦r❞❡♥ ν ❞❡ ❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡ s❡ ❞❡✜♥❡ ❝♦♠♦

Dνf(t) =
dn

dtn
I(n−ν)f(t) ✭✷✳✸✸✮

❞♦♥❞❡ I(n−ν)f(t) ❡s ✉♥❛ ✐♥t❡❣r❛❧ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ f(t)✳ ❙✐ ν = n✱ s❡ t✐❡♥❡

Dνf(t)|ν=n =
dn

dtn
I0f(t) = f (n)(t) ✭✷✳✸✹✮

▲♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ❝♦✐♥❝✐❞❡ ❝♦♥ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ♦r❞❡♥ ❡♥t❡r♦✳ ▲❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡

❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡ ✭✷✳✸✸✮ s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❝♦♠♦

Dνf(t) =
1

Γ(n− ν)
dn

dtn

∫ t

a

f(τ)

(t− τ)ν+1−n
dτ, n− 1 < ν ≤ n. ✭✷✳✸✺✮

❞♦♥❞❡ ν ≥ 0 ❡s ❡❧ ♦r❞❡♥ r❡❛❧ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ n− 1 < ν ≤ n✱ ❝♦♥ n ❡♥t❡r♦✱ ❛❞❡♠ás

t > a✳ ▲❛ ❞❡r✐✈❛❞❛ ✭✷✳✸✺✮ s❡ ❛♣❧✐❝❛ ❛ ❢✉♥❝✐♦♥❡s f(t) q✉❡ ❛❞♠✐t❡♥ n ❞❡r✐✈❛❞❛s ❝♦♥t✐♥✉❛s ❡♥ ❡❧ ✐♥t❡r✈❛❧♦

[a, t]✱ t❛❧❡s q✉❡
∫ t

a
|f(t)|dt <∞✳

✶✷
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✷✳✷✳✹✳ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ ❞❡ ❧❛ ❉❡r✐✈❛❞❛ ❞❡ ❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡

❉❛❞❛ ❧❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡ ❞❡ ♦r❞❡♥ ν > 0 ❝♦♥ a = 0✱ ✭✷✳✸✺✮✱ ② ❛♣❧✐❝❛♥❞♦

❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ ✭✷✳✶✺✮ ❬✾✱ ✼❪✱ r❡s✉❧t❛

L[Dν
t f(t)] = sνF (s)−

n−1∑

k=0

sk[Dν−k−1
t f(t)]t=0, n− 1 < ν < n ✭✷✳✸✻✮

❊st❛ ❡❝✉❛❝✐ó♥ t✐❡♥❡ ✉♥ ♣r♦❜❧❡♠❛ ❡♥ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❛ ♣r♦❜❧❡♠❛s ❢ís✐❝♦s✱ ②❛ q✉❡ ♥♦ ❤❛② ✐♥t❡r♣r❡t❛❝✐ó♥

❢ís✐❝❛✱ ❛ú♥✱ ♣❛r❛ ❧♦s ✈❛❧♦r❡s ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❡♥ t = 0✳ ❆❞❡♠ás✱ ❧❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡

❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥st❛♥t❡ ❡s ❞✐❢❡r❡♥t❡ ❞❡ ❝❡r♦✳ ❊st❛ ❡s

DαC =
C

Γ(1− α) (t− a)
−α ✭✷✳✸✼✮

❊st♦s ❞♦s ❤❡❝❤♦s ❝♦♠♣❧✐❝❛♥ ❧❛ ✐♥t❡r♣r❡t❛❝✐ó♥ ❢ís✐❝❛ ❡♥ ❝❛s♦ ❞❡ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❛ ❢❡♥ó♠❡♥♦s

♥❛t✉r❛❧❡s✳ ▲❛ ❞❡r✐✈❛❞❛ ❞❡ ❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡ ❡s ❛♣❧✐❝❛❞❛ s✐♥ ✐♥❝♦♥✈❡♥✐❡♥t❡s ❛ ♣r♦❜❧❡♠❛s ♣✉r❛♠❡♥t❡

♠❛t❡♠át✐❝♦s✳

✷✳✷✳✺✳ ❉❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❈❛♣✉t♦

▲❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❈❛♣✉t♦ ❞❡ ♦r❞❡♥ ν s❡ r❡♣r❡s❡♥t❛ ❝♦♠♦ CDνf(t) ② ❡stá ❞❡✜♥✐❞❛ ♣♦r

CDνf(t) = I(n−ν) d
n

dtn
f(t) ✭✷✳✸✽✮

❙✐ ν = n✱ s❡ t✐❡♥❡
CDνf(t) =

dn

dtn
f(t). ✭✷✳✸✾✮

▲❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❈❛♣✉t♦ ❧❛ ♣♦❞❡♠♦s ❡s❝r✐❜✐r ❝♦♠♦

CDνf(t) =
1

Γ(n− ν)

∫ t

a

f (n)(τ)

(t− τ)ν+1−n
dτ, n− 1 < ν ≤ n ✭✷✳✹✵✮

▲❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❈❛♣✉t♦ ♣❡r♠✐t❡ ❡❧ ✉t✐❧✐③❛r ✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s ❞❡

❞❡r✐✈❛❞❛s ❝❧ás✐❝❛s ❝♦♥ ✐♥t❡r♣r❡t❛❝✐♦♥❡s ❢ís✐❝❛s ❝♦♥♦❝✐❞❛✱ ② ❡s ❢á❝✐❧ ♥♦t❛r q✉❡ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ✉♥❛

❝♦♥st❛♥t❡ ❡s ❝❡r♦✱ ②❛ q✉❡ ❞❡♥tr♦ ❞❡ ❧❛ ✐♥t❡❣r❛❧ ❛♣❛r❡❝❡♥ ❞❡r✐✈❛❞❛s ♦r❞✐♥❛r✐❛s ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❛❞❛✳

P♦r ❧♦ t❛♥t♦✱ s✐ f(t) = C✱ ❡♥t♦♥❝❡s✱ CDνC = 0✳ P♦r ❡st❡ ♠♦t✐✈♦✱ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❈❛♣✉t♦ ❤❛♥ s✐❞♦

❛♠♣❧✐❛♠❡♥t❡ ✉s❛❞❛s ❡♥ ❧❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ s✐st❡♠❛s ❢ís✐❝♦s r❡❛❧❡s ② ❝♦♥ ♠✉② ❜✉❡♥♦s r❡s✉❧t❛❞♦s✱ s✐❡♥❞♦

♣r❡❢❡r✐❞❛ ♣❛r❛ ❡❧ ♠♦❞❡❧❛❞♦ ❞❡ ❧♦s s✐st❡♠❛s ❢ís✐❝♦s ❬✹✹❪✳

✶✸
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✷✳✷✳✻✳ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ ❞❡ ❧❛ ❉❡r✐✈❛❞❛ ❞❡ ❈❛♣✉t♦

▲❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❈❛♣✉t♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ f(t) ❡stá ❞❛❞❛

♣♦r

L{CDνf(t)} = sνF (s)−
n−1∑

k=0

sν−k−1f (k)(0), n− 1 < ν < n. ✭✷✳✹✶✮

❉❡❜✐❞♦ ❛ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ❞❡ ❧❛s ❞❡r✐✈❛❞❛s ❞❡ ❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡ ② ❞❡ ❈❛♣✉t♦✱ ❡①✐st❡ ✉♥❛ r❡❧❛❝✐ó♥

❡♥tr❡ ❡❧❧❛s ❞❛❞❛ ♣♦r ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛✿ ❙❡❛ t > 0✱ ν ∈ ℜ✱ n − 1 < ν < n✱ n ∈ N✳ ❊♥t♦♥❝❡s✱ ❧❛ s✐❣✉✐❡♥t❡ r❡❧❛❝✐ó♥ ❡♥tr❡

❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡ ② ❈❛♣✉t♦ s❡ ❝✉♠♣❧❡

CDνf(t) = Dνf(t)−
n−1∑

k=0

tk−ν

Γ(k + 1− ν)f
(k)(0). ✭✷✳✹✷✮

❊st❛ ❡①♣r❡s✐ó♥ ✐♠♣❧✐❝❛ q✉❡ ❧❛s ❞❡r✐✈❛❞❛s ❞❡ ❈❛♣✉t♦ ② ❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡ ❝♦✐♥❝✐❞❡♥ s✐ ② só❧♦ s✐ f(t)

❥✉♥t♦ ❝♦♥ s✉s ♣r✐♠❡r❛s n− 1 ❞❡r✐✈❛❞❛s s❡ ❛♥✉❧❛♥ ❡♥ t = 0✳

P❛rt✐❡♥❞♦ ❞❡ ❧❛ ✐♥t❡❣r❛❧ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ♦r❞❡♥ ν✱ s❡ ❞❡✜♥✐❡r♦♥ ❧❛s ❞❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s ❞❡ ♦r❞❡♥

ν ❞❡ ❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡ ② ❞❡ ❈❛♣✉t♦✳ ❊st❛s ❞❡r✐✈❛❞❛s✱ ❡♥ ❣❡♥❡r❛❧✱ ♥♦ ❝♦✐♥❝✐❞❡♥✳ Pr✐♠❡r♦✱ ❧❛ ❞❡r✐✈❛❞❛

❞❡ ❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡ ❞❡ ✉♥❛ ❝♦♥st❛♥t❡ ❡s ❞✐❢❡r❡♥t❡ ❞❡ ❝❡r♦✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ❞❡ ❈❛♣✉t♦ ❡s ❝❡r♦✳

❆❞❡♠ás✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ ❞❡ ❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡ ❛♣❛r❡❝❡♥ ❝♦♠♦ ❝♦♥❞✐❝✐♦♥❡s

✐♥✐❝✐❛❧❡s ❞❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s✱ ♠✐❡♥tr❛s q✉❡ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ▲❛♣❧❛❝❡ ❞❡ ❧❛ tr❛♥s❢♦r♠❛❞❛

❞❡ ❋♦✉r✐❡r ❞❡ ❈❛♣✉t♦ ❛♣❛r❡❝❡♥ ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ✧♥♦ ❢r❛❝❝✐♦♥❛r✐❛sç♦♥ s✐❣♥✐✜❝❛❞♦ ❢ís✐❝♦ t❛❧❡s ❝♦♠♦

❧❛s q✉❡ s❡ ✉s❛♥ ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❞❡ ♦r❞❡♥ ❡♥t❡r♦

✷✳✷✳✼✳ Pr♦♣✐❡❞❛❞❡s ❞❡ ❧❛s ❞❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s

❊s ♥❡❝❡s❛r✐♦ ❞❡s❝r✐❜✐r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛s ❞❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s q✉❡ s♦♥ ✉t✐❧✐③❛❞❛s ♠ás ❢r❡✲

❝✉❡♥t❡♠❡♥t❡ ❡♥ ❛♣❧✐❝❛❝✐♦♥❡s✳

▲✐♥❡❛❧✐❞❛❞✿ ▲❛ ❞❡r✐✈❛❝✐ó♥ ❢r❛❝❝✐♦♥❛r✐❛ ❡s ❧✐♥❡❛❧ Dν (λf (t) + µg (t)) = λDνf (t) + µDνg (t)

✶✹
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▲❛ r❡❣❧❛ ❞❡ ▲❡✐❜♥✐③ ♣❛r❛ ❞❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s✿ ❈♦♥s✐❞❡r❡♠♦s ❞♦s ❢✉♥❝✐♦♥❡s✱ ϕ (t) , f (t)✱ s✐

f (τ) ❡s ❝♦♥t✐♥✉❛ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [a, t] ② ϕ (τ) t✐❡♥❡ n + 1 ❞❡r✐✈❛❞❛s ❡♥ ❡❧ ♠✐s♠♦ ✐♥t❡r✈❛❧♦✱ ❧❛

❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡❧ ♣r♦❞✉❝t♦ ϕ (t) f (t) ✈✐❡♥❡ ❞❛❞❛ ♣♦r✿

aD
p
t (ϕ (t) f (t)) =

n∑

k=0

(
p

k

)
ϕ(k) (t) aD

p−k
t f (t)−Rp

n (t) ✭✷✳✹✸✮

❉♦♥❞❡ n ≥ p+ 1 ②

Rp
n (t) =

1

n!Γ (−p)

∫ t

a

(t− τ)−p−1
f (τ) dτ

∫ t

τ

ϕ(n+1) (ξ) (t− ξ)n dξ ✭✷✳✹✹✮

❈✉❛♥❞♦ n→∞ ❧❛ ❡①♣r❡s✐ó♥ s❡ ✈❡ r❡❞✉❝✐❞❛ ❛✿

aD
p
t (ϕ (t) f (t)) =

∞∑

k=0

(
p

k

)
ϕ(k) (t) aD

p−k
t f (t) ✭✷✳✹✺✮

▲❛ r❡❧❛❝✐ó♥ ❛♥t❡r✐♦r ❡s ♣❛rt✐❝✉❧❛r♠❡♥t❡ út✐❧ ♣❛r❛ ❧❛ ❡✈❛❧✉❛❝✐ó♥ ❞❡ ❞❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s q✉❡

s♦♥ ❡❧ ♣r♦❞✉❝t♦ ❞❡ ✉♥ ♣♦❧✐♥♦♠✐♦ ② ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥ ✉♥❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❝♦♥♦❝✐❞❛✳

❉❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♠♣✉❡st❛✿ ▲❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥

❝♦♠♣✉❡st❛ ✈✐❡♥❡ ❞❛❞❛ ♣♦r✿

aD
p
tF (h (t)) = (t−a)−p

Γ(1−p) F (h (t))+

+
∑∞

k=1

(
p

k

)
k!(t−a)k−p

Γ(k+1−p) F (h (t))
∑k

m=1 F
(m) (h (t))

∑ k∏
r=1

1
ar!

(
h(r)(t)

r!

) ✭✷✳✹✻✮

❉♦♥❞❡
∑

s❡ ❡①t✐❡♥❞❡ s♦❜r❡ t♦❞❛s ❧❛s ❝♦♠❜✐♥❛❝✐♦♥❡s ❞❡ ✈❛❧♦r❡s a1, a2, . . . , ak ✭♥ú♠❡r♦s ❡♥t❡r♦s

♥♦ ♥❡❣❛t✐✈♦s ✮ t❛❧❡s q✉❡✿

k∑

r=1

rar = k y

k∑

r=1

ar = m

❉❡r✐✈❛❝✐ó♥ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡ ❞❡ ✉♥❛ ✐♥t❡❣r❛❧ ❞❡♣❡♥❞✐❡♥❞♦ ❞❡ ✉♥ ♣❛rá♠❡tr♦✿

❘❡❝♦r❞❡♠♦s q✉❡ r❡❣❧❛ ♣❛r❛ ❧❛ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ✉♥❛ ✐♥t❡❣r❛❧ ❞❡♣❡♥❞✐❡♥t❡ ❞❡ ✉♥ ♣❛rá♠❡tr♦ ❝♦♥

❡❧ ♠✐s♠♦ ♣❛rá♠❡tr♦ ❡♥ ❡❧ ❧í♠✐t❡ s✉♣❡r✐♦r✱ ❞❛❞❛ ♣♦r

d

dt

∫ t

0

F (t, τ) dτ =

∫ t

0

∂F (t, τ)

∂t
dτ + F (t, t− 0) ✭✷✳✹✼✮

❚✐❡♥❡ s✉ ❛♥á❧♦❣♦ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ❧❛ ❞❡r✐✈❛❝✐ó♥ ❢r❛❝❝✐♦♥❛r✐❛✱ ❧❛ r❡❣❧❛ ♣❛r❛ ❧❛ ❞❡r✐✈❛❝✐ó♥ ❢r❛❝✲

❝✐♦♥❛r✐❛ ❞❡ ❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡ ❞❡ ✉♥❛ ✐♥t❡❣r❛❧ ❞❡♣❡♥❞✐❡♥❞♦ ❞❡ ✉♥ ♣❛rá♠❡tr♦ ❝✉❛♥❞♦ ❡❧ ❧í♠✐t❡

s✉♣❡r✐♦r t❛♠❜✐é♥ ❞❡♣❡♥❞❡ ❞❡❧ ♣❛rá♠❡tr♦✱ ❡s ❧❛ s✐❣✉✐❡♥t❡✿

0D
α
t

∫ t

0

K (t, τ) dτ =

∫ t

0
τD

α
t K (t, τ) dτ + lı́m

τ→t−0
τD

α−1
t K (t, τ) (0 < α < 1) ✭✷✳✹✽✮

✶✺
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❉❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s s✉❝❡s✐✈❛s✿ ❊st❡ t✐♣♦ ❞❡ ❞❡r✐✈❛❞❛s ♣✉❡❞❡ ❛♣❛r❡❝❡r ❞❡ ♠❛♥❡r❛ ♥❛t✉r❛❧

❡♥ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ❞❡ ✈❛r✐♦s ♣r♦❜❧❡♠❛s ❡♥ ❢ís✐❝❛ ② ❝✐❡♥❝✐❛ ❛♣❧✐❝❛❞❛✳ ▼✐❧❧❡r ② ❘♦ss ❧❧❛♠❛r♦♥ ❛ ❧❛

❡❝✉❛❝✐ó♥ ✷✳✹✾ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ s❡❝✉❡♥❝✐❛❧ ② ❝♦♥s✐❞❡r❛r♦♥ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❝♦♥ ❞❡r✐✈❛❞❛s

❞❡ ❡st❡ t✐♣♦ ❡♥ s✉ ❧✐❜r♦ ❬✼❪✳

Dnαf (t) = DαDαDα . . . Dα
︸ ︷︷ ︸

n

f (t) ✭✷✳✹✾✮

✷✳✷✳✽✳ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r

▲❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ f (t) ❛❜s♦❧✉t❛♠❡♥t❡ ✐♥t❡❣r❛❜❧❡ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦

(−∞,∞) ❡st❛ ❞❡✜♥✐❞❛ ♣♦r

F {h (t)} = H (t) =

∫ ∞

−∞

eiωth (t) dt ✭✷✳✺✵✮

▲❛ ❢✉♥❝✐ó♥ ♦r✐❣✐♥❛❧ h (t) ♣✉❡❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ❛ ♣❛rt✐r ❞❡ H (t) ✉t✐❧✐③❛♥❞♦ ❧❛ r❡❧❛❝✐ó♥

h (t) = F−1 {H (t)} = 1

2π

∫ ∞

−∞

e−iωtH (ω) dω ✭✷✳✺✶✮

▲❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ ❧❛ ❝♦♥✈♦❧✉❝✐ó♥ ❡st❛ ❞❛❞❛ ♣♦r

F {g (t) ∗ h (t)} = G (ω)H (ω) ✭✷✳✺✷✮

▲❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ ✉♥❛ ❞❡r✐✈❛❞❛ ❡st❛ ❞❛❞❛ ♣♦r

F
{
h(n) (t)

}
= (−iω)nH (ω) ✭✷✳✺✸✮

▲❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❡s ✉♥❛ ❤❡rr❛♠✐❡♥t❛ ♠✉② ♣♦❞❡r♦s❛ ❡♥ ❡❧ ❛♥á❧✐s✐s ❡♥ ❡❧ ❞♦♠✐♥✐♦ ❞❡ ❧❛

❢r❡❝✉❡♥❝✐❛ ❞❡ s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❧✐♥❡❛❧❡s✳

❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ ❧❛s ❞❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s

❈♦♥s✐❞❡r❛♥❞♦ ❡❧ ❧í♠✐t❡ ✐♥❢❡r✐♦r a = −∞✱ ② ❝♦♥s✐❞❡r❛♥❞♦ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ r❛③♦♥❛❜❧❡ ✭❡s ♣❡✲

r✐ó❞✐❝❛ ❡♥ ✉♥ ✐♥t❡r✈❛❧♦ 2π ② ♣✉❡❞❡ s❡r ❛♥❛❧✐③❛❞❛ ♣♦r ♠❡❞✐♦ ❧❛ s✉♣❡r♣♦s✐❝✐ó♥ ❞❡ ✉♥ ♥ú♠❡r♦ ✐♥✜♥✐t♦

❞❡ ♦♥❞❛s s❡♥♦✐❞❛❧❡s ② ❝♦s❡✐♥♦❞❛❧❡s ❝♦♥ ❞✐st✐♥t❛s ❢r❡❝✉❡♥❝✐❛s✮ ❬✹✺❪ ❞❡ g (t) ② s✉s ❞❡r✐✈❛❞❛s ❝✉❛♥❞♦

t → ∞✱ s❡ ♣✉❡❞❡ ❤❛❝❡r ✉♥❛ ✐♥t❡❣r❛❝✐ó♥ ♣♦r ♣❛rt❡s ② ❝♦♥s✐❞❡r❛r ❧❛s ❞❡r✐✈❛❞❛s ❞❡ ❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡

✶✻
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② ❈❛♣✉t♦ ❡♥ ❧❛ ♠✐s♠❛ ❢♦r♠❛✿

C
−∞D

α
t g (t)

−∞D
α
t g (t)



 =

1

Γ (n− α)

∫ t

−∞

g(n) (τ) dτ

(t− τ)α+1−n = −∞D
α−n
t g(n) (t)

P❛r❛ n− 1 < α < n✱ ❛❧ ❛♣❧✐❝❛r ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r s❡ ♦❜t✐❡♥❡ ❧❛ r❡❧❛❝✐ó♥✿

F {Dαg (t)} = (−iω)αG (ω) ✭✷✳✺✹✮

❉♦♥❞❡ Dα ❞❡♥♦t❛ ❝✉❛❧q✉✐❡r❛ ❞❡ ❧❛s tr❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❢r❛❝❝✐♦♥❛r✐❛s ❛♥t❡r✐♦r❡s✳ P♦r ❡❥❡♠♣❧♦✱ ❧❛ tr❛♥s✲

❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ ❞❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s ❤❛ s✐❞♦ ✉t✐❧✐③❛❞❛ ♣♦r ❇❡②❡r ② ❑❡♠♣✢❡ ❬✹✻❪✳

✷✳✷✳✾✳ ▼ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s

♣❛r❝✐❛❧❡s ❢r❛❝❝✐♦♥❛r✐❛s

❆❧ ❝r❡❛r ♠♦❞❡❧♦s ❢r❛❝❝✐♦♥❛r✐♦s ♣❛r❛ s♦❧✉❝✐♦♥❛r ♣r♦❜❧❡♠❛s ❞❡ ✐♥❣❡♥✐❡rí❛✱ ❡s r❛r♦ ❝✉❛♥❞♦ ❡s ♣♦s✐❜❧❡

❡✈❛❧✉❛r ❧❛ s♦❧✉❝✐ó♥ ❞❡ ✉♥ ♠♦❞❡❧♦ ❢r❛❝❝✐♦♥❛r✐♦ ❞❛❞♦ ❡♥ s✉ ❢♦r♠❛ ❝❡rr❛❞❛✱ ✐♥❝❧✉s♦ s✐ ✉♥❛ s♦❧✉❝✐ó♥

❛♥❛❧ít✐❝❛ ❡s ♣♦s✐❜❧❡✳ P♦r ❧♦ t❛♥t♦✱ ❡s ♥❡❝❡s❛r✐♦ ❡❧ ❞❡s❛rr♦❧❧❛r ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❡✜❝✐❡♥t❡s ② ❝♦♥✜❛❜❧❡s

♣❛r❛ r❡s♦❧✈❡r ❋P❉❊ ❣❡♥❡r❛❧❡s ❬✹✼❪✱ ♦❜t❡♥✐❡♥❞♦ s♦❧✉❝✐♦♥❡s ♥✉♠ér✐❝❛s ❝♦♥ ✉♥❛ s♦❧✉❝✐ó♥ ❛♣r♦①✐♠❛❞❛

♣❡r♦ ❝♦♥ ✉♥ ❡rr♦r ♣ró①✐♠♦ ❛ ❝❡r♦✱ ❡♥ ✉♥ ✐♥t❡r✈❛❧♦ ❞❡ t✐❡♠♣♦ ❛❝❡♣t❛❜❧❡✳

❆❧❣✉♥♦s ❞❡ ❧♦s ♠ét♦❞♦s ♣❛r❛ r❡s♦❧✈❡r ♥✉♠ér✐❝❛♠❡♥t❡ ✉♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❢r❛❝❝✐♦♥❛r✐❛ ❬✹✼❪

s♦♥✿

▼ét♦❞♦s ❞✐r❡❝t♦s✿ ❈♦♥s✐st❡♥ ❡♥ ❞✐s❝r❡t✐③❛r ❞✐r❡❝t❛♠❡♥t❡ ❡❧ ♦♣❡r❛❞♦r ❢r❛❝❝✐♦♥❛r✐♦ ✭t❛❧❡s ❝♦♠♦

❧♦s ♠ét♦❞♦s ▲✶✱ ▲✷ ② ❡❧ ♣r♦❞✉❝t♦ tr❛♣❡③♦✐❞❛❧ ❡♥tr❡ ♦tr♦s✮✳

▼ét♦❞♦s ❞❡ ✐♥t❡❣r❛❝✐ó♥✿ ❈♦♥s✐❞❡r❛♥❞♦ ✉♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ♦r❞✐♥❛r✐❛ ❡♥ ❧❛ ❢♦r♠❛✿
{

u✬❂❢(t, u)

u (0) = η
✭✷✳✺✺✮

■♥t❡❣r❛♥❞♦ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [tn, tn+1] s❡ ♦❜t✐❡♥❡

u (tn+1)− u (tn) =
tn+1

∫
tn

f (s, u (s)) ds ✭✷✳✺✻✮

▲❛ ✐♥t❡❣r❛❧ ♣✉❡❞❡ s❡r r❡s✉❡❧t❛ ♣♦r ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❝❧ás✐❝♦s ✭❧❛ ❢ór♠✉❧❛ r❡❝t❛♥❣✉❧❛r✱❧❛ r❡❣❧❛

tr❛♣❡③♦✐❞❛❧✱ ❧❛ ❢♦r♠✉❧❛ ❞❡ ❙✐♠♣s♦♥ ❡♥tr❡ ♦tr♦s✮✱ ❧♦s ❝✉❛❧❡s ♣✉❡❞❡♥ s❡r ✉s❛❞♦s ♣❛r❛ ❞❡r✐✈❛r ✉♥

♠ét♦❞♦s ♥✉♠ér✐❝♦ ❛♣r♦♣✐❛❞♦ ♣❛r❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❢r❛❝❝✐♦♥❛r✐❛✳

✶✼
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▼ét♦❞♦s ❧✐♥❡❛❧❡s ❢r❛❝❝✐♦♥❛r✐♦s ♠✉❧t✐♣❛s♦s✿ ❊st♦s s♦♥ ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧♦s ♠ét♦❞♦s ❧✐♥❡❛❧❡s

♠✉❧t✐♣❛s♦s✱ ❧♦s ❝✉❛❧❡s ❢✉❡r♦♥ ❡st✉❞✐❛❞♦s ♣♦r ♣r✐♠❡r❛ ✈❡③ ♣♦r ▲✉❜✐❝❤❬✹✽✱ ✹✾✱ ✺✵❪✳

✶✽



❈❛♣ít✉❧♦ ✸

P✉❧s♦s ✉❧tr❛❝♦rt♦s

▲♦s ♣✉❧s♦s ✉❧tr❛❝♦rt♦s s♦♥ ♠♦❞❡❧❛❞♦s ✉t✐❧✐③❛♥❞♦ ✉♥❛ ❢r❡❝✉❡♥❝✐❛ ♣♦rt❛❞♦r❛ ♠♦❞✉❧❛❞❛ ♣♦r ✉♥❛

❡♥✈♦❧✈❡♥t❡ t❡♠♣♦r❛❧✳ ❙❡ ❛❝♦st✉♠❜r❛ ❛❣r✉♣❛r ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡♣❡♥❞✐❡♥t❡s ❞❡ ❧❛ ♦s❝✐❧❛❝✐ó♥ rá♣✐❞❛

❞❡♥tr♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❢❛s❡✱ ♠✐❡♥tr❛s q✉❡ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s q✉❡ ✈❛rí❛♥ ❧❡♥t❛♠❡♥t❡ s♦♥ ❛❣r✉♣❛❞❛s

❡♥ ❧❛ ❛♠♣❧✐t✉❞ ❝♦♠♣❧❡❥❛ ❬✺✶❪✳ ▲❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ✉♥❛ ♦♥❞❛ ✉s❛♥❞♦ ✈❛r✐❛❜❧❡s ❝♦♠♣❧❡❥❛s ❡♥ s✉ ❢♦r♠❛

♣♦❧❛r ❡st❛ ❞❛❞❛ ♣♦r

E (A,Φ) = A exp (iΦ) ✭✸✳✶✮

❉♦♥❞❡ A ❡s ❧❛ ❛♠♣❧✐t✉❞ ② Φ ❡s ❧❛ ❢❛s❡✱ ❛♠❜❛s ❢✉♥❝✐♦♥❡s t✐❡♥❡♥ ✈❛❧♦r❡s r❡❛❧❡s✳ ❊♥ ❡❧ ❝❛s♦ ❞❡ ✉♥❛

♦♥❞❛ ♣❧❛♥❛✱ ❧❛ ❢❛s❡ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❧✐♥❡❛❧ Φ = ωt−k ·r✱ ❞♦♥❞❡ ω ❡s ❧❛ ❢r❡❝✉❡♥❝✐❛ ❛♥❣✉❧❛r✱ t r❡♣r❡s❡♥t❛

❡❧ t✐❡♠♣♦✱ ~k ❡s ❡❧ ✈❡❝t♦r ❞❡ ♦♥❞❛ ② ~r r❡♣r❡s❡♥t❛ s✉ ❞✐r❡❝❝✐ó♥✳ ❯♥❛ ♦♥❞❛ ♣❧❛♥❛ ❡s ❞❡s❝r✐t❛ ❝♦♠♦

E (~r, t) = A (t) exp
(
i
(
ωt− ~k · ~r

))
✭✸✳✷✮

▲♦s ❧ás❡rs ♣✉❧s❛❞♦s ❞❡ ◆❞✿❨❆● ❢r❡❝✉❡♥t❡♠❡♥t❡ t✐❡♥❡♥ ✉♥❛ ❡♥✈♦❧✈❡♥t❡ ●❛✉ss✐❛♥❛✱ ♠✐❡♥tr❛s q✉❡ ❧♦s

❧ás❡rs ❚✐✿❙❛ t✐❡♥❡♥ ✉♥ ♣❡r✜❧ q✉❡ s❡ ❛s❡♠❡❥❛ ♠ás ❛ ✉♥❛ ❝✉r✈❛ s❡❝❛♥t❡ ❤✐♣❡r❜ó❧✐❝❛❬✺✶❪✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥

❞❛ ✉♥ ❜r❡✈❡ ❞❡s❝r✐♣❝✐ó♥ ❞❡ ❡st♦s ❞♦s t✐♣♦s ❞❡ ❡♥✈♦❧✈❡♥t❡✱ ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ♠ás ❛♠♣❧✐❛ s❡ ♣✉❡❞❡

❡♥❝♦♥tr❛r ❡♥ ❬✺✶❪

✶✾



❈❆P❮❚❯▲❖ ✸✳ P❯▲❙❖❙ ❯▲❚❘❆❈❖❘❚❖❙

❋✐❣✉r❛ ✸✳✶✿ P✉❧s♦ ●❛✉ss✐❛♥♦ s✐♥ ❝❤✐r♣

✸✳✶✳ ❊♥✈♦❧✈❡♥t❡ ●❛✉ss✐❛♥❛

❯♥❛ ❡♥✈♦❧✈❡♥t❡ ●❛✉ss✐❛♥❛ t✐❡♥❡ ❧❛ ❢♦r♠❛ A(t) = exp
(
−Υ 2t2

)
✱ ❞♦♥❞❡ Υ = 1/τ2G✳ ❆sí ❧❛ ❡❝✉❛❝✐ó♥

✸✳✷ s❡ r❡❞✉❝❡ ❛

E (t) = A0 exp

(
−
(
t

τG

)2
)
exp (iωlt) ✭✸✳✸✮

❊♥ ❧❛ ❝✉❛❧✱ ωl ❡s ✉♥❛ ❢r❡❝✉❡♥❝✐❛ ❝♦♥st❛♥t❡✱ ▲❛ ✜❣✉r❛ ✸✳✶ ♠✉❡str❛ ✉♥ ♣✉❧s♦ ●❛✉ss✐❛♥♦✱ ❧❛ ✐♥t❡♥s✐❞❛❞

❞❡ ✉♥ ♣✉❧s♦ ●❛✉ss✐❛♥♦ s✐♥ ❝❤✐r♣ ❡st❛ ❞❡✜♥✐❞❛ ❝♦♠♦✿

I (t) = A2
0 exp

(
−2t2

τ2G

)
✭✸✳✹✮

▲❛ ❛♥❝❤✉r❛ ❛ ♠❡❞✐❛ ❛❧t✉r❛ ❡♥ ❡❧ ❞♦♠✐♥✐♦ ❞❡❧ t✐❡♠♣♦ ✭❋❲❍▼ ♣♦r s✉s s✐❣❧❛s ❡♥ ✐♥❣❧és✮ ✈✐❡♥❡ ❞❛❞❛

♣♦r

△tFWHM =
√

2 log (2)τG ∼= 1.17741τG ✭✸✳✺✮

✸✳✶✳✶✳ P✉❧s♦ ●❛✉ss✐❛♥♦ ❝♦♥ ❝❤✐r♣

❆❤♦r❛ s❡ ❝♦♥s✐❞❡r❛ ✉♥ ♣✉❧s♦ ●❛✉ss✐❛♥♦ ❝♦♥ ✉♥❛ ❢❛s❡ ❝✉❛❞rát✐❝❛

Φ (t) = ωlt−
1

2

a

τ2G
t2 ✭✸✳✻✮

✷✵



✸✳✷✳ ❊◆❱❖▲❱❊◆❚❊ ❙❊❈❆◆❚❊ ❍■P❊❘❇Ó▲■❈❆

❈♦♥ ✉♥❛ ❢r❡❝✉❡♥❝✐❛ ✐♥st❛♥tá♥❡❛ ❞❛❞❛ ♣♦r

ω (t) =
∂Φ

∂t
= ωl −

a

τ2G
t ✭✸✳✼✮

▲❛ ❢r❡❝✉❡♥❝✐❛ ❡s ❞❡♣❡♥❞✐❡♥t❡ ❞❡❧ t✐❡♠♣♦✱ ♣♦r ❧♦ q✉❡ s❡ ❞✐❝❡ q✉❡ ❡❧ ♣✉❧s♦ t✐❡♥❡ ❵❝❤✐r♣✬✱ ❞♦♥❞❡

a ❡s ❡❧ ❢❛❝t♦r ❞❡ ❝❤✐r♣✳ ▲❛ ✜❣✉r❛ ✸✳✹ ♠✉❡str❛ ✉♥ ♣✉❧s♦ ●❛✉ss✐❛♥♦ ❝♦♥ ❝❤✐r♣✱ a ❡s ♣♦s✐t✐✈❛ ♣❛r❛ ✉♥

❝❤✐r♣ ❤❛❝✐❛ ❛❜❛❥♦ ✭ ❧❛ ❢r❡❝✉❡♥❝✐❛ ❞✐s♠✐♥✉②❡ ❡♥ ❡❧ t✐❡♠♣♦✮ ② ♥❡❣❛t✐✈❛ ♣❛r❛ ✉♥ ❝❤✐r♣ ❤❛❝✐❛ ❛rr✐❜❛ ✭❧❛

❢r❡❝✉❡♥❝✐❛ ❛✉♠❡♥t❛ ❡♥ ❡❧ t✐❡♠♣♦✮✳ ❊❧ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ ♣❛r❛ ✉♥ ♣✉❧s♦ ❝❤✐r♣ ❡♥ ❡❧ t✐❡♠♣♦ ✈✐❡♥❡ ❞❛❞♦

♣♦r

E (t) = A0 exp

[
− (1 + ia)

t2

τ2G
+ iωlt

]
✭✸✳✽✮

▲❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❡s

Ẽ (t) =
A0√
2

τG√
(1 + a2)

exp

[
iΦ− ω2τ2G

4 (1 + a2)

]
✭✸✳✾✮

✸✳✷✳ ❊♥✈♦❧✈❡♥t❡ s❡❝❛♥t❡ ❤✐♣❡r❜ó❧✐❝❛

❊❧ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ ♠♦❞✉❧❛❞♦ ❝♦♥ ✉♥❛ ❡♥✈♦❧✈❡♥t❡ s❡❝❛♥t❡ ❤✐♣❡r❜ó❧✐❝❛ ❡st❛ ❞❡✜♥✐❞♦ ♣♦r✿

E (t) = sech

(
t

τs

)
eiω0t ✭✸✳✶✵✮

✸✳✷✳✶✳ P✉❧s♦ s❡❝❛♥t❡ ❝♦♥ ❝❤✐r♣

❯♥ ♣✉❧s♦ ❞❡ t✐♣♦ s❡❝❛♥t❡ ❝♦♥ ❝❤✐r♣ ❡st❛ ❞❡✜♥✐❞♦ ❝♦♠♦✿

E (t) = sech

(
t

τs

)
exp

(
i

(
ω0t+

at2

τ2s

))
✭✸✳✶✶✮

❯♥ ♣✉❧s♦ s❡❝❛♥t❡ ❝♦♥ ✈❛r✐♦s ✈❛❧♦r❡s ❝❤✐r ❡s ♠♦str❛❞♦ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✺✳

✷✶



❈❆P❮❚❯▲❖ ✸✳ P❯▲❙❖❙ ❯▲❚❘❆❈❖❘❚❖❙

t

E(t)

✭❛✮

❋✐❣✉r❛ ✸✳✷✿ ❝❤✐r♣ a = −10

t

E(t)

✭❛✮

❋✐❣✉r❛ ✸✳✸✿ ❝❤✐r♣ a = 10

❋✐❣✉r❛ ✸✳✹✿ P✉❧s♦s ❝❤✐r♣ ●❛✉ss✐❛♥♦s✳

❋✐❣✉r❛ ✸✳✺✿ ❉✐❢❡r❡♥t❡s ♣❡r✜❧❡s ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ♣❛rá♠❡tr♦ ❝❤✐r♣ ❛✿✵✱✶✱✷✱✸ ♣❛r❛ I(ω) = |E (ω)|2

✷✷



❈❛♣ít✉❧♦ ✹

❈❛s♦s ❞❡ ❊st✉❞✐♦

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ♣r❡s❡♥t❛♠♦s ❧♦s r❡s✉❧t❛❞♦s ❞❡ ♥✉❡str❛ ✐♥✈❡st✐❣❛❝✐ó♥ s♦❜r❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ❧❛s

♦♥❞❛s ❡❧❡❝tr♦♠❛❣♥ét✐❝❛s ❝♦♥ ♠❡❞✐♦s ❤♦♠♦❣é♥❡♦s✳ ❙❡ ♣r❡s❡♥t❛♥ ❧♦s r❡s✉❧t❛❞♦s ❞❡❧ ♠♦❞❡❧♦ ❢r❛❝❝✐♦♥❛r✐♦

❞❡ ❉r✉❞❡✱ ❡❧ ♠♦❞❡❧♦ ❢r❛❝❝✐♦♥❛r✐♦ ❞❡ ▲♦r❡♥t③ ② ✜♥❛❧♠❡♥t❡ ❧♦s ❛✈❛♥❝❡s q✉❡ s❡ ♦❜t✉✈✐❡r♦♥ ❡♥ ❡❧ ♠♦❞❡❧❛❞♦

❞❡ ♣✉❧s♦s ✉❧tr❛❝♦rt♦s ❢r❛❝❝✐♦♥❛r✐♦s✳ ▲♦ ❛♥t❡r✐♦r s❡ ❤❛❝❡ ✉s❛♥❞♦ ❧❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❈❛♣✉t♦✳

✹✳✶✳ ▼♦❞❡❧♦ ❞❡ ❉r✉❞❡ ❢r❛❝❝✐♦♥❛r✐♦

▲❛ ♣r♦♣❛❣❛❝✐ó♥ ❞❡ ♦♥❞❛s ❡❧❡❝tr♦♠❛❣♥ét✐❝❛s ❡♥ ♠❛t❡r✐❛❧❡s ❡s ❞❡t❡r♠✐♥❛❞❛ ♣♦r s✉s ♣❛rá♠❡tr♦s

❡❧é❝tr✐❝♦s✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧♦s ❞✐❡❧é❝tr✐❝♦s ❡❧ ♣❛rá♠❡tr♦ ♠ás r❡♣r❡s❡♥t❛t✐✈♦ ❡s ❧❛ ♣❡r♠✐t✐✈✐❞❛❞ ❝♦♠♣❧❡❥❛

❬✺✷❪✳ ❊♥ ❡st❛ s❡❝❝✐ó♥ ❡st✉❞✐❛r❡♠♦s ❧❛s ♣r♦♣✐❡❞❛❞❡s ó♣t✐❝❛s ❞❡❧ ♠♦❞❡❧♦ ❞❡ ❉r✉❞❡ ❞❡♥tr♦ ❞❡❧ ♠❛r❝♦

❞❡❧ ❝á❧❝✉❧♦ ❢r❛❝❝✐♦♥❛r✐♦✳ ❊❧ ♠♦❞❡❧♦ ❞❡ ❣❛s ❞❡ ❡❧❡❝tr♦♥❡s ❧✐❜r❡s ❡♥ ♠❡t❛❧❡s ❢✉❡ ❡st❛❜❧❡❝✐❞♦ ❡♥ ✶✾✵✵ ♣♦r

❉r✉❞❡ ❬✺✸✱ ✹✵❪✳ ❆ ♣❡s❛r ❞❡ s✉s s✉♣♦s✐❝✐♦♥❡s s✐♠♣❧✐✜❝❛❞❛s✱ ❡❧ ♠♦❞❡❧♦ ❞❡ ❉r✉❞❡ ❡①♣❧✐❝❛ ❧❛ ❝♦♥❞✉❝t✐✈✐❞❛❞

❡❧é❝tr✐❝❛ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❛❧t❛ ❢r❡❝✉❡♥❝✐❛ ❡♥ ✉♥ r❛♥❣♦ ❞❡ ❢r❡❝✉❡♥❝✐❛s q✉❡ ❛❜❛r❝❛ ❞❡s❞❡ ✵ ❍③ ✭❝♦rr✐❡♥t❡

❞✐r❡❝t❛ ó ❈❉✮ ❛ ∼ 1010 ❍③ ✭♠✐❝r♦♦♥❞❛s✮ ❬✺✹❪✳ ❊♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❉r✉❞❡✱ ❧♦s ❡❧❡❝tr♦♥❡s ♦s❝✐❧❛♥ ❡♥

r❡s♣✉❡st❛ ❛❧ ❝❛♠♣♦ ❡❧❡❝tr♦♠❛❣♥ét✐❝♦ ❛♣❧✐❝❛❞♦✱ ② s✉ ♠♦✈✐♠✐❡♥t♦ s❡ ❛♠♦rt✐❣✉❛ ❛ tr❛✈és ❞❡ ❝♦❧✐s✐♦♥❡s

q✉❡ ♦❝✉rr❡♥ ❝♦♥ ✉♥❛ ❢r❡❝✉❡♥❝✐❛ ❞❡ ❝♦❧✐s✐ó♥ ❝❛r❛❝t❡ríst✐❝❛ ω0 = 1
τ ✱ τ s❡ ❝♦♥♦❝❡ ❝♦♠♦ ❡❧ t✐❡♠♣♦ ❞❡

r❡❧❛❥❛❝✐ó♥ ❞❡❧ ❣❛s ❞❡ ❡❧❡❝tr♦♥❡s ❧✐❜r❡s✱ ❣❡♥❡r❛❧♠❡♥t❡ ❡s ❞❡❧ ♦r❞❡♥ ❞❡ 10−14 s ❛ t❡♠♣❡r❛t✉r❛ ❛♠❜✐❡♥t❡✱

✷✸



❈❆P❮❚❯▲❖ ✹✳ ❈❆❙❖❙ ❉❊ ❊❙❚❯❉■❖

❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ω0 = 100❚❍③✳ ❊❧ ♠♦❞❡❧♦ ❞❡ ❉r✉❞❡ ❡st❛❜❧❡❝❡ q✉❡ ❧♦s ❡❧❡❝tr♦♥❡s ♦s❝✐❧❛♥ ❡♥ r❡s♣✉❡st❛

❛ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ✉♥ ❝❛♠♣♦ ❡❧❡❝tr♦♠❛❣♥ét✐❝♦✱ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ♠♦✈✐♠✐❡♥t♦ ♣❛r❛ ❧♦s ❡❧❡❝tr♦♥❡s s✉❥❡t♦s

❛ ✉♥ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ ❡①t❡r♥♦ ~E ❡s✿

m
d~v

dt
+mω0~v = −e ~E (t) ✭✹✳✶✮

❆❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✶✱ ❡❧ ♣r✐♠❡r tér♠✐♥♦ ❡①♣r❡s❛ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❧❛s ❝❛r❣❛s

✐♥❞✉❝✐❞❛s ♣♦r ❡❧ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ ~E✱ ❡❧ s❡❣✉♥❞♦ ❞❡s❝r✐❜❡ ❡❧ ❢❛❝t♦r ❞❡ ❛♠♦rt✐❣✉❛❝✐ó♥ ❞❡❜✐❞♦ ❛ ❧❛

❞✐s♣❡rs✐ó♥ ❞❡ ❡❧❡❝tr♦♥❡s✳ ❊♥ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ t❡♥❡♠♦s ❡❧ tér♠✐♥♦ ❞❡ ❝♦♥❞✉❝❝✐ó♥✱ ❡s

❞❡❝✐r✱ ❧❛ ❢✉❡r③❛ q✉❡ ❞❡♣❡♥❞❡ ❞❡❧ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ ~E q✉❡ ❛❝tú❛ s♦❜r❡ ❝❛❞❛ ❡❧❡❝tró♥ ❝♦♥ ♠❛s❛ m ②

❝❛r❣❛ e✱ ② ~v s✉ ✈❡❧♦❝✐❞❛❞ ♣r♦♠❡❞✐♦✳

❊♥ ❬✺✺❪✱ s❡ ♣r♦♣♦r❝✐♦♥❛ ✉♥❛ ❢♦r♠❛ s✐st❡♠át✐❝❛ ♣❛r❛ ❝♦♥str✉✐r ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❢r❛❝❝✐♦♥❛❧❡s

♠❛♥t❡♥✐❡♥❞♦ ❧❛s ✉♥✐❞❛❞❡s ❢ís✐❝❛s ❞❡❧ s✐st❡♠❛✳ P❛r❛ ♣❛s❛r ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ♦r❞✐♥❛r✐❛ ❛ ❧❛ ❢r❛❝❝✐♦♥❛r✐❛✱

❤❛❝❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ ❝❛♠❜✐♦ ❞❡ ♦♣❡r❛❞♦r

d

dt
→ ω1−γ

0

dγ

dtγ
0 < γ ≤ 1 ✭✹✳✷✮

❞♦♥❞❡ ω0 s❡ ♠✐❞❡ ❡♥ s−1✱ r❡❡♠♣❧❛③❛♥❞♦ ❡st❛ ❡①♣r❡s✐ó♥ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✶ s❡ ♦❜t✐❡♥❡ ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡

❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ♦r❞❡♥ γ✱

dγ~v

dtγ
+ ωγ

0~v = −eω
γ−1
0

m
~E(t) 0 < γ ≤ 1 ✭✹✳✸✮

❆♣❧✐❝❛♥❞♦ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❛ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✸ r❡s✉❧t❛

~v(ω; γ) = − e

mω0[1 + (−i ω
ω0

)γ ]
~E(ω) ✭✹✳✹✮

❙✐ ❝♦♥s✐❞❡r❛♠♦s ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❡st❛s ❝❛r❣❛s ❝♦♥ ❞❡♥s✐❞❛❞ N ✱ ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ❝♦rr✐❡♥t❡ ♠á①✐♠❛ ❡s

~j = −eN~v✱ ❡♥t♦♥❝❡s t❡♥❡♠♦s

~j = −Ne~v =
e2N

mω0[1 + (−i ω
ω0

)γ ]
~E(ω) ✭✹✳✺✮

❉❡❜✐❞♦ ❛ q✉❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ♠❡❞✐♦s ❧✐♥❡❛❧❡s✱ ❧❛ r❡❧❛❝✐ó♥ ❧✐♥❡❛❧ ~j = σ ~E s❡ ♠❛♥t✐❡♥❡✳ ❆ ♣❛rt✐r

❞❡ ❡st❛ r❡❧❛❝✐ó♥ s❡ ✐❞❡♥t✐✜❝❛ ❧❛ ❝♦♥❞✉❝t✐✈✐❞❛❞ ❡❧é❝tr✐❝❛ ❝♦♠♣❧❡❥❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❉r✉❞❡

σ(ω; γ) = σ1 + iσ2 =
ǫ0ω

2
p

ω0[1 + (−i ω
ω0

)γ ]
✭✹✳✻✮

❞♦♥❞❡ ω2
p = Ne2

ǫ0m
❡s ❧❛ ❢r❡❝✉❡♥❝✐❛ ❞❡ ♣❧❛s♠❛ ❞❡ ❧❛ ♥✉❜❡ ❞❡ ❣❛s ❞❡ ❡❧❡❝tr♦♥❡s ② ǫ0 ❡s ❧❛ ♣❡r♠✐t✐✈✐❞❛❞

❞❡❧ ✈❛❝í♦✳ ❊♥ ❈❉ (ω = 0) ❧❛ ❝♦♥❞✉❝t✐✈✐❞❛❞ ❡s σdc = Ne2/mω0✳ ▲❛ ❝♦♥❞✉❝t✐✈✐❞❛❞ ❡❧é❝tr✐❝❛ ❢r❛❝❝✐♦♥❛✲

r✐❛ ❝♦♠♣❧❡❥❛ σ(ω; γ) ❞❡♣❡♥❞❡ ❞❡ ❧❛ ❢r❡❝✉❡♥❝✐❛ ω ② ❞❡❧ ♦r❞❡♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❢r❛❝❝✐♦♥❛r✐❛ γ✳
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✹✳✶✳ ▼❖❉❊▲❖ ❉❊ ❉❘❯❉❊ ❋❘❆❈❈■❖◆❆❘■❖

▲❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡ ✉♥ ♦r❞❡♥ ♥♦ ❡♥t❡r♦ ❞❡ ❧❛ ❝♦♥❞✉❝t✐✈✐❞❛❞ ❡❧é❝tr✐❝❛ s❡ ❤❛ ♣r♦❜❛❞♦ ❡♥ ❬✺✻❪✱❬✺✼❪✱ ♣❛r❛

❢r❡❝✉❡♥❝✐❛s ♠✉② ❛❧t❛s ✉t✐❧✐③❛♥❞♦ té❝♥✐❝❛s ✉❧tr❛rrá♣✐❞❛s ❞❡ THz ❡♥ ♦♣t♦ ❡❧❡❝tró♥✐❝❛✳ ▲❛ ❡①♣r❡s✐ó♥

❞❡ ❈♦❧❡✲❉❛✈✐❞s♦♥ ✉t✐❧✐③❛❞❛ ❡♥ ❬✺✻✱ ✺✼❪ ❞✐✜❡r❡ ❞❡ ❧❛ ♦❜t❡♥✐❞❛ ❡♥ ❡st❡ tr❛❜❛❥♦ ✭ ❡❝✉❛❝✐ó♥ ✹✳✻✮✳ ❉❡ ❧❛

❡❝✉❛❝✐ó♥ ✹✳✻ s❡ ♦❜t✐❡♥❡♥ ❧❛s ♣❛rt❡s r❡❛❧ ❡ ✐♠❛❣✐♥❛r✐❛ ❞❡ ❧❛ ❝♦♥❞✉❝t✐✈✐❞❛❞ ❡❧é❝tr✐❝❛✿

σ1(ω; γ) =
ǫ0ω

2
p

ω0

1 + ( ω
ω0

)γ cos(πγ2 )

1 + ( ω
ω0

)2γ + 2( ω
ω0

)γ cos(πγ2 )
✭✹✳✼✮

σ2(ω; γ) =
ǫ0ω

2
p

ω0

( ω
ω0

)γ sin(πγ2 )

1 + ( ω
ω0

)2γ + 2( ω
ω0

)γ cos(πγ2 )
✭✹✳✽✮

❉❛❞❛ ❧❛ ❝♦♥❞✉❝t✐✈✐❞❛❞ ❡❧é❝tr✐❝❛ σ✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ❧❛ ❢✉♥❝✐ó♥ ❞✐❡❧é❝tr✐❝❛ ǫ ✉s❛♥❞♦ ❧❛ r❡❧❛❝✐ó♥✿

ǫ(~k, ω) = 1 +
i

ǫ0ω
σ(~k, ω) ✭✹✳✾✮

❈♦♠♦ ❡s ❞❛❞❛ ❡♥ ❬✺✽❪✱ ❞♦♥❞❡ ~k ❡s ❡❧ ✈❡❝t♦r ❞❡ ♦♥❞❛ ② ω ❡s ❧❛ ❢r❡❝✉❡♥❝✐❛ ❛♥❣✉❧❛r✳ ❊♥ ❧❛ ✐♥t❡r❛❝❝✐ó♥

❞❡ ❧❛ ❧✉③ ❝♦♥ ❧♦s ♠❡t❛❧❡s✱ ❧❛ ❢♦r♠❛ ❣❡♥❡r❛❧ ❞❡ ❧❛ r❡s♣✉❡st❛ ❞✐❡❧é❝tr✐❝❛ ǫ(~k, ω) ♣✉❡❞❡ s✐♠♣❧✐✜❝❛rs❡ ❝♦♠♦

❡❧ ❧í♠✐t❡ ❞❡ ✉♥❛ r❡s♣✉❡st❛ ❧♦❝❛❧ ❡s♣❛❝✐❛❧ ❛ tr❛✈és ❞❡ ǫ(~k = 0, ω) = ǫ(ω)✳ ❊st♦ ❡♥ ❣❡♥❡r❛❧ t♦❞❛✈í❛ s❡

❝✉♠♣❧❡ ❡♥ ❢r❡❝✉❡♥❝✐❛s ✉❧tr❛✈✐♦❧❡t❛ ❬✺✽❪✳ ❊♥ ❣❡♥❡r❛❧ ǫ(ω) = ǫ1(ω) + iǫ2(ω), σ(ω) = σ1(ω) + iσ2(ω)

s♦♥ ❢✉♥❝✐♦♥❡s ❝♦♠♣❧❡❥❛s ❡✈❛❧✉❛❞❛s ❞❡ ❢r❡❝✉❡♥❝✐❛ ❛♥❣✉❧❛r ω✱ r❡❧❛❝✐♦♥❛❞❛s ❡♥tr❡ sí ♣♦r ♠❡❞✐♦ ❞❡ ❧❛

❡❝✉❛❝✐ó♥ ✹✳✾✳ ▲❛s ♣❛rt❡s r❡❛❧ ǫ1(ω; γ) ❡ ✐♠❛❣✐♥❛r✐❛ ǫ2(ω; γ) ❞❡ ❧❛ ♣❡r♠✐t✐✈✐❞❛❞ ❡stá♥ ❞❛❞❛s ♣♦r✿

ǫ1(ω; γ) = 1−
ω2
p

ωω0

( ω
ω0

)γ sin(πγ2 )

1 + ( ω
ω0

)2γ + 2( ω
ω0

)γ cos(πγ2 )
✭✹✳✶✵✮

ǫ2(ω; γ) =
ω2
p

ωω0

1 + ( ω
ω0

)γ cos(πγ2 )

1 + ( ω
ω0

)2γ + 2( ω
ω0

)γ cos(πγ2 )
✭✹✳✶✶✮

❊♥ ❧❛s ✜❣✉r❛s ✹✳✶✱ ✹✳✷ s❡ ❝♦♥s✐❞❡r❛ ωp = 2.2× 1015s−1 ② ω0′ = 10× 1014 s−1✿

❋✐❣✉r❛ ✹✳✶✿ ❈♦♥❞✉❝t✐✈✐❞❛❞ r❡❛❧ ❡ ✐♠❛❣✐♥❛r✐❛ ♣❛r❛ ❛❧❣✉♥♦s ✈❛❧♦r❡s ❞❡ γ✳

✷✺
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✭❛✮ P❛rt❡ r❡❛❧ ✭❜✮ P❛rt❡ ✐♠❛❣✐♥❛r✐❛

✭❝✮ ❩♦♦♠ ❞❡ ❧❛ ♣❛rt❡ r❡❛❧

❋✐❣✉r❛ ✹✳✷✿ P❡r♠✐t✐✈✐❞❛❞ r❡❛❧ ❡ ✐♠❛❣✐♥❛r✐❛

P❛r❛ ❡❧ ❝❛s♦ ❞❡ ❧❛ ♣❡r♠✐t✐✈✐❞❛❞ ❝♦♠♣❧❡❥❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♥ ❝❛♣❛❝✐t♦r ✐❞❡❛❧ ❡♥ ❡❧ ❝✉❛❧ ✉♥ ♠❛t❡r✐❛❧

❞✐❡❧é❝tr✐❝♦ ❝♦♥ ♣❡r♠✐t✐✈✐❞❛❞ ǫ ❡s ♣✉❡st♦ ❡♥tr❡ ❧❛s ❝❛♣❛s ✳ ❬✺✷❪✳ ▲❛ ❣rá✜❝❛ ✹✳✷ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛s

❡❝✉❛❝✐♦♥❡s ✹✳✶✵ ② ✹✳✶✶✱ ♣❛r❛ ❛❧❣✉♥♦s ✈❛❧♦r❡s ❞❡ γ✳ P❛r❛ ❧❛ ❢✉♥❝✐ó♥ ❞✐❡❧é❝tr✐❝❛ ǫ t❡♥❡♠♦s q✉❡ ♣❛r❛ ✉♥

♠❡♥♦r γ ❞❛ ✉♥❛ ♠❛②♦r ♠❛❣♥✐t✉❞ ❞❡ ❧❛s ♣❛rt❡ r❡❛❧ ǫ1 ❡ ✐♠❛❣✐♥❛r✐❛ ǫ2 ❡♥ ❡❧ r❛♥❣♦ ❞❡ ❜❛❥❛ ❢r❡❝✉❡♥❝✐❛✱

② ❛ ♠❡❞✐❞❛ q✉❡ ❧❛ ❢r❡❝✉❡♥❝✐❛ s❡ ❤❛❝❡ ♠ás ❣r❛♥❞❡ ❝♦♥ r❡s♣❡❝t♦ ❛ ω0 t❛♥t♦ ǫ1 ❝♦♠♦ ǫ2 t✐❡♥❞❡♥ ❛ ✵✳

✷✻



✹✳✷✳ ▼❖❉❊▲❖ ❋❘❆❈❈■❖◆❆❘■❖ ❉❊ ▲❖❘❊◆❚❩

✹✳✷✳ ▼♦❞❡❧♦ ❢r❛❝❝✐♦♥❛r✐♦ ❞❡ ▲♦r❡♥t③

❯t✐❧✐③❛r❡♠♦s ❧❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❈❛♣✉t♦✱ ❝♦♠♦ ❡♥ ❡❧ ❝❛s♦ ❛♥t❡r✐♦r✱ ❡st♦ ❞❡❜✐❞♦ ❛ q✉❡

❧❛ ❞❡r✐✈❛❞❛ ❞❡ ✉♥❛ ❝♦♥st❛♥t❡ ❡s ❝❡r♦✱ ② ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♣❛r❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s

❢r❛❝❝✐♦♥❛r✐❛s t✐❡♥❡♥ ✉♥❛ ✐♥t❡r♣r❡t❛❝✐ó♥ ❢ís✐❝❛ ❜✐❡♥ ❝♦♥♦❝✐❞❛✳ ▲❛ r❡s♣✉❡st❛ ❞❡ ❧♦s ♠❛t❡r✐❛❧❡s ❞✐❡❧é❝tr✐❝♦s

❛ ❧❛s ♦♥❞❛s ❡❧❡❝tr♦♠❛❣♥ét✐❝❛s s❡ ♣✉❡❞❡ ❡①♣❧✐❝❛r ✉t✐❧✐③❛♥❞♦ ✉♥ ♠♦❞❡❧♦ ❞❡ ♦s❝✐❧❛❞♦r ❛r♠ó♥✐❝♦✳ ❊♥ ❞✐❝❤♦

♠♦❞❡❧♦ ❬✹✵❪✱ s❡ s✉♣♦♥❡ q✉❡ ❧❛s ❢✉❡r③❛s ❡❧ást✐❝❛s ❡♥tr❡ ❧♦s ❡❧❡❝tr♦♥❡s ② ❧♦s ♥ú❝❧❡♦s ♦❜❡❞❡❝❡♥ ❧❛ ❧❡② ❞❡

❍♦♦❦❡✱ ❞❡ ♠♦❞♦ q✉❡ ❝✉❛♥❞♦ s❡ ❛♣❧✐❝❛ ✉♥ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ ❛ ❧♦s ♠❛t❡r✐❛❧❡s ❞✐❡❧é❝tr✐❝♦s✱ ❧❛s ór❜✐t❛s ❞❡

❧♦s ❡❧❡❝tr♦♥❡s s❡ ❞✐st♦rs✐♦♥❛♥✳ ▲❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❡st❡ ♦s❝✐❧❛❞♦r q✉❡ ✐♥t❡r❛❝tú❛

❝♦♥ ✉♥ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ E(t) t✐❡♥❡ ❧❛ ❢♦r♠❛✿

m
d2~r

dt2
+mα

d~r

dt
+ k~r = −e ~E ✭✹✳✶✷✮

❉♦♥❞❡ m ② e s♦♥ ❧❛ ♠❛s❛ ② ❧❛ ❝❛r❣❛ ❞❡ ✉♥ ❡❧❡❝tró♥✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊❧ s❡❣✉♥❞♦ tér♠✐♥♦

❞❡ ❡st❛ ❡❝✉❛❝✐ó♥ ❡s ✉♥ tér♠✐♥♦ ❞❡ ❛♠♦rt✐❣✉❛♠✐❡♥t♦✱ ♣r♦♣♦r❝✐♦♥❛❧ ❛ ❧❛ ✈❡❧♦❝✐❞❛❞ ✐♥st❛♥tá♥❡❛ ❞❡❧

❡❧❡❝tró♥✱ ② α ❡s ❡❧ ✐♥✈❡rs♦ ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ t✐❡♠♣♦ ❝♦♥ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡❧ ✐♥✈❡rs♦ ❞❡❧ t✐❡♠♣♦ s−1✳ ❊❧

❝♦❡✜❝✐❡♥t❡ α r❡♣r❡s❡♥t❛ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛ ❧❛ q✉❡ ❞❡❝❛❡rá ❧❛ ♣♦❧❛r✐③❛❝✐ó♥ ❞❡s♣✉és ❞❡ ❡❧✐♠✐♥❛r ❡❧ ❝❛♠♣♦

❛♣❧✐❝❛❞♦✱ s✉ ❝❛♥t✐❞❛❞ ✐♥✈❡rs❛ τ = 1/α ❡s ❡❧ t✐❡♠♣♦ ❞❡ ❞❡❝❛✐♠✐❡♥t♦ ❞❡ ♣♦❧❛r✐③❛❝✐ó♥✳ ▲❛ ❢r❡❝✉❡♥❝✐❛ ❞❡

r❡s♦♥❛♥❝✐❛ ❞❡❧ ♦s❝✐❧❛❞♦r ❛r♠ó♥✐❝♦ s❡ ❞❡✜♥❡ ❝♦♠♦ ω2
0 = k/m✱ ❞♦♥❞❡ k ❡s ❧❛ ❝♦♥st❛♥t❡ ❞❡❧ r❡s♦rt❡ ❞❡

❍♦♦❦❡✳ ❍❛❝✐❡♥❞♦ ❧❛ s✐❣✉✐❡♥t❡ r❡❞❡✜♥✐❝✐ó♥ α = 2ζω0✱ ❞♦♥❞❡ ζ ❡s ✉♥ ♣❛rá♠❡tr♦ ❛❞✐♠❡♥s✐♦♥❛❧✱ t❛♠❜✐é♥

❧❧❛♠❛❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛♠♦rt✐❣✉❛♠✐❡♥t♦✱ ♣♦❞❡♠♦s r❡❡s❝r✐❜✐r ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✶✷ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

d2~r

dt2
+ 2ζω0

d~r

dt
+ ω2

0r = −
e ~E

m
✭✹✳✶✸✮

❈❛♠❜✐❛♥❞♦ ❡❧ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ ♦r❞✐♥❛r✐♦ ♣♦r s✉ ❡q✉✐✈❛❧❡♥t❡ ❢r❛❝❝✐♦♥❛r✐♦✿

d

dt
→ ω1−γ

0

dγ

dtγ
✭✹✳✶✹✮

❙❡ ♦❜t✐❡♥❡ ❧❛ ❡❝✉❛❝✐ó♥ ❡♥ ❢♦r♠❛ ❢r❛❝❝✐♦♥❛r✐❛✿

d2γ~r

dt2γ
+ 2ζωγ

0

dγ~r

dtγ
+ ω2γ

0 ~r = − e ~E

mω
2(1−γ)
0

, 0 < γ ≤ 1 ✭✹✳✶✺✮

❙✉♣♦♥❡♠♦s q✉❡ ❡❧ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ ❛♣❧✐❝❛❞♦ ✈❛rí❛ ❛r♠ó♥✐❝❛♠❡♥t❡ ❡♥ ✉♥❛ ❢♦r♠❛ ~E = ❘❡
{
E0e

−iωt
}
✱

❝♦♠♦ s❡rí❛ ❡❧ ❝❛s♦ ❞❡ ❧❛s ♦♥❞❛s ❡❧❡❝tr♦♠❛❣♥ét✐❝❛s✱ ❞♦♥❞❡ ω ❡s ❧❛ ❢r❡❝✉❡♥❝✐❛ ❛♥❣✉❧❛r❀ ❡st❡ ❝❛♠♣♦ ❡s✲

tá r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❧❛ ❢r❡❝✉❡♥❝✐❛ ❞❡ ♦s❝✐❧❛❝✐ó♥ ♣♦r ω = 2πν✳ ❊❧ ♠♦✈✐♠✐❡♥t♦ ❞❡❧ ❡❧❡❝tró♥ s❡❣✉✐rá ❡❧

✷✼
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❝❛♠♣♦ ❡❧é❝tr✐❝♦ ♦s❝✐❧❛♥t❡ ❧♦❝❛❧✱ ②❛ q✉❡ ❡s ❧❛ ❢✉❡r③❛ ✐♠♣✉❧s♦r❛ ❬✺✾❪✳ ❊♥t♦♥❝❡s✱ ♣♦❞❡♠♦s s✉♣♦♥❡r q✉❡

❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡❧ t✐❡♠♣♦ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧♦s ❡❧❡❝tr♦♥❡s s❡rá s✐♠✐❧❛r ❛ ❧❛ ❞❡❧ ❝❛♠♣♦✱ ❞❡ ♠♦❞♦

q✉❡ ~r = ❘❡
{
r0e

−iωt
}
✳ ❆❧ s✉st✐t✉✐r ❡st❛s ❢✉♥❝✐♦♥❡s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✶✺✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ ❡❝✉❛❝✐ó♥ ❞❡

❧❛ ❢♦r♠❛✿

~r0(ω; γ) = −
e

mω2
0

~E0(ω)

1 + 2ζ
(
−i ω

ω0

)γ
+
(
−i ω

ω0

)2γ ✭✹✳✶✻✮

❯s❛♠♦s ❡st❛ ❡❝✉❛❝✐ó♥ ♣❛r❛ ♦❜t❡♥❡r ❡❧ ✈❡❝t♦r ❞❡ ♣♦❧❛r✐③❛❝✐ó♥ ❢r❛❝❝✐♦♥❛r✐♦✿

~P (ω; γ) =
Ne2 ~E0(ω)

mω2
0

[
1 + 2ζ

(
−i ω

ω0

)γ
+
(
−i ω

ω0

)2γ ] ✭✹✳✶✼✮

❊st❛ ❡①♣r❡s✐ó♥ s✉❣✐❡r❡ q✉❡ ❧❛ ♣♦❧❛r✐③❛❝✐ó♥ t✐❡♥❡ ✉♥❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡ ❢r❡❝✉❡♥❝✐❛ s✐❣♥✐✜❝❛t✐✈❛ ❡♥

r❡s♣✉❡st❛ ❛ ✉♥ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ ② t❛♠❜✐é♥ ❡♥ ❡❧ ♦r❞❡♥ γ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❢r❛❝❝✐♦♥❛r✐❛✳ ▲❛

♣r❡s❡♥❝✐❛ ❞❡ ✉♥❛ ♣❛rt❡ ✐♠❛❣✐♥❛r✐❛ t❛♠❜✐é♥ ♣✉❡❞❡ ❝♦♥❞✉❝✐r ❛ ✉♥ ❝❛♠❜✐♦ ❞❡ ❢❛s❡ ❡♥ ❧❛ r❡s♣✉❡st❛ ❜❛❥♦

❝✐❡rt❛s ❝♦♥❞✐❝✐♦♥❡s✳ ❊♥❢❛t✐③❛♥❞♦ q✉❡ ❡❧ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ ~E✱ ❡❧ ✈❡❝t♦r ❞❡ ♣♦❧❛r✐③❛❝✐ó♥ ❡❧é❝tr✐❝❛ ~P ②

❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❞✐❡❧é❝tr✐❝♦ ~D ❡♥ ✉♥ ♠❡❞✐♦ ✐s♦tró♣✐❝♦ ② ❧✐♥❡❛❧ ❡stá♥ r❡❧❛❝✐♦♥❛❞♦s ♣♦r ❧❛ ❞❡✜♥✐❝✐ó♥

❜ás✐❝❛ ❞❡ ❧❛ t❡♦rí❛ ❡❧❡❝tr♦♠❛❣♥ét✐❝❛ ~D = ε ~E0 = ε0 ~E0 + ~P s❡ ♦❜t✐❡♥❡✿

~D(ω; γ) =


ε0 +

Ne2

mω2
0

[
1 + 2ζ

(
−i ω

ω0

)γ
+
(
−i ω

ω0

)2γ ]


 ~E0(ω) ✭✹✳✶✽✮

❞♦♥❞❡ ε ② ε0 s♦♥ ❧❛ ♣❡r♠✐t✐✈✐❞❛❞ ❡❧é❝tr✐❝❛ ❞❡❧ ♠❡❞✐♦ ② ❞❡❧ ❡s♣❛❝✐♦ ❧✐❜r❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❯s❛♥❞♦

❧❛ ❡❝✉❛❝✐ó♥ ✹✳✶✽ ② ❧❛ r❡❧❛❝✐ó♥ ~D = ε ~E✱ ❞❡✜♥✐♠♦s ❧❛ ♣❡r♠✐t✐✈✐❞❛❞ ❡❧é❝tr✐❝❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡❧ ♠❡❞✐♦✿

ε(ω; γ) = ε0 +
Ne2

mω2
0

[
1 + 2ζ

(
−i ω

ω0

)γ
+
(
−i ω

ω0

)2γ ] 0 < γ ≤ 1 ✭✹✳✶✾✮

▲❛ ❢✉♥❝✐ó♥ ❞✐❡❧é❝tr✐❝❛ ❝♦♠♣❧❡❥❛ ❢r❛❝❝✐♦♥❛r✐❛✱ q✉❡ ❛❤♦r❛ ✐♥✈♦❧✉❝r❛ ❡❧ ♣❛rá♠❡tr♦ γ✱ ✈✐❡♥❡ ❞❛❞❛ ♣♦r

εr(ω; γ) =
ε(ω,γ)

ε0
✱ ♦❜t❡♥✐❡♥❞♦✿

εr(ω, γ) = 1 +

(
ωp

ω0

)2

1 + 2ζ
(
−i ω

ω0

)γ
+
(
−i ω

ω0

)2γ , 0 < γ ≤ 1 ✭✹✳✷✵✮

P❛r❛ s❡♣❛r❛r ❧❛ ♣❛rt❡ r❡❛❧ ❡ ✐♠❛❣✐♥❛r✐❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞✐❡❧é❝tr✐❝❛ ❝♦♠♣❧❡❥❛ εr = ε1 + iε2✱ s❡ ✉s❛♥

❧❛s ✈❛r✐❛❜❧❡s η = ω
ω0
, ω2

p = Ne2

mε0
② θ = 3πγ

2 ❀ ❡♥t♦♥❝❡s s❡ ♦❜t✐❡♥❡✿

ε1(ω; γ) = 1 +

[
1 + 2ζηγ cos θ + η2γ cos 2θ

] (ωp

ω0

)2

[1 + 2ζηγ cos θ + η2γ cos 2θ]
2
+ [2ζηγ sin θ + η2γ sin 2θ]

2 ✭✹✳✷✶✮

ε1(ω; γ) = 1 +

[
1 + 2ζηγ cos θ + η2γ cos 2θ

] (ωp

ω0

)2

[1 + 2ζηγ cos θ + η2γ cos 2θ]
2
+ [2ζηγ sin θ + η2γ sin 2θ]

2 ✭✹✳✷✷✮

✷✽
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❈♦♥♦❝✐❡♥❞♦ ❧❛ ❢✉♥❝✐ó♥ ❞✐❡❧é❝tr✐❝❛ ✭❡❝✉❛❝✐ó♥ ✹✳✷✵✮✱ ♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r ♦tr❛s ❝♦♥st❛♥t❡s ó♣t✐❝❛s✱

❝♦♠♦ ❡❧ í♥❞✐❝❡ ❞❡ r❡❢r❛❝❝✐ó♥ ñ = n + iκ✱ r❡✢❡❝t❛♥❝✐❛ R(ω; γ) ② s✉s❝❡♣t✐❜✐❧✐❞❛❞ ❡❧é❝tr✐❝❛✱ ✉s❛♥❞♦ ❧❛

r❡❧❛❝✐ó♥✿

ñ(ω; γ) =
(
n(ω; γ) + iκ(ω; γ)

)2
= εr(ω; γ) ✭✹✳✷✸✮

❞♦♥❞❡ n(ω; γ) ❡s ❡❧ í♥❞✐❝❡ ❞❡ r❡❢r❛❝❝✐ó♥ ❢r❛❝❝✐♦♥❛r✐♦✱ κ ❡s ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❡①t✐♥❝✐ó♥ ❢r❛❝❝✐♦♥❛r✐♦✱

② Γ(ω; γ) ❡s ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛❜s♦r❝✐ó♥✳ ❘❡❞✉❝✐❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✷✸ s❡ ♦❜t✐❡♥❡✿

n2(ω; γ) =
1

2

[√
(ε1)2 + (ε2)2 + (ε1)

2
]

✭✹✳✷✹✮

κ2(ω; γ) =
1

2

[√
(ε1)2 + (ε2)2 − (ε1)

2
]

✭✹✳✷✺✮

Γ(ω; γ) =
2ω

c
κ ✭✹✳✷✻✮

R(ω; γ) =

(
n(ω; γ)− 1

)2
+ κ2(ω; γ)

(
n(ω; γ) + 1

)2
+ κ2(ω; γ)

✭✹✳✷✼✮

❖tr♦ ♣❛rá♠❡tr♦ út✐❧✱ ❝✉❛♥❞♦ s❡ ❝♦♥s✐❞❡r❛♥ ❧♦s ❡❢❡❝t♦s ❡♥ ❡❧ r❛♥❣♦ ❞❡ ❢r❡❝✉❡♥❝✐❛ ó♣t✐❝❛ ❡s ❧❛

s✉s❝❡♣t✐❜✐❧✐❞❛❞ ❡❧é❝tr✐❝❛ ❝♦♠♣❧❡❥❛ χ = χ1 + iχ2✱ ❞♦♥❞❡ s✉s ♣❛rt❡s r❡❛❧ ❡ ✐♠❛❣✐♥❛r✐❛ ❡stá♥ ❞❡✜♥✐❞❛s

❝♦♠♦✿

χ1(ω; γ) =
(
ε1 − 1

)(ω0

ωp

)2
✭✹✳✷✽✮

χ2(ω; γ) = ε2

(
ω0

ωp

)2

✭✹✳✷✾✮

❙❡ ♦❜t✐❡♥❡♥ ❧❛s ❣rá✜❝❛s ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞✐❡❧é❝tr✐❝❛ ❝♦♠♣❧❡❥❛ ❢r❛❝❝✐♦♥❛r✐❛ ✉t✐❧✐③❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s

✹✳✷✶✱ ✹✳✷✷✿

0.6 0.8 1.0 1.2 1.4 1.6

η
-1

1

2

3

4

ϵ1 ζ =0.1
γ=0.9γ=0.91γ=0.93γ=0.95γ=0.99γ=1

✭❛✮ P❛rt❡ r❡❛❧

0.6 0.8 1.0 1.2 1.4 1.6

η
1

2

3

4

5

ϵ2 ζ=0.1

✭❜✮ P❛rt❡ ✐♠❛❣✐♥❛r✐❛

❋✐❣✉r❛ ✹✳✸✿ ❋✉♥❝✐ó♥ ❞✐❡❧é❝tr✐❝❛ ♣❛r❛ 0 < ζ < 1✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ❝❛s♦ s✉❜❛♠♦rt✐❣✉❛❞♦ ♣❛r❛ ❞✐❢❡✲
r❡♥t❡s ✈❛❧♦r❡s ❞❡ γ

✷✾
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0.9 1.0 1.1 1.2

η

-15

-10

-5

5

10

15

ϵ1 ζ =0

γ=0.9γ=0.91γ=0.93γ=0.95γ=0.99

✭❛✮ P❛rt❡ r❡❛❧

0.9 1.0 1.1 1.2

η
5

10

15

20

25

30

ϵ2 ζ=0

✭❜✮ P❛rt❡ ✐♠❛❣✐♥❛r✐❛

❋✐❣✉r❛ ✹✳✹✿ ❋✉♥❝✐ó♥ ❞✐❡❧é❝tr✐❝❛ ♣❛r❛ ζ = 0✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ❝❛s♦ ♥♦ ❛♠♦rt✐❣✉❛❞♦ ♣❛r❛ ❞✐❢❡r❡♥t❡s
✈❛❧♦r❡s ❞❡ γ

0.5 1.0 1.5 2.0 2.5 3.0

η
1.0

1.2

1.4

1.6

1.8

2.0

ϵ1 ζ =1

γ=0.9γ=0.91γ=0.93γ=0.95γ=0.99γ=1

✭❛✮ P❛rt❡ r❡❛❧

0.5 1.0 1.5 2.0 2.5 3.0

η
0.1

0.2

0.3

0.4

0.5

0.6

ϵ2 ζ=1

✭❜✮ P❛rt❡ ✐♠❛❣✐♥❛r✐❛

❋✐❣✉r❛ ✹✳✺✿ ❋✉♥❝✐ó♥ ❞✐❡❧é❝tr✐❝❛ ♣❛r❛ ζ = 1✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ❝❛s♦ ❝rít✐❝❛♠❡♥t❡ ❛♠♦rt✐❣✉❛❞♦ ♣❛r❛
❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ γ

1.0

1.2

1.4

1.6

1.8

2.0

ϵ1 ζ =2

γ=0.9γ=0.91γ=0.93γ=0.95γ=0.99γ=1

✭❛✮ P❛rt❡ r❡❛❧

0.5 1.0 1.5 2.0 2.5 3.0

η
0.1

0.2

0.3

0.4

0.5

ϵ2 ζ=2

✭❜✮ P❛rt❡ ✐♠❛❣✐♥❛r✐❛

❋✐❣✉r❛ ✹✳✻✿ ❋✉♥❝✐ó♥ ❞✐❡❧é❝tr✐❝❛ ♣❛r❛ ζ = 2✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ❝❛s♦ s♦❜r❡❛♠♦rt✐❣✉❛❞♦ ♣❛r❛ ❞✐❢❡r❡♥t❡s

✈❛❧♦r❡s ❞❡ γ

✸✵



✹✳✸✳ ▼❖❉❊▲❖ ❋❘❆❈❈■❖◆❆❘■❖ P❆❘❆ P❯▲❙❖❙ ❯▲❚❘❆❈❖❘❚❖❙

❊♥ ✉♥ s✐st❡♠❛ ♠❛s❛✲r❡s♦rt❡ ❝♦♠♦ ❡❧ ❞❡s❝r✐t♦ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✷✵ ❞❡♣❡♥❞✐❡♥❞♦ ❞❡❧ ✈❛❧♦r ❞❡❧

❝♦❡✜❝✐❡♥t❡ ❞❡ ❛♠♦rt✐❣✉❛♠✐❡♥t♦ s❡ t✐❡♥❡♥ s♦❧✉❝✐♦♥❡s ♣❛r❛ ♠♦✈✐♠✐❡♥t♦ s✉❜❛♠♦rt✐❣✉❛❞♦✱ ♥♦ ❛♠♦rt✐✲

❣✉❛❞♦✱ s♦❜r❡ ❛♠♦rt✐❣✉❛❞♦ ② ❝rít✐❝❛♠❡♥t❡ ❛♠♦rt✐❣✉❛❞♦✱ ♠♦str❛❞❛s ❡♥ ❧❛s ✜❣✉r❛s ✹✳✸✲✹✳✺ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✳ ❊st❛s ❢✉♥❝✐♦♥❡s ❞✐❡❧é❝tr✐❝❛s ✭❡❝✉❛❝✐♦♥❡s ✹✳✷✶ ② ✹✳✷✷✮ ❞❡♣❡♥❞❡♥ ❞❡ ❧❛ ❢r❡❝✉❡♥❝✐❛ ② ❞❡❧ ♦r❞❡♥ ❞❡

❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❢r❛❝❝✐♦♥❛r✐❛ 0 < γ ≤ 1✳ ❉❡ ❧♦s ❣rá✜❝♦s ♣♦❞❡♠♦s ✈❡r q✉❡ ♣❛r❛ ✉♥ ❞❡t❡r♠✐♥❛❞♦

η ♣♦❞❡♠♦s ❞❡s❝r✐❜✐r ❞✐❢❡r❡♥t❡s ❡s❝❡♥❛r✐♦s s✐♠♣❧❡♠❡♥t❡ ❝❛♠❜✐❛♥❞♦ ❡❧ ✈❛❧♦r ❞❡ γ✱ ❡❧ ❝✉❛❧ ✐♥✢✉②❡ ❡♥

❧❛ ♠❛❣♥✐t✉❞ ② ❢❛s❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞✐❡❧é❝tr✐❝❛✳ ❯♥❛ ✈❡③ q✉❡ s❡ t✐❡♥❡ ❧❛ ❢✉♥❝✐ó♥ ❞✐❡❧é❝tr✐❝❛✱ s❡ ♦❜t✐❡♥❡♥

♦tr♦s ♣❛rá♠❡tr♦s ó♣t✐❝♦s ❞❡ ✐♥t❡rés✱ ❝♦♠♦ ❡❧ í♥❞✐❝❡ ❞❡ r❡❢r❛❝❝✐ó♥ ✭❡❝✉❛❝✐♦♥❡s ✹✳✷✹ ② ✹✳✷✺✮✱ ❝♦❡✜❝✐❡♥✲

t❡ ❞❡ ❛❜s♦r❝✐ó♥ ✭❡❝✉❛❝✐ó♥ ✹✳✷✻✮✱ ❝♦❡✜❝✐❡♥t❡ ❞❡ r❡✢❡❝t❛♥❝✐❛ ✭❡❝✉❛❝✐ó♥ ✹✳✷✼✮✱ s✉s❝❡♣t✐❜✐❧✐❞❛❞ ❡❧é❝tr✐❝❛

✭❡❝✉❛❝✐♦♥❡s ✹✳✷✽ ② ✹✳✷✾✮✱ ❞❛❞♦ q✉❡ t♦❞❛s ❡st❛s ❝♦♥st❛♥t❡s ❡stá♥ r❡❧❛❝✐♦♥❛❞❛s ❝♦♥ ❧❛ ❢✉♥❝✐ó♥ ❞✐❡❧é❝✲

tr✐❝❛ ♣♦r ❝♦♥s✐❣✉✐❡♥t❡ ❡st❛s ❞❡♣❡♥❞❡♥ ❞❡ ❧❛ ❢r❡❝✉❡♥❝✐❛ ❞❡❧ ❝❛♠♣♦ ❛♣❧✐❝❛❞♦ ② ❞❡❧ ♦r❞❡♥ ❢r❛❝❝✐♦♥❛❧ ❞❡

❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ γ✳

✹✳✸✳ ▼♦❞❡❧♦ ❢r❛❝❝✐♦♥❛r✐♦ ♣❛r❛ ♣✉❧s♦s ✉❧tr❛❝♦rt♦s

❊♥ ❡st❛ ♣❛rt❡ ❞❡✜♥✐r❡♠♦s ✉♥ ♠♦❞❡❧♦ ❢r❛❝❝✐♦♥❛r✐♦ ♣❛r❛ ♣✉❧s♦s ✉❧tr❛❝♦rt♦s ✉t✐❧✐③❛♥❞♦ ❧❛ ❞❡r✐✈❛❞❛

❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❈❛♣✉t♦ ② ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ▼❛①✇❡❧❧✳ ❊♥ ❧❛ ♥♦t❛❝✐ó♥ ✈❡❝t♦r✐❛❧ ② ✉s❛♥❞♦ ❧❛s ✉♥✐❞❛❞❡s

❞❡❧ ❙■✱ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ▼❛①✇❡❧❧✱ ❡♥ s✉ ❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧✱ s❡ ❡s❝r✐❜❡♥ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

∇× ~E(~r, t) = − ∂

∂t
~B(~r, t) ✭✹✳✸✵✮

∇× ~H(~r, t) = ~J(~r, t) +
∂

∂t
~D(~r, t) ✭✹✳✸✶✮

∇· ~D(~r, t) = ρ(~r, t) ✭✹✳✸✷✮

∇· ~B(~r, t) = 0 ✭✹✳✸✸✮

❞♦♥❞❡ ~E ❡s ❡❧ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ ♠❡❞✐❞♦ ❡♥ ❬❱✴♠❪✱ ~H ❡s ❡❧ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡♥ ❬❆✴♠❪✱ ~D ❡s ❡❧ ✢✉❥♦

❡❧é❝tr✐❝♦ [❈/♠2]✱ ~B ❡s ❡❧ ✢✉❥♦ ♠❛❣♥ét✐❝♦ [❲/♠2]✱ ~J ❡s ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ❝♦rr✐❡♥t❡ [❆/♠2] ② ρ(~r, t) ❡s ❧❛

❞❡♥s✐❞❛❞ ❞❡ ❝❛r❣❛ ❡♥ [❈/♠3]✳ ▲❛s ❡❝✉❛❝✐♦♥❡s ❝♦♥st✐t✉t✐✈❛s ❡stá♥ ❞❛❞❛s ♣♦r ❧❛s s✐❣✉✐❡♥t❡s ❡①♣r❡s✐♦♥❡s

~D = ǫ0 ~E + ~P ✭✹✳✸✹✮

~B = µ0
~H + ~M ✭✹✳✸✺✮

❞♦♥❞❡ ǫ0 ② µ0 s♦♥ ❧❛ ♣❡r♠✐t✐✈✐❞❛❞ ② ❧❛ ♣❡r♠❡❛❜✐❧✐❞❛❞ ❞❡❧ ✈❛❝í♦✱ ~P ② ~M s♦♥ ❧❛s ♣♦❧❛r✐③❛❝✐♦♥❡s

✐♥❞✉❝✐❞❛s✱ ❡❧é❝tr✐❝❛ ② ♠❛❣♥ét✐❝❛✳ ❆❤♦r❛ ✈❛♠♦s ❛ tr❛♥s❢♦r♠❛r ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ▼❛①✇❡❧❧ ❛ s✉ ❢♦r♠❛

✸✶



❈❆P❮❚❯▲❖ ✹✳ ❈❆❙❖❙ ❉❊ ❊❙❚❯❉■❖

❢r❛❝❝✐♦♥❛r✐❛ t❡♠♣♦r❛❧ ♠❛♥t❡♥✐❡♥❞♦ ❧❛ ❤♦♠♦❣❡♥❡✐❞❛❞ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s✳ ❊s ❞❡❝✐r✱ ♠❛♥t❡♥✐❡♥❞♦ ❧❛s

✉♥✐❞❛❞❡s ❡♥ ❧♦s ♣❛rá♠❡tr♦s ❢ís✐❝♦s✳ P❛r❛ ❡st♦✱ ❡①✐st❡ ✉♥❛ ❢♦r♠❛ s✐st❡♠át✐❝❛ ❞❡ ♣❛s❛r ❞❡ ✉♥ ♦♣❡r❛❞♦r

❞✐❢❡r❡♥❝✐❛❧ ♦r❞✐♥❛r✐♦ ❛ ✉♥ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ ❢r❛❝❝✐♦♥❛r✐♦ ❬✺✺❪✱ s❡ t✐❡♥❡

∂

∂t
=

1

σ1−γ

∂γ

∂tγ
, 0 < γ ≤ 1 ✭✹✳✸✻✮

❞♦♥❞❡ σ✱ ❡♥ ❡st❡ ❝❛s♦ t✐❡♥❡ ✉♥✐❞❛❞❡s ❞❡ s❡❣✉♥❞♦s✳ ❚♦♠❛♥❞♦ ❡st♦ ❡♥ ❝✉❡♥t❛✱ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡

▼❛①✇❡❧❧ ❢r❛❝❝✐♦♥❛r✐❛s ❡♥ ❡❧ t✐❡♠♣♦ s❡ ❡s❝r✐❜❡♥ ❝♦♠♦

∇× ~E = − 1

σ1−γ

∂γ

∂tγ
~B ✭✹✳✸✼✮

∇× ~H = ~J +
1

σ1−γ

∂γ

∂tγ
~D ✭✹✳✸✽✮

∇· ~D = ρ ✭✹✳✸✾✮

∇· ~B = 0 ✭✹✳✹✵✮

❊st❡ ❡s ✉♥ s✐st❡♠❛ ❞❡ ❝✉❛tr♦ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❛❝♦♣❧❛❞❛s ❞❡ ♣r✐♠❡r ♦r❞❡♥✳ ▼✉❧t✐♣❧✐❝❛♥❞♦

❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✼✮✱ ♣♦r ❡❧ ♦♣❡r❛❞♦r r♦t❛❝✐♦♥❛❧✱ ♣♦❞❡♠♦s ❡s❝r✐❜✐r

∇
(
∇· ~E

)
−∆ ~E = − 1

σ1−γ

∂γ

∂tγ

(
∇× ~B

)
✭✹✳✹✶✮

❞♦♥❞❡ s❡ ❤❛ t♦♠❛❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ ✐❞❡♥t✐❞❛❞ ✈❡❝t♦r✐❛❧ ∇ × ∇ × ~E = ∇· (∇· ~E) − ∆ ~E✳ P♦r ♦tr♦

❧❛❞♦✱ s✉st✐t✉②❡♥❞♦ ❧❛s ❡①♣r❡s✐♦♥❡s ✹✳✸✹ ② ✹✳✸✺ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✸✽✱ r❡s✉❧t❛

∇× ~B = µ0
~J +

1

c2σ1−γ

∂γ

∂tγ
~E +

µ0

σ1−γ

∂γ

∂tγ
~P +∇× ~M ✭✹✳✹✷✮

❘❡❡♠♣❧❛③❛♥❞♦ ✹✳✹✷ ❡♥ ❧❛ ♣❛rt❡ ❞❡r❡❝❤❛ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✹✶✱ ♦❜t❡♥❡♠♦s

∇
(
∇· ~E

)
−∆ ~E = −

(ωc

2π

)1−γ

µ0
~J − 1

c2

(ωc

2π

)2(1−γ) ∂2γ

∂t2γ
~E − µ0

(ωc

2π

)2(1−γ) ∂2γ

∂t2γ
~P

−
(ωc

2π

)1−γ ∂γ

∂tγ
∇× ~M ✭✹✳✹✸✮

❞♦♥❞❡✱ ❞❡❜✐❞♦ ❛ ❧❛s ✉♥✐❞❛❞❡s ❞❡❧ ♣❛rá♠❡tr♦ [σ] = s✱ ❤❡♠♦s ❡s❝♦❣✐❞♦ σ = 2π
ωc

✱ ❞♦♥❞❡ ωc ❡s ❧❛

❢r❡❝✉❡♥❝✐❛ ❝❡♥tr❛❧ ❞❡❧ ♣✉❧s♦✳ ❆s✉♠✐❡♥❞♦ q✉❡ ❡❧ ♠❡❞✐♦ ❞❡ ♣r♦♣❛❣❛❝✐ó♥ ❡s ✉♥❛ ✜❜r❛ ó♣t✐❝❛✱ s❡

❤❛❝❡♥ ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥s✐❞❡r❛❝✐♦♥❡s ~J = ρ = ~M = 0✱ r❡❞✉❝✐❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✹✸ ❛

∆ ~E − 1

c2

(ωc

2π

)2(1−γ) ∂2γ

∂t2γ
~E = µ0

(ωc

2π

)2(1−γ) ∂2γ

∂t2γ
~P ✭✹✳✹✹✮

▲❛ ♣♦❧❛r✐③❛❝✐ó♥ ✐♥❞✉❝✐❞❛ ❡s ❞❡s❝r✐t❛ ♣♦r✿

~P (−→r , t) = ~PL (−→r , t) + ~PNL (−→r , t) ✭✹✳✹✺✮

✸✷



✹✳✸✳ ▼❖❉❊▲❖ ❋❘❆❈❈■❖◆❆❘■❖ P❆❘❆ P❯▲❙❖❙ ❯▲❚❘❆❈❖❘❚❖❙

❘❡❡♠♣❧❛③❛♥❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✹✹ ❞❛ ❝♦♠♦ r❡s✉❧t❛❞♦✿

∆ ~E − 1

c2

(ωc

2π

)2(1−γ) ∂2γ

∂t2γ
~E = µ0

(ωc

2π

)2(1−γ) ∂2γ

∂t2γ

(
~PL + ~PNL

)
✭✹✳✹✻✮

❉♦♥❞❡ ❧❛ ♣❛rt❡ ❧✐♥❡❛❧ ~PL ② ❧❛ ♣❛rt❡ ♥♦ ❧✐♥❡❛❧ ~PNL ❡stá♥ ❞❡✜♥✐❞❛s ❝♦♠♦✿

~PL (−→r , t) = ε0

∫ t

−∞

χ(1) (t− t′) · E (r, t′) dt′ ✭✹✳✹✼✮

~PNL (r, t) =

∫ t

−∞

dt1

∫ t

−∞

dt2

∫ t

−∞

dt3 × χ(3) (t− t1,t− t2, t− t3)
✳✳✳ ~E (−→r , t1) ~E (−→r , t2) ~E (−→r , t3)

✭✹✳✹✽✮

❉♦♥❞❡ χ(n) ❡s ❧❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞ ❞❡ ♦r❞❡♥ n ②
✳✳✳ ❡s ❡❧ ♦♣❡r❛❞♦r q✉❡ ❞❡♥♦t❛ ✉♥ ♣r♦❞✉❝t♦ ❞❡

t❡♥s♦r❡s✳❯t✐❧✐③❛♥❞♦ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ ❡♥✈♦❧✈❡♥t❡ q✉❡ ✈❛rí❛ ❧❡♥t❛♠❡♥t❡ ✭❙❱❊❆ ♣♦r s✉s s✐❣❧❛s ❡♥

✐♥❣❧és✮ s❡ t✐❡♥❡ q✉❡ PNL ❡s ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♥❛ ♣❡q✉❡ñ❛ ♣❡rt✉r❜❛❝✐ó♥ ❛ PL✳ ❊st❛ ❥✉st✐✜❝❛❝✐ó♥

✈✐❡♥❡ ❞❛❞❛ ♣♦r ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❡♥ ❧❛ ♣rá❝t✐❝❛ ❧♦s ❝❛♠❜✐♦s ♥♦ ❧✐♥❡❛❧❡s ❡♥ ❡❧ í♥❞✐❝❡ ❞❡ r❡❢r❛❝❝✐ó♥ t✐❡♥❡♥

✉♥ ♦r❞❡♥ ♠❡♥♦r ❛ 10−6✳ ❈♦♠♦ ✉♥❛ s❡❣✉♥❞❛ ❝♦♥s✐❞❡r❛❝✐ó♥ s❡ ❛s✉♠❡ q✉❡ ❡❧ ❝❛♠♣♦ ó♣t✐❝♦ ♠❛♥t✐❡♥❡

s✉ ♣♦❧❛r✐③❛❝✐ó♥ ♠✐❡♥tr❛s ✈✐❛❥❛ ❛ tr❛✈és ❞❡ ❧❛ ✜❜r❛✱ ❛sí q✉❡ ✉♥❛ ❛♣r♦①✐♠❛❝✐ó♥ ❡s❝❛❧❛r ❡s ✈á❧✐❞❛✳ ❈♦♠♦

t❡r❝❡r❛ ❝♦♥s✐❞❡r❛❝✐ó♥ s❡ ❛s✉♠❡ q✉❡ ❡❧ ❡s♣❡❝tr♦ ❞❡❧ ♣✉❧s♦✱ ❝❡♥tr❛❞♦ ❡♥ ωc✱ t✐❡♥❡ ✉♥ ❛♥❝❤♦ ❡s♣❡❝tr❛❧

∆ω t❛❧ q✉❡ ∆ω/ωc ≪ 1✳ ❨❛ q✉❡ ωc ∼ 1015s−1✱ ❡st❛ ❝♦♥s✐❞❡r❛❝✐ó♥ ❡s ✈á❧✐❞❛ ♣❛r❛ ♣✉❧s♦s ❡♥ ❡❧ ♦r❞❡♥ ❞❡

✵✳✶ ♣s✳ ❊♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❙❱❊❆ ❡s út✐❧ ❡❧ s❡♣❛r❛r ❧❛ ❝♦♠♣♦♥❡♥t❡ ❞❡❧ ❝❛♠♣♦ q✉❡ ✈❛r✐❛ rá♣✐❞❛♠❡♥t❡

❛❧ ❡s❝r✐❜✐r❧❛ ❡♥ ❧❛ ❢♦r♠❛✿

~E (−→r , t) = 1

2
x̂
[
~E (−→r , t) exp (−iωct) + c.c

]
✭✹✳✹✾✮

❉♦♥❞❡ x̂ ❡s ❡❧ ✈❡❝t♦r ❞❡ ♣♦❧❛r✐③❛❝✐ó♥ ✉♥✐t❛r✐♦✱ ② E (−→r , t) ❡s ✉♥❛ ❢✉♥❝✐ó♥ q✉❡ ✈❛rí❛ ❞❡ ❢♦r♠❛

❧❡♥t❛ ❡♥ ❡❧ t✐❡♠♣♦ ✭r❡❧❛t✐✈❛♠❡♥t❡ ❛❧ ♣❡r✐♦❞♦ ó♣t✐❝♦✮✳ ▲❛s ❝♦♠♣♦♥❡♥t❡ ❞❡ ♣♦❧❛r✐③❛❝✐ó♥ PL ② PNL s♦♥

❡s❝r✐t❛s ❝♦♠♦✿
~PL (−→r , t) = 1

2
x̂
[
~PL (−→r , t) exp (−iωct) + c.c

]
✭✹✳✺✵✮

~PNL (−→r , t) = 1

2
x̂
[
~PNL (−→r , t) exp (−iωct) + c.c

]
✭✹✳✺✶✮

~PL ❡s ❞❡✜♥✐❞♦ ❝♦♠♦✿

~PL (−→r , t) = ε0

∫ t

−∞

χ(1)
χχ (t− t′) · ~E (−→r , t′) exp (iωc {t− t′}) dt′ ✭✹✳✺✷✮

=
ε0
2π

∫ t

−∞

χ̃(1)
χχ (ω) (t− t′) · ~E (−→r , ω − ωc) exp ({ω − ωc} t) dω ✭✹✳✺✸✮

❉♦♥❞❡ ~E (−→r , ω) ❡s ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ ~E (−→r , t)✱ ❞❡✜♥✐❞❛ ❝♦♠♦

~E (−→r , ω) =
∫ ∞

−∞

~E (−→r , t) exp (iωt) dt ✭✹✳✺✹✮

✸✸
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② PNL ❝♦♠♦✿

~PNL (−→r , t) = ε0χ
(3)

✳✳✳ ~E (−→r , t) , ~E (−→r , t) , ~E (−→r , t) ✭✹✳✺✺✮

❯s❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✺✶✱ PNL (−→r , t) ❡s ❛♣r♦①✐♠❛❞♦ ♠❡❞✐❛♥t❡✿

~PNL (−→r , t) ≈ ε0εNL
~E (−→r , t) ✭✹✳✺✻✮

P❛r❛ ♦❜t❡♥❡r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ♦♥❞❛ ♣❛r❛ E (−→r , t) ❡s ♠ás ❝♦♥✈❡♥✐❡♥t❡ tr❛❜❛❥❛r ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡

❋♦✉r✐❡r✳ ◆♦r♠❛❧♠❡♥t❡ ♥♦ ❡s ♣♦s✐❜❧❡ ❞❡❜✐❞♦ ❛ q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✹✹ ❡s ♥♦ ❧✐♥❡❛❧✱ ❧♦ ❝✉❛❧ ❡s s♦❧✉❝✐♦♥❛❞♦

✉t✐❧✐③❛♥❞♦ ✉♥❛ ❛♣r♦①✐♠❛❝✐ó♥ ❡♥ ❧❛ ❝✉❛❧ εNL ❡s tr❛t❛❞❛ ❝♦♠♦ ✉♥❛ ❝♦♥st❛♥t❡ ❞✉r❛♥t❡ ❧❛ ❞❡r✐✈❛❝✐ó♥ ❞❡

❧❛ ❡❝✉❛❝✐ó♥ ❬✻✵❪✳ ❙✉st✐t✉②❡♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✹✳✹✾✲✹✳✺✶ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥✱ ✹✳✹✹ ♦❜t❡♥❡♠♦s✿

∆ ~E (−→r , t)− 1

c2

(ωc

2π

)2(1−γ) ∂2γ

∂t2γ
~E (−→r , t) = µ0

(ωc

2π

)2(1−γ) ∂2γ

∂t2γ

(
~PL + ~PNL

)
✭✹✳✺✼✮

❆♣❧✐❝❛♥❞♦ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r✱ r❡s✉❧t❛

∆Ẽ (−→r , ω − ωc)−
1

c2

(ωc

2π

)2(1−γ)

(iω)
2γ
Ẽ (−→r , ω − ωc) = µ0

(ωc

2π

)2(1−γ)

(iω)
2γ
P̃ (−→r , ω − ωc)

✭✹✳✺✽✮

❯s❛♥❞♦ ❧❛s ❛♣r♦①✐♠❛❝✐♦♥❡s ~PL = ε0χ
(1) (ω)E (−→r , t) , ~PNL = ε0εNLE (−→r , t)✱ ♦❜t❡♥❡♠♦s ❧❛ s✐✲

❣✉✐❡♥t❡ ❡❝✉❛❝✐ó♥

∆Ẽ (−→r , ω − ωc) + k2γ (iω)
2γ
ε (ω) Ẽ (−→r , ω − ωc) = 0 ✭✹✳✺✾✮

▲❛ ❡❝✉❛❝✐ó♥ ✹✳✺✾ ❡s ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❍❡❧♠❤♦❧t③ ❢r❛❝❝✐♦♥❛r✐❛ ❝♦♥ k2γ = i2

c2

(
ωc

2π

)2(1−γ)
② ε (ω) =

1+ χ̃(1) (ω)+εNL✳ ❊♥ ❡❧ ❝❛s♦ ❞❡ γ = 1 s❡ ♦❜t✐❡♥❡ ❧❛ ❝♦♥♦❝✐❞❛ ❡①♣r❡s✐ó♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❍❡❧♠❤♦❧t③✿

∆Ẽ (ω − ωc) + ε (ω)
ω2

c2
Ẽ (ω − ωc) = 0 ✭✹✳✻✵✮

❆s✉♠✐❡♥❞♦ ✉♥❛ s♦❧✉❝✐ó♥ ❝♦♥ ❧❛ ❢♦r♠❛ Ẽ (−→r , ω − ωc) = F (x, y) Ã (z, ω) exp (iβ0z) ❞♦♥❞❡ Ã (z, ω) ❡s

✉♥❛ ❢✉♥❝✐ó♥ q✉❡ ✈❛r✐❛ ❧❡♥t❛♠❡♥t❡ ❝♦♥ ❡❧ t✐❡♠♣♦✱ ② β0 ❡s ❡❧ ♥ú♠❡r♦ ❞❡ ♦♥❞❛✳ ❯s❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✺✾✿
[
∂2F

∂x2
+
∂2F

∂y2

]
Ã exp (iβ0z) + F (x, y) exp (iβ0z)

∂2A

∂z2

+F (x, y)

[
−β2

0Ã (z, ω) exp (iβ0z) + 2iβ0 exp (iβ0z)
∂A

∂z

]

+k2γ (iω)
2γ
ε (ω)F (x, y) Ã (z, ω) exp (iβ0z) = 0 ✭✹✳✻✶✮

❆❧ ✉t✐❧✐③❛r ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❙❱❊❆ s❡ t✐❡♥❡ q✉❡ ❝♦♠♦ Ã (z, ω) ❡s ✉♥❛ ❢✉♥❝✐ó♥ q✉❡ ✈❛rí❛ ❧❡♥t❛♠❡♥t❡

❝♦♥ ❡❧ t✐❡♠♣♦✱ s❡ ♣✉❡❞❡ ❤❛❝❡r ❧❛ s✐♠♣❧✐✜❝❛❝✐ó♥ ∂2A
∂z2 ≪ ∂A

∂z ✱ ❡❧✐♠✐♥❛♥❞♦ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ ❞❡ ❧❛

❡❝✉❛❝✐ó♥✱ s❡ t✐❡♥❡✿

[
∂2F

∂x2
+
∂2F

∂y2

]
Ã+ F

[
−β2

0Ã (z, ω) + 2iβ0
∂Ã

∂z

]
+ k2γ (iω)

2γ
ε (ω)F (x, y) Ã (z, ω) = 0 ✭✹✳✻✷✮

✸✹



✹✳✸✳ ▼❖❉❊▲❖ ❋❘❆❈❈■❖◆❆❘■❖ P❆❘❆ P❯▲❙❖❙ ❯▲❚❘❆❈❖❘❚❖❙

▼✉❧t✐♣❧✐❝❛♥❞♦ ❧❛ ✐❞❡♥t✐❞❛❞ ♣♦r 1
F (x,y)Ã(z,ω)

[
∂2F
∂x2 + ∂2F

∂y2

]

F (x, y)
+

[
−β2

0Ã (z, ω) + 2iβ0
∂Ã
∂z

]

Ã (z, ω)
+ k2γ (iω)

2γ
ε (ω) = 0 ✭✹✳✻✸✮

❯s❛♥❞♦ s❡♣❛r❛❝✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s✿
[
∂2F
∂x2 + ∂2F

∂y2

]

F (x, y)
+ k2γ (iω)

2γ
ε (ω) =

[
β2
0Ã (z, ω)− 2iβ0

∂Ã
∂z

]

Ã (z, ω)
= β̃2 ✭✹✳✻✹✮

❖❜t❡♥✐❡♥❞♦ ❡❧ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s✿

∂2F

∂x2
+
∂2F

∂y2
+
(
k2γ (iω)

2γ
ε (ω)− β̃2

)
F (x, y) = 0 ✭✹✳✻✺✮

2iβ0
∂Ã

∂z
+
(
β̃2 − β2

0

)
Ã (z, ω) = 0 ✭✹✳✻✻✮

❉♦♥❞❡ kγ = i
c

(
ωc

2π

)(1−γ)
✳ ▲❛ ❡❝✉❛❝✐ó♥ ✹✳✻✺ ♣✉❡❞❡ s❡r r❡s✉❡❧t❛ ✉t✐❧✐③❛♥❞♦ t❡♦rí❛ ❞❡ ♣❡rt✉r❜❛✲

❝✐♦♥❡s ❞❡ ♣r✐♠❡r ♦r❞❡♥ ❬✻✶✱ ✻✷✱ ✻✸❪✱ ❡❧ ✉s♦ ❞❡❧ ♠ét♦❞♦ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s ❡s ❛♣r♦♣✐❛❞♦ ❝✉❛♥❞♦ ❡❧

♣r♦❜❧❡♠❛ ❝♦♥s✐❞❡r❛❞♦ ❡s ♠✉② s✐♠✐❧❛r ❛ ✉♥ ♣r♦❜❧❡♠❛ ❝♦♥ ✉♥❛ s♦❧✉❝✐ó♥ ❡①❛❝t❛✱ ② q✉❡ ❡❧ ❝❛♠❜✐♦ ❞❡❧

♣r♦❜❧❡♠❛ ❝♦♥ s♦❧✉❝✐ó♥ ❡①❛❝t❛ ❝❛♠❜✐❛ ❛❧ ♣r♦❜❧❡♠❛ ❡♥ ❝♦♥s✐❞❡r❛❝✐ó♥ ❞❡ ❢♦r♠❛ ❣r❛❞✉❛❧✳ ❊❧ ♣r✐♠❡r

♣❛s♦ ❡s r❡❡♠♣❧❛③❛r ǫ ❝♦♥ n2 ② ♦❜t❡♥❡r ❧❛ ❞✐str✐❜✉❝✐ó♥ ♠♦❞❛❧ F (x, y) ② ❡❧ ♥ú♠❡r♦ ❞❡ ♦♥❞❛ ❝♦rr❡s✲

♣♦♥❞✐❡♥t❡ β̃✳ ❊❧ ♠♦❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❧❛ ✜❜r❛ ❡s ❛♣r♦①✐♠❛❞♦ ✉t✐❧✐③❛♥❞♦ ✉♥❛ ❞✐str✐❜✉❝✐ó♥ ❣❛✉ss✐❛♥❛

F (x, y) ≈ exp

[
− (x2+y2)

w

]
✱ ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✼✳

✭❛✮

❋✐❣✉r❛ ✹✳✼✿ F (x, y)

❊♥t♦♥❝❡s s❡ ✐♥❝❧✉②❡ ❡❧ ❡❢❡❝t♦ ❞❡ ∆n ❡♥ ❧❛ ❡❝✉❛❝✐ó♥✳ ▲❛ ❝♦♥st❛♥t❡ ε (ω) ♣✉❡❞❡ s❡r ❛♣r♦①✐♠❛❞❛

♣♦r✿

ε = (n+∆n)
2 ≈ n2 + 2∆n ✭✹✳✻✼✮

✸✺
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❨ ∆n ❡s ✉♥❛ ♣❡q✉❡ñ❛ ♣❡rt✉r❜❛❝✐ó♥ ❞❛❞❛ ♣♦r✿

∆n = n2 |E|2 +
iγ

2kγ
✭✹✳✻✽✮

❈♦♥✿

n2 =
3

8n
Re
(
χ(3)
χχχχ

)
✭✹✳✻✾✮

❈♦♥ n (ω) = 1+ 1
2Re

[
χ̃(1) (ω)

]
② γ (ω) = ω

ncIm
[
χ̃(1) (ω)

]
✱ ❞♦♥❞❡ n ❡s ❡❧ í♥❞✐❝❡ ❞❡ r❡❢r❛❝❝✐ó♥✱ α ❡s ❡❧

❝♦❡✜❝✐❡♥t❡ ❞❡ ❛❜s♦r❝✐ó♥✱ χ ❡s ❧❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞ ② n2 ❡s ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ í♥❞✐❝❡ ♥♦ ❧✐♥❡❛❧✳ ❊❧ ❝❛♠♣♦

ó♣t✐❝♦ s❡ ❝♦♥s✐❞❡r❛ q✉❡ ❡s ❧✐♥❡❛❧♠❡♥t❡ ♣♦❧❛r✐③❛❞♦✳ ❊♥ ❧❛ t❡♦rí❛ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s ❞❡ ♣r✐♠❡r ♦r❞❡♥

∆n ♥♦ ❛❢❡❝t❛ ❧❛ ❞✐str✐❜✉❝✐ó♥ ♠♦❞❛❧✱ s✐♥ ❡♠❜❛r❣♦ ❡❧ ❡✐❣❡♥✈❛❧♦r β̃ s❡ ✈✉❡❧✈❡✿

β̃ (ω) = β +∆β ✭✹✳✼✵✮

❉♦♥❞❡✿

∆β̃ =
ωn2 (ω)

c2β (ω)

∫ ∫∞

−∞
∆n (ω) |F (x, y)|2 dxdy

∫ ∫∞

−∞
∆ |F (x, y)| dxdy ✭✹✳✼✶✮

❊❧ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ ♣✉❡❞❡ s❡r ❞❡s❝r✐t♦ ❝♦♠♦✿

E (−→r , t) = 1

2
x̂ [F (x, y)A (z, t) exp {i (β0z − ωct)}+ c.c.] ✭✹✳✼✷✮

❉♦♥❞❡ A (z, t) ❡s ❧❛ ❡♥✈♦❧✈❡♥t❡ ❞❡❧ ♣✉❧s♦ q✉❡ ✈❛rí❛ ❧❡♥t❛♠❡♥t❡ ❝♦♥ ❡❧ t✐❡♠♣♦✳ ▲❛ ❡❝✉❛❝✐ó♥ ✹✳✻✻

❡s r❡❡s❝r✐t❛ ❝♦♠♦✿
∂A

∂z
= i (β (ω) + ∆β (ω)− β0) Ã (z, ω) ✭✹✳✼✸✮

❈♦♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ β̃2 − β2
0 ≈ 2β0

(
β̃ − β0

)
✳ ❯s❛♥❞♦ ❧❛ tr❛♥s❢♦r♠❛❞❛ ✐♥✈❡rs❛ ❞❡ ❋♦✉r✐❡r ❡♥ ❧❛

❡❝✉❛❝✐ó♥ ✹✳✼✸ ♣❛r❛ r❡❣r❡s❛r ❛❧ ♣❧❛♥♦ t❡♠♣♦r❛❧ ② ♦❜t❡♥❡r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ♣r♦♣❛❣❛❝✐ó♥ ♣❛r❛ A (z, t)✱

❝♦♥ β (ω) ❞❡✜♥✐❞♦ ♣♦r ✉♥❛ ❡①♣❛♥s✐ó♥ ❡♥ s❡r✐❡ ❞❡ ♣♦t❡♥❝✐❛s ❛❧r❡❞❡❞♦r ❞❡ ❧❛ ❢r❡❝✉❡♥❝✐❛ ♣♦rt❛❞♦r❛ ω0✿

β (ω) = β0 + (ω − ω0)β1 +
1

2
(ω − ω0)

2
β2 +

1

6
(ω − ω0)

3
β3 + .... ✭✹✳✼✹✮

β0 ≡ β (ω0) , βm =

(
dmβ

dωm

)

ω=ω0

m = 1, 2, ... ✭✹✳✼✺✮

❨ ❛♣❧✐❝❛♥❞♦ ❧❛ ❡①♣❛♥s✐ó♥ ❡♥ s❡r✐❡ ❞❡ ♣♦t❡♥❝✐❛s ❡♥ ❢♦r♠❛ s✐♠✐❧❛r ❛ ∆β (ω) s❡ ♦❜t✐❡♥❡✿

∆β (ω) = ∆β0 + (ω − ω0)∆β1 +
1

2
(ω − ω0)

2
∆β2 + ... ✭✹✳✼✻✮

❙✉❜st✐t✉②❡♥❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✼✸✿

∂Ã

∂z
= i (β (ω) + ∆β (ω)− β0) Ã (z, ω) ✭✹✳✼✼✮

∂Ã

∂z
= i

(
(ω − ω0)β1 +

1

2
(ω − ω0)

2
β2 +∆β0

)
Ã (z, ω) ✭✹✳✼✽✮

✸✻
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❙✐ ❡❧ ❛♥❝❤♦ ❡s♣❡❝tr❛❧ ❞❡❧ ♣✉❧s♦ s❛t✐s❢❛❝❡ ∆ω ≪ ω0 ❧♦s tér♠✐♥♦s ❝ú❜✐❝♦s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✼✹ s♦♥

♥❡❣❧✐❣✐❜❧❡s✳ ▲❛ ❡❝✉❛❝✐ó♥ t♦♠❛ ❧❛ ❢♦r♠❛✿

∂A

∂z
+ β1

∂A

∂t
+
iβ2
2

∂2A

∂t2
+
α

2
A = i

n2 (ω)ω

cAeff
|A|2A ✭✹✳✼✾✮

❉♦♥❞❡✿

β =
n(ω)ω

c
,∆β =

∆n(ω)ω

c
✭✹✳✽✵✮

∆β0 =
∆n(ω0)ω0

c
✭✹✳✽✶✮

∆n(ω) = n2 (ω) |E|2 +
iα (ω)

2kγ
✭✹✳✽✷✮

❉♦♥❞❡ α ❡s ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛t❡♥✉❛❝✐ó♥ ❞❡ ❧❛ ✜❜r❛ ❝♦♥✿

α (λ) = γ0

(
λ0
λ

)4

✭✹✳✽✸✮

❈♦♥

Aeff =

(∫ ∫∞

−∞
|F (x, y)|2 dxdy

)2

∫ ∫∞

−∞
∆ |F (x, y)|4 dxdy

✭✹✳✽✹✮

❙✐ F (x, y) ❤❛ s✐❞♦ ❛♣r♦①✐♠❛❞❛ ♣♦r ✉♥❛ ❢✉♥❝✐ó♥ ❣❛✉ss✐❛♥❛ ❡♥t♦♥❝❡s s❡ t✐❡♥❡ q✉❡ Aeff = πw2 ❬✻✶❪✳

▲❛ ❡❝✉❛❝✐ó♥ ✹✳✼✾ ❞❡s❝r✐❜❡ ❧❛ ♣r♦♣❛❣❛❝✐ó♥ ❞❡ ♣✉❧s♦s ó♣t✐❝♦s ❡♥ ❡❧ r❛♥❣♦ ❞❡ ♣✐❝♦s❡❣✉♥❞♦s ❡♥ ✜❜r❛s ❞❡

♠♦❞♦ ú♥✐❝♦✳ ❊st❛ ❡❝✉❛❝✐ó♥ s❡ ♣✉❡❞❡ tr❛♥s❢♦r♠❛r ✉t✐❧✐③❛♥❞♦ ✉♥ ♠❛r❝♦ r❡t❛r❞❛❞♦ ❝♦♥✿

T = t− z/vg ≡ t− β1z ✭✹✳✽✺✮

❚♦♠❛♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✼✾✿

∂A (z, t)

∂z
+ β1

∂A (z, t)

∂t
+
iβ2
2

∂2A (z, t)

∂t2
+
α

2
A = i

n2 (ω)ω

cAeff
|A|2A ✭✹✳✽✻✮

❯s❛♥❞♦ ❧❛ r❡❣❧❛ ❞❡ ❧❛ ❝❛❞❡♥❛ ♣❛r❛ ❞♦s ✈❛r✐❛❜❧❡s✱ s✐ x = x (t) , y = y (t) s♦♥ ❞✐❢❡r❡♥❝✐❛❜❧❡s ❡♥ t ②

z = f (x (t) , y (t)) ❡s ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ (x (t) , y (t)) ❡♥t♦♥❝❡s z = f (x (t) , y (t)) ❡s ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ t ②✿

dz

dt
=
∂z

∂x

dx

dt
+
∂z

∂y

dy

dt
✭✹✳✽✼✮

❘❡s✉❧t❛♥❞♦✿
∂A (z, T )

∂z
=
∂A (z, T )

∂z
− β1

∂A (z, T )

∂T
✭✹✳✽✽✮

❨✿
∂A (z, t− β1z)

∂t
=
∂A (z, T )

∂T
✭✹✳✽✾✮

❈♦♥ ❧♦ ❝✉❛❧ s❡ ♦❜t✐❡♥❡ ❧❛ ❢♦r♠❛ s✐♠♣❧✐✜❝❛❞❛ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ♦♥❞❛✿

∂A (z, T )

∂z
+
iβ2
2

∂2A (z, T )

∂T 2
+
α

2
A (z, T ) = i

n2 (ω)ω

cAeff
|A (z, T )|2A (z, T ) ✭✹✳✾✵✮

✸✼
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▲❛ ❛♠♣❧✐t✉❞ ❞❡❧ ♣✉❧s♦ A s❡ s✉♣♦♥❡ ♥♦r♠❛❧✐③❛❞❛ ❝♦♥ |A|2 r❡♣r❡s❡♥t❛♥❞♦ ❧❛ ♣♦t❡♥❝✐❛ ó♣t✐❝❛✳

Ψ =
n2 (ω)ω

cAeff
✭✹✳✾✶✮

❯s❛♥❞♦ ❧❛ ✐❣✉❛❧❞❛❞ ✹✳✾✶ s❡ ♦❜t✐❡♥❡✿

∂A (z, T )

∂z
+
iβ2
2

∂2A (z, T )

∂T 2
+
α

2
A (z, T ) = iΨ |A (z, T )|2A (z, T ) ✭✹✳✾✷✮

❉❡♣❡♥❞✐❡♥❞♦ ❞❡❧ ❛♥❝❤♦ ✐♥✐❝✐❛❧ T0 ② ❧❛ ♣♦t❡♥❝✐❛ ♣✐❝♦ P0 ❞❡❧ ✐♠♣✉❧s♦ ✐♥❝✐❞❡♥t❡✱ ❡❢❡❝t♦s ❞✐s♣❡rs✐✈♦s

♦ ♥♦ ❧✐♥❡❛❧❡s ♣✉❡❞❡♥ ❞♦♠✐♥❛r ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛ ✜❜r❛✱ ♣♦r ❧♦ ❝✉❛❧ ❡s út✐❧ ❡❧ ✐♥tr♦❞✉❝✐r ❞♦s ❡s❝❛❧❛s

❞❡ ❧♦♥❣✐t✉❞✱ ❧❛s ❝✉❛❧❡s s♦♥ ❧❛ ❧♦♥❣✐t✉❞ ❞❡ ❞✐s♣❡rs✐ó♥ LD = T0/ |β2| ② ❧❛ ❧♦♥❣✐t✉❞ ♥♦✲❧✐♥❡❛❧ LNL =

1/
(
γ ~P0

)
❞♦♥❞❡ γ ❬✻✶❪ ❡s ❡❧ ♣❛rá♠❡tr♦ ♥♦ ❧✐♥❡❛❧✳ ❯t✐❧✐③❛♥❞♦ ✉♥❛ ❡s❝❛❧❛ ❞❡ t✐❡♠♣♦ ♥♦r♠❛❧✐③❛❞❛ ❝♦♥

❧❛ ❛♠♣❧✐t✉❞ ❞❡❧ ♣✉❧s♦ T0 ② ✉♥❛ ❛♠♣❧✐t✉❞ ♥♦r♠❛❧✐③❛❞❛ ❯ ❞❡✜♥✐❞❛s ❝♦♠♦✿

τ =
T

T0
=
t− β1z
T0

✭✹✳✾✸✮

A (z, τ) =
√
P0 exp (−αz/2)U (z, τ) ✭✹✳✾✹✮

❯s❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s s❡ ❞❡t❡r♠✐♥❛ q✉❡ U (z, t) s❛t✐s❢❛❝❡✿

i
dU

dz
=

s❣♥ (β2)
2LD

d2U

dτ2
− exp (αz)

LNL
|U |2 U ✭✹✳✾✺✮

❉❡♣❡♥❞✐❡♥❞♦ ❞❡ ❧❛s r❡❧❛❝✐♦♥❡s ❞❡ ♠❛❣♥✐t✉❞ ❡♥tr❡ LD, LNL ② ❧❛ ❧♦♥❣✐t✉❞ ❞❡ ❧❛ ✜❜r❛ L s❡ ♣r❡s❡♥✲

t❛r❛♥ ❞✐st✐♥t♦s ❝❛s♦s ❬✻✶❪

✶✳ L ≪ LD ② L ≪ LNL ❧♦s ❡❢❡❝t♦s ❞✐s♣❡rs✐✈♦ ② ♥♦ ❧✐♥❡❛❧❡s ♥♦ ❥✉❡❣❛♥ ✉♥ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡

❞✉r❛♥t❡ ❧❛ ♣r♦♣❛❣❛❝✐ó♥ ❞❡❧ ♣✉❧s♦✱ ❡st❡ ♠❛♥t✐❡♥❡ s✉ ❢♦r♠❛ ❞✉r❛♥t❡ ❧❛ ♣r♦♣❛❣❛❝✐ó♥✳

✷✳ L≪ LNL ② L ∼ LD ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡❧ ♣✉❧s♦ ❡s ❛❢❡❝t❛❞❛ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣♦r ❧❛ ●❱❉✱ ❧♦s ❡❢❡❝t♦s

♥♦ ❧✐♥❡❛❧❡s ❥✉❡❣❛♥ ✉♥ ♣❛♣❡❧ ♠❡♥♦r✳

✸✳ L≪ LD ② L ∼ LNL ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡❧ ♣✉❧s♦ ❡s ❣♦❜❡r♥❛❞♦ ♣♦r ❙P▼ ✭♠♦❞✉❧❛❝✐ó♥ ❞❡ ❢❛s❡ ♣r♦♣✐❛

♣♦r s✉s s✐❣❧❛s ❡♥ ✐♥❣❧és✮ q✉❡ ♣r♦❞✉❝❡ ❝❛♠❜✐♦s ❡♥ ❡❧ ❡s♣❡❝tr♦ ❞❡ ♣✉❧s♦✳

✹✳ L ≥ LD ② L ≥ LNL ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡❧ ♣✉❧s♦ ❡s ❛❢❡❝t❛❞❛ ♣♦r ❢❡♥ó♠❡♥♦s ♥♦ ❧✐♥❡❛❧❡s ② ❧❛

❞✐s♣❡rs✐ó♥✳

✹✳✸✳✶✳ ❙♦❧✉❝✐ó♥

P❛r❛ r❡s♦❧✈❡r ✉♥❛ ❡❝✉❛❝✐ó♥ ❝♦♥ ❡❧ ♠ét♦❞♦ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s ❞❡ ♣r✐♠❡r ♦r❞❡♥ s❡ ♥❡❝❡s✐t❛ ✉♥❛

❡❝✉❛❝✐ó♥ ❡♥ ❧❛ ❢♦r♠❛✿

∇2ψ (x) +
[
k2 − λU (x)

]
ψ (x) = 0 ✭✹✳✾✻✮

✸✽
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Pr✐♠❡r♦ s❡ ✉t✐❧✐③❛rá ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✻✺ ❝♦♥ ✉♥ ✈❛❧♦r ❞❡ ε (ω) = n2✿

∂2F

∂x2
+
∂2F

∂y2
+
(
k2γ (iω)

2γ
n2 − β̃2

)
F (x, y) = 0 ✭✹✳✾✼✮

❙✉st✐t✉②❡♥❞♦ ✉s❛♥❞♦ ✉♥ ❞✐str✐❜✉❝✐ó♥ ●❛✉ss✐❛♥❛ F (x, y) ≈ exp

[
− (x2+y2)

w

]
s❡ ♦❜t✐❡♥❡✿

2
(
−1 + 2x2

w

)
e−

x2+y2

w

w
+

2
(
−1 + 2y2

w

)
e−

x2+y2

w

w
+
(
k2γ (iω)

2γ
n2 − β̃2

)
e

−x2
−y2

w = 0 ✭✹✳✾✽✮

▲❛ ❡❝✉❛❝✐ó♥ s❡ r❡❞✉❝❡ ❛✿

4x2 + w2k2γ (iω)
2γ
n2 − w2β̃2 − 4w = −4y2 = λ2 ✭✹✳✾✾✮

❖❜t❡♥✐❡♥❞♦ ❡❧ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s✿

4x2 + w2k2γ (iω)
2γ
n2 − w2β̃2 − 4w = λ2

−4y2 = λ2
✭✹✳✶✵✵✮

❈♦♥s✐❞❡r❛♥❞♦ ✉♥❛ ✜❜r❛ ó♣t✐❝❛ ❝♦♥ r❛❞✐♦ a✱ s❡ ✐♠♣♦♥❡♥ ❝♦♠♦ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❢r♦♥t❡r❛ F (0,−a) =
F (0, a) ;G (0)H (−a) = G (0)H (a) = 0✱ s❡ r❡s✉❡❧✈❡ ♣❛r❛ y✱ ♦❜t❡♥✐❡♥❞♦✿

λ = 2ia ✭✹✳✶✵✶✮

② ♣❛r❛ x✿

β̃2 =
(
8a2 + w2k2γ (iω)

2γ
n2 − 4w

)
/w2 ✭✹✳✶✵✷✮

❘❡❣r❡s❛♥❞♦ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✾✼✿

∇2F (x, y) +
[
k2γ (iω)

2γ
n2 −

(
8a2 + w2k2γ (iω)

2γ
n2 − 4w

)
/w2

]
F (x, y) = 0 ✭✹✳✶✵✸✮

❉♦♥❞❡ β̃2 =
(
8a2 + w2k2γn

2 − 4w
)
/w2✳ ❙✐ γ = 1

kγ = i
1

c

(ωc

2π

)(1−γ)

=
i

c
✭✹✳✶✵✹✮

β̃ =
√
k1 + k2ω2, k1 =

8a2 − 4w

w2
, k2 =

ω2n2

c2
✭✹✳✶✵✺✮

❙✐ k1 ≪ k2ω
2✱ ❡♥t♦♥❝❡s

β̃ ≈
√
n2

c2
ω2, β̃ ≈ n (ω)ω

c
✭✹✳✶✵✻✮

❙✐ γ 6= 1 ② k1 ≪ k2ω
2✱ ❡♥t♦♥❝❡s✿

kγ = −i1
c

(ωc

2π

)(1−γ)

✭✹✳✶✵✼✮

β̃ (ω) ≈ −in (ω)
c

(ωc

2π

)(1−γ)

(iω)
γ ✭✹✳✶✵✽✮

✸✾
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❈♦♥ γ = 1

β̃ (ω) ≈ n (ω)ω

c
✭✹✳✶✵✾✮

❊❧ ❝✉á❧ ❝♦✐♥❝✐❞❡ ❝♦♥ ❡❧ ✈❛❧♦r ♣❛r❛ ❧❛ ❞❡r✐✈❛❞❛ ♦r❞✐♥❛r✐❛✳❊♥ ❡❧ ❝❛s♦ γ 6= 1 ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ s❡

✈✉❡❧✈❡ β̃ (ω) ≈ −in(ω)
c

(
ωc

2π

)(1−γ)
(iω)

γ ✳ ❊✈❛❧✉❛♥❞♦ β0, β1, β2 ❝♦♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ♥♦r♠❛❧✿

β0 (ω) ≈
n (ω)

c
ω ✭✹✳✶✶✵✮

β1 (ω) ≈
n′ (ω)

c
ω +

n (ω)

c
✭✹✳✶✶✶✮

β2 (ω) ≈
n′′ (ω)

c
ω + 2

n′ (ω)

c
✭✹✳✶✶✷✮

❯s❛♥❞♦ ❧❛ ✈❡rs✐ó♥ ❢r❛❝❝✐♦♥❛r✐❛✿

β0 (ω) ≈ −i
n (ω)

c

(ωc

2π

)(1−γ)

(iω)
γ ✭✹✳✶✶✸✮

β1 (ω) ≈
(ωc

2π

)(1−γ)
[
−in

′ (ω)

c
(iω)

γ
+
n (ω)

c
γ (iω)

γ−1

]
✭✹✳✶✶✹✮

β2 (ω) ≈
(ωc

2π

)(1−γ)
[
−in

′′ (ω)

c
(iω)

γ
+ 2

n′ (ω)

c
γ (iω)

γ−1
+
n (ω)

c
γ (γ − 1) i (iω)

γ−2

]
✭✹✳✶✶✺✮

❈♦♥s✐❞❡r❛♥❞♦ F
{

∂γ

∂tγ

}
= iγ (ω − ω0)

γ
,F
{
iγ ∂γ

∂tγ

}
= (ω − ω0)

γ ✱ ✉s❛♥❞♦ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ β̃ (ω) ≈
−in(ω)

c

(
ωc

2π

)(1−γ)
(iω)

γ ② ❛s✉♠✐❡♥❞♦ q✉❡ F (x, y) ♥♦ ✈❛rí❛ ♠✉❝❤♦ ❡♥ ❡❧ ❛♥❝❤♦ ❞❡ ❜❛♥❞❛ ❞❡❧ ♣✉❧s♦✱s❡

♣r♦❝❡❞❡ ❛ ✉t✐❧✐③❛r ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r✿

β̃ (ω) ≈ −in (ω)
c

(ωc

2π

)(1−γ)

(iω)
γ ✭✹✳✶✶✻✮

kγ = − i
c

(ωc

2π

)(1−γ)

✭✹✳✶✶✼✮

❯s❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✼✸ s❡ ♦❜t✐❡♥❡✿

∂A

∂z
= i (β (ω) + ∆β (ω)− β0) Ã (z, ω) ✭✹✳✶✶✽✮

❆ ♣❛rt✐r ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❛♥t❡r✐♦r❡s s❡ ♣✉❡❞❡ ✈❡r q✉❡ β (t) ✐♥❝❧✉②❡ tér♠✐♥♦s ❝♦♥ ♣♦t❡♥❝✐❛s

❢r❛❝❝✐♦♥❛r✐❛s ②❛ q✉❡ s✉ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r β (ω) ✈✐❡♥❡ ♠✉❧t✐♣❧✐❝❛❞❛ ♣♦r tér♠✐♥♦s (iω)γ ✱ ❛sí q✉❡

s❡ ❤❛❝❡ ✉♥❛ ❡①♣❛♥s✐ó♥ ❡♥ s❡r✐❡s ❞❡ ♣♦t❡♥❝✐❛s ❢r❛❝❝✐♦♥❛r✐❛s ❛❧r❡❞❡❞♦r ❞❡ ω0 ❬✻✹❪✱ ❞❡✜♥✐❡♥❞♦✿

β0 ≡ β (ω0) , βm =

(
dmγβ

dωmγ

)

ω=ω0

m = 1, 2, ... ✭✹✳✶✶✾✮

β (ω) = β0 + β1
1

Γ (γ + 1)
(ω − ω0)

γ
+ β2

1

Γ (2γ + 1)
(ω − ω0)

2γ
+ β3

1

Γ (3γ + 1)
(ω − ω0)

3γ ✭✹✳✶✷✵✮

❨ s❡ ♦❜t✐❡♥❡✿

∂Ã

∂z
= i

(
(ω − ω0)

γ

Γ (γ + 1)
β1 +

(ω − ω0)
2γ

Γ (2γ + 1)
β2 +∆β0

)
Ã (z, ω − ω0) ✭✹✳✶✷✶✮

✹✵



✹✳✸✳ ▼❖❉❊▲❖ ❋❘❆❈❈■❖◆❆❘■❖ P❆❘❆ P❯▲❙❖❙ ❯▲❚❘❆❈❖❘❚❖❙

∂A
∂z − i

β1

Γ(1+γ)F−1
{
(ω − ω0)

γ
Ã (z, ω − ω0)

}
− i β2

Γ(1+2γ)F−1
{
(ω − ω0)

2γ
Ã (z, ω − ω0)

}
=

iF−1
{
∆β0Ã (z, ω)

}
✭✹✳✶✷✷✮

❊♥ ❡st❡ ❝❛s♦ ❡❧ ♣❛rá♠❡tr♦ ❛❧ ♦❜t❡♥❡r ❧❛ tr❛♥s❢♦r♠❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ σ1−γ ∂γA
∂tγ s❡ ❛s✐❣♥❛ ω0 = 2π ✭❡♥

❡st❡ ❝❛s♦ ω0 ❡s ❡❧ ♣✉♥t♦ ❛❧r❡❞❡❞♦r ❞❡❧ ❝✉❛❧ ❞❡s❛rr♦❧❧❛♠♦s ❧❛ s❡r✐❡ ❞❡ ♣♦t❡♥❝✐❛s ♣❛r❛ βn✮✱ ♦❜t❡♥✐❡♥❞♦

✉♥ ✈❛❧♦r ✉♥✐t❛r✐♦ ② s♦❧♦ s❡ ❝♦♥s❡r✈❛ ❡❧ ❝❛♠❜✐♦ ❞❡ ✉♥✐❞❛❞❡s ♣❛r❛ ❧❛ ❝♦♥❣r✉❡♥❝✐❛✱ ♦❜t❡♥✐❡♥❞♦ ❝♦♠♦

r❡s✉❧t❛❞♦✿

∂A

∂z
− i1+γ β1

Γ (1 + γ)

∂γA

∂tγ
− β2

Γ (1 + 2γ)
i1+2γ ∂

2γA

∂t2γ
+
α

2
A =

(ωc

2π

)(1−γ) n2 (ω) (iω)
γ

cAeff
|A|2A ✭✹✳✶✷✸✮

∂A

∂z
− i1+γ β1

Γ (1 + γ)

∂γA

∂tγ
− β2

Γ (1 + 2γ)
i1+2γ ∂

2γA

∂t2γ
+
α

2
A = iγψγ (ω0) |A|2A ✭✹✳✶✷✹✮

ψγ (ω) =
(ωc

2π

)(1−γ) n2 (ω)ω
γ

cAeff
✭✹✳✶✷✺✮

❉❡♥♦t❛♠♦s ❝♦♠♦ ψγ ❛❧ ♣❛rá♠❡tr♦ ♥♦ ❧✐♥❡❛❧ ❢r❛❝❝✐♦♥❛r✐♦✱ ② ❧❛ ❧♦♥❣✐t✉❞ ♥♦✲❧✐♥❡❛❧ ❢r❛❝❝✐♦♥❛r✐❛ ✈✐❡♥❡

❞❛❞❛ ♣♦r LNL = 1/ (ΨγP0)✳ ❆❧ ✐♥t❡♥t❛r ♦❜t❡♥❡r ✉♥❛ ❢♦r♠❛ s✐♠♣❧✐✜❝❛❞❛ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❢r❛❝❝✐♦♥❛r✐❛

♥♦s ❡♥❝♦♥tr❛♠♦s ❝♦♥ q✉❡ ❛❧ ✉t✐❧✐③❛r ✉♥ t✐❡♠♣♦ r❡t❛r❞❛❞♦ ♦❜t❡♥❡♠♦s✿

∂A (z, T )

∂z
=
∂A (z, T )

∂z
− β1

∂A (z, T )

∂T
✭✹✳✶✷✻✮

T = t− β1z, dT γ = dtγ ✭✹✳✶✷✼✮

∂A (z, T )

∂z
= iγΨγ (ω0) |A|2A+

β2
Γ (1 + 2γ)

i1+2γ ∂
2γA

∂T 2γ
+
α

2
A+ β1

(
∂A (z, T )

∂T
+ i1+γ 1

Γ (1 + γ)

∂γA

∂T γ

)

✭✹✳✶✷✽✮

❊♥ ❧❛ ❝✉❛❧ ❡❧ tér♠✐♥♦ ∂A(z,T )
∂T + i1+γ

Γ(1+γ)
∂γA
∂Tγ s♦❧♦ ❞❡s❛♣❛r❡❝❡ ❝✉❛♥❞♦ ❡❧ ♦r❞❡♥ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❡s

γ = 1✱ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ ♠✐❡♥tr❛s ❡♥ ❡❧ ❝❛s♦ ♦r❞✐♥❛r✐♦ ❧❛ ❢♦r♠❛ r❡❞✉❝✐❞❛ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ♦♥❞❛ s♦❧♦

❡s ❛❢❡❝t❛❞❛ ♣♦r ❧❛ ❞✐s♣❡rs✐ó♥ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❣r✉♣♦ s✉ ❡q✉✐✈❛❧❡♥t❡ ❢r❛❝❝✐♦♥❛r✐♦ ❡s ❛❢❡❝t❛❞❛ t❛♥t♦

♣♦r ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❣r✉♣♦ ❝♦♠♦ s✉ ❞✐s♣❡rs✐ó♥✳ ❯s❛♥❞♦ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r✿

F
{
∂

∂T
+

i1+γ

Γ (1 + γ)

∂γ

∂T γ

}
= iωÃ+

i1+γ (iω)
γ

Γ (1 + γ)
= iω +

i1+γ (iω)
γ

Γ (1 + γ)
✭✹✳✶✷✾✮

P❛r❛ ❧❛ s♦❧✉❝✐ó♥ s❡ ✉t✐❧✐③❡ ❡❧ ♠ét♦❞♦ ❞❡ ❋♦✉r✐❡r ❞❡ ♣❛s♦ ❞✐✈✐❞✐❞♦ ✭❙❙❋▼ ♣♦r s✉s s✐❣❧❛s ❡♥

✐♥❣❧❡s✱ t❛♠❜✐é♥ ❧❧❛♠❛❞♦ ❝♦♠♦ ❡❧ ♠ét♦❞♦ ❞❡ ♣r♦♣❛❣❛❝✐ó♥ ❞❡ ❤❛③ ❬✻✷❪ ✱ ❡st❡ ♠ét♦❞♦ s❡ ❤❛ ✉t✐❧✐③❛❞♦

❛♠♣❧✐❛♠❡♥t❡ ❡♥ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ♣r♦♣❛❣❛❝✐ó♥ ❞❡ ♣✉❧s♦s ❡♥ ♠❡❞✐♦s ❞✐s♣❡rs✐✈♦s ♥♦ ❧✐♥❡❛❧❡s

❬✻✶✱ ✻✸❪✮ ✱ ❝♦♠♦ ♣❛s♦ ✐♥✐❝✐❛❧ ❡❧ ❡❢❡❝t♦ ❧✐♥❡❛❧ ② ♥♦ ❧✐♥❡❛❧ ❞❡ ❧❛ ♣r♦♣❛❣❛❝✐ó♥ ❞❡ ❧❛ ♦♥❞❛ s❡ ❞✐✈✐❞❡♥✿

∂A (z, t)

∂z
=
(
D̂ + N̂

)
A (z, t) ✭✹✳✶✸✵✮

❈♦♥✿

D̂ (z, t) =
β2

Γ (1 + 2γ)
i1+2γ ∂2γ

∂T 2γ
+
α

2
+ β1

(
∂

∂T
+ i1+γ 1

Γ (1 + γ)

∂γ

∂T γ

)
✭✹✳✶✸✶✮

✹✶
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N̂ (z, t) = iγΨγ (ω0) |A|2 ✭✹✳✶✸✷✮

❉♦♥❞❡ D̂ ❡s ✉♥ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ q✉❡ ❡①♣❧✐❝❛ ❧❛ ❞✐s♣❡rs✐ó♥ ② ❧❛s ♣ér❞✐❞❛s ❞❡❜✐❞♦ ❛ ❢❡♥ó♠❡♥♦s

❧✐♥❡❛❧❡s ② N̂ t♦♠❛ ❡♥ ❝♦♥s✐❞❡r❛❝✐ó♥ ❧♦s ❢❡♥ó♠❡♥♦s ♥♦ ❧✐♥❡❛❧❡s✳ ❯s❛♥❞♦ ❡❧ ❙❙❋▼ s❡ ♣✉❡❞❡ ♦❜t❡♥❡r

✉♥❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ ❧❛ ♣r♦♣❛❣❛❝✐ó♥ ❡❧ ❝❛♠♣♦ ó♣t✐❝♦ s♦❜r❡ ✉♥❛ ❞✐st❛♥❝✐❛ ♣❡q✉❡ñ❛ ❤ ❝♦♥s✐❞❡r❛♥❞♦

q✉❡ ❧♦s ❡❢❡❝t♦s ❞✐s♣❡rs✐✈♦s ② ♥♦ ❧✐♥❡❛❧❡s ❛❝tú❛♥ ❞❡ ♠❛♥❡r❛ ✐♥❞❡♣❡♥❞✐❡♥t❡✳ ❆sí ❧❛ ♣r♦♣❛❣❛❝✐ó♥ ❞❡ z ❛

z+ h s❡ ❧❧❡✈❛ ❛ ❝❛❜♦ ❡♥ ❞♦s ♣❛s♦s✱ ♣r✐♠❡r♦ ❧❛ ♥♦ ❧✐♥❡❛❧✐❞❛❞ ❛❝tú❛ s♦❧❛ ② D̂ = 0 ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✶✸✵✳

❊♥ ❡❧ s❡❣✉♥❞♦ ♣❛s♦✱ ❧❛ ❞✐s♣❡rs✐ó♥ ❛❝tú❛ s♦❧❛ ❝♦♥ N̂ = 0✳ ❈♦♠ú♥♠❡♥t❡ ❡❧ t❛♠❛ñ♦ ❞❡ ❧❛ ✈❡♥t❛♥❛ ❡s

❞❡ ✶✵ ❛ ✷✵ ✈❡❝❡s ❡❧ ❛♥❝❤♦ ❞❡❧ ♣✉❧s♦✳

A(z + h, t)≈❡①♣(hD̂)❡①♣(hN̂)A (z, t) ✭✹✳✶✸✸✮

❙✐ N̂ ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ z✳ ❈♦♥✿

❡①♣(hD̂)B(z, t) = F−1
{
exp[hF

{
D̂ (z, t)

}
]F {B (z, t)}

}
✭✹✳✶✸✹✮

▲❛ ♣r❡❝✐s✐ó♥ ❞❡❧ ♠ét♦❞♦ ♣✉❡❞❡ s❡r ♠❡❥♦r❛❞❛ ✉t✐❧✐③❛♥❞♦✿

A(z + h, t)≈❡①♣(h
2
D̂)❡①♣(hN̂)❡①♣(

h

2
D̂)A (z, t) ✭✹✳✶✸✺✮

❯s❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✶✸✵ ♦❜t❡♥❡♠♦s ② ❝♦♥s✐❞❡r❛♥❞♦ ✉♥ ✐♥t❡r✈❛❧♦ ♣❡q✉❡ñ♦ ❞❡ t✐❡♠♣♦ [t, t+△t]✱
❛s✉♠✐❡♥❞♦ q✉❡ A (z, t) ❡s ❝♦♥♦❝✐❞❛ ② q✉❡ D̂ ❡s ♥❡❣❧✐❣✐❜❧❡✱ s❡ ♦❜t✐❡♥❡✿

∂A (z, t)

∂z
= N̂A (z, T ) ✭✹✳✶✸✻✮

∫ z+h

z

∂ [lnA (z, t)] =

∫ z+h

z

N̂dz ✭✹✳✶✸✼✮

A (z + h, t) = exp
[
hN̂
]
A (z, t) ✭✹✳✶✸✽✮

❘❡♣✐t✐❡♥❞♦ ❡❧ ♣r♦❜❧❡♠❛ ❝♦♥ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ q✉❡ N̂ ❡s ♥❡❣❧✐❣✐❜❧❡ ② ✉s❛♥❞♦ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r✿

∂A (z, t)

∂z
= D̂A (z, t) ✭✹✳✶✸✾✮

Ã (z + h, t) = exp
[
hD̂ (iω)

]
Ã (z, T ) ✭✹✳✶✹✵✮

▲❛ s♦❧✉❝✐ó♥ ❡♥ ❡❧ ♣❧❛♥♦ ③ ✈✐❡♥❡ ❞❛❞❛ ♣♦r✿

A (z + h, t) = F−1
{
exp

[
hD̂ (iω)

]
F
(
exp

[
hN̂
]
A (z, t)

)}
✭✹✳✶✹✶✮

❝♦♥ D̂ (iω) , N̂ (iω)✿

D̂ (iω) =
β2

Γ (1 + 2γ)
i1+2γ (iω)

γ
+ β1

(
iω +

i1+γ (iω)
γ

Γ (1 + γ)

)
+ παδ (ω) ✭✹✳✶✹✷✮

✹✷
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N̂ (iω) = iγΨγ (ω0) |A|2 ✭✹✳✶✹✸✮

❆ ♣❛rt✐r ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✹✳✶✸✺✱ ✹✳✶✹✶ s❡ ♣✉❡❞❡♥ ✉t✐❧✐③❛r ✷ ✈❛r✐❛♥t❡s ❜ás✐❝❛s ❞❡❧ ❙❙❋▼ ❬✻✺✱ ✻✶❪✳

❈❛s♦ ✶✱ ❝♦♥ ❡rr♦r ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥✿

❆❧❣♦r✐t❤♠ ✶ ❙❙❋▼

✶✿ ♣r♦❝❡❞✉r❡ ss❢♠✭A0✮

✷✿ A(n) = A0

✸✿ k = 2π
L (−N/2 : 1 : N/2− 1)

✹✿ ❢♦r n← 1 t♦ M ❞♦

✺✿ An (z + h, T ) = F−1
{
exp

[
hD̂ (iω)

]
F
(
exp

[
hN̂
]
A (z, T )

)}

✻✿ ❡♥❞ ❢♦r

✼✿ r❡t✉r♥ An

✽✿ ❡♥❞ ♣r♦❝❡❞✉r❡

❈❛s♦ ✷✱ ❝♦♥ ❡rr♦r ❞❡ t❡r❝❡r ♦r❞❡♥✿

❆❧❣♦r✐t❤♠ ✷ ❙❙❋▼ s✐♠étr✐❝♦

✶✿ ♣r♦❝❡❞✉r❡ ss❢♠✭A0✮

✷✿ A(n) = A0

✸✿ k = 2π
L (−N/2 : 1 : N/2− 1)

✹✿ ❢♦r n← 1 t♦ M ❞♦

✺✿ An+1/2 ← exp
(
hN̂
)
An

✻✿ Ãn+1/2 ← F
(
An+1/2

)

✼✿ Ãn+1 ← exp
[
hD̂ (iω)

]
Ãn+1/2

✽✿ An+1 = F−1Ãn+1

✾✿ An = An+1

✶✵✿ ❡♥❞ ❢♦r

✶✶✿ r❡t✉r♥ An

✶✷✿ ❡♥❞ ♣r♦❝❡❞✉r❡

❯s❛♥❞♦ ❡❧ ❝❛s♦ ✶ ② ❝♦♥s✐❞❡r❛♥❞♦ zn = nh ❝♦♥ z0 = 0

A ((j + 1)h, t) = F−1
{
exp

[
hD̂ (iω)

]
F
(
exp

[
hN̂
]
A (jh, t)

)}
✭✹✳✶✹✹✮

✹✸
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❊♥ ❡❧ ♣r✐♠❡r ❝❛s♦✱ ❝♦♥ ✉♥ ❡rr♦r ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥✱ t❡♥❡♠♦s q✉❡ ❡❧ ❡rr♦r ❞❡ tr✉♥❝❛❞♦ ❧♦❝❛❧

t✐❡♥❡ ✉♥ ♦r❞❡♥ ❞❡ O(dt2) ❬✻✻✱ ✻✺❪✱ ♠✐❡♥tr❛s q✉❡ ❡❧ ❡rr♦r ❣❧♦❜❛❧ ❞❡❜✐❞♦ ❛ ❤❡✉ríst✐❝❛ t✐❡♥❡ ✉♥ ♦r❞❡♥

❞❡ O(dt) ❬✻✼❪✱ ♠✐❡♥tr❛s q✉❡ ♣❛r❛ ❡❧ s❡❣✉♥❞♦ ❝❛s♦ ❡st♦s ❡rr♦r❡s s♦♥ O(dt3) ❝✐t❡ss❢♠ ② O(dt2) ❬✻✼❪

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❯♥ ❛♥á❧✐s✐s ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ ② ❡st❛❜✐❧✐❞❛❞ ❞❡❧ ♠ét♦❞♦ ♣❛r❛ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❡❝✉❛❝✐♦♥❡s

◆▲❙❊ ❤❛ s✐❞♦ ❡st✉❞✐❛❞♦ ❡♥ ❬✻✽❪✱ ❞❡❜✐❞♦ ❛ ❧❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ❧❛ ❋❋❚ ❡♥ ❡st❡ ♠ét♦❞♦ s✉ ✈❡❧♦❝✐❞❛❞ ♣✉❡❞❡

s❡r ❤❛st❛ ✷ ♦r❞❡♥❡s ❞❡ ♠❛❣♥✐t✉❞ ♠ás rá♣✐❞♦ q✉❡ ❧❛ ♠❛②♦rí❛ ❞❡ ❧♦s ♠ét♦❞♦s ❞❡ ❞✐❢❡r❡♥❝✐❛s ✜♥✐t❛s

❬✻✶❪✳

P❛r❛ ❧❛ ◆▲❙ ❢r❛❝❝✐♦♥❛r✐❛ s❡ t✐❡♥❡ q✉❡ ❧❛ r❡❧❛❝✐ó♥ ❞❡ ❞✐s♣❡rs✐ó♥ ❞❡ ❧❛ ♣❛rt❡ ❧✐♥❡❛❧ ✈✐❡♥❡ ❞❛❞❛

♣♦r✿

ω = k2 ✭✹✳✶✹✺✮

❉♦♥❞❡ ω ❡s ❧❛ ❢r❡❝✉❡♥❝✐❛ ② k ∈ [−kmax, kmax) ❡s ❡❧ ♥ú♠❡r♦ ❞❡ ♦♥❞❛ kmax = π/△x✱ ❝♦♥ ✉♥❛

❝♦♥❞✐❝✐ó♥ ❞❡ ✏r❡s♦♥❛♥❝✐❛✑ ♦ ✏❝♦✐♥❝✐❞❡♥❝✐❛ ❞❡ ❢❛s❡✑ ❞❛❞❛ ♣♦r✿

ω△t = πn, n ∈ N ✭✹✳✶✹✻✮

❊❧ ✉♠❜r❛❧ ❞❡ ✐♥❡st❛❜✐❧✐❞❛❞ ❡♥ ❡st❡ ❝❛s♦ ❡s ❬✻✾❪✿

△tumbral =
△x2
π

✭✹✳✶✹✼✮

❈♦♥s✐❞❡r❛♥❞♦ ✉♥❛ ✜❜r❛ ó♣t✐❝❛ ❞❡ sí❧✐❝❡ ♣❛r❛ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❧❛ ◆▲❙ ❢r❛❝❝✐♦♥❛r✐❛ s❡ ♦❜t✐❡♥❡♥ ❧♦s

✈❛❧♦r❡s ❞❡ ❧♦s ♣❛rá♠❡tr♦s ✉t✐❧✐③❛♥❞♦ ❧❛s ❣rá✜❝❛s ✹✳✽✱✹✳✾ ❬✻✶❪ ② ✹✳✶✵ ❬✼✵❪✳ ❨ ❝♦♥s✐❞❡r❛♥❞♦ ✉♥ ♣✉❧s♦

❋✐❣✉r❛ ✹✳✽✿ ❱❛r✐❛❝✐ó♥ ❞❡ β2, D, d12 ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ❧♦♥❣✐t✉❞ ❞❡ ♦♥❞❛ ♣❛r❛ sí❧✐❝❛ ✭ β2, D ❞❡s❛♣❛r❡❝❡♥
❡♥ ❧❛ r❡❣✐ó♥ ❞❡ ❞✐s♣❡rs✐ó♥ ❝❡r♦ ❞❡ ❧♦♥❣✐t✉❞ ❞❡ ♦♥❞❛ ❡♥ ❡♥ ❧❛ ♣r♦①✐♠✐❞❛❞ ❞❡ ❧♦s 1.27µm

✹✹
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❋✐❣✉r❛ ✹✳✾✿ ❱❛r✐❛❝✐ó♥ ❡❧ í♥❞✐❝❡ ❞❡ r❡❢r❛❝❝✐ó♥ ② ❞❡❧ í♥❞✐❝❡ ❞❡ ❣r✉♣♦ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ❢r❡❝✉❡♥❝✐❛ ♣❛r❛
sí❧✐❝❛ β1 =

ng

c

Dispersión de Rayleigh

Absorción IR

Pérdidas totales

❋✐❣✉r❛ ✹✳✶✵✿ Pér❞✐❞❛s ✐♥trí♥s❡❝❛s ❞❡ ❧❛ s✐❧✐❝❛

✐♥❝✐❞❡♥t❡ ❞❡ t✐♣♦ s❡❝❛♥t❡ ❬✻✺❪ ❞❡s❝r✐t♦ ♣♦r✿

u = ❡①♣(i ∗ t). ∗ s❡❝❤(t) ✭✹✳✶✹✽✮

❙❡ ♦❜t✐❡♥❡♥ ❧❛s s✐❣✉✐❡♥t❡s ❣rá✜❝❛s

✹✺
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✭❛✮ γ = 1 ✭❜✮ γ = 0.99

✭❝✮ γ = 0.8 ✭❞✮ γ = 0.3

❋✐❣✉r❛ ✹✳✶✶✿ A(z, t) ♣❛r❛ ❞✐st✐♥t♦s ✈❛❧♦r❡s ❞❡ γ

✹✻
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❊♥ ❧❛ ✜❣✉r❛ ✹✳✶✶❛ s❡ ♣✉❡❞❡ ✈❡r ❡❧ ❝❛s♦ ♦r❞✐♥❛r✐♦✱ ❈♦♠♦ ♣✉❡❞❡ ✈❡rs❡ ❡♥ ❧❛s ✜❣✉r❛s s✉❜s❡❝✉❡♥t❡s

✹✳✶✶❜✲✹✳✶✶❞ ❛❧ ❞✐s♠✐♥✉✐r ❡❧ ♦r❞❡♥ γ ❞❡ ❧❛ ◆▲❙❊ ❢r❛❝❝✐♦♥❛r✐❛ s❡ ♦❜t✐❡♥❡♥ ❡♥ ♦r❞❡♥ ❞❡ ❛♣❛r✐❝✐ó♥ ✉♥

❞❡s❢❛s❛♠✐❡♥t♦✱ ❡♥s❛♥❝❤❛♠✐❡♥t♦ ② ❣❛♥❛♥❝✐❛ ❞❡❧ ♣✉❧s♦✱ ❡st♦ ❡s ❞❡❜✐❞♦ ❛❧ ✈❛❧♦r ❞❡ β1 ✭✈❡❧♦❝✐❞❛❞ ❞❡

❣r✉♣♦✮ s✐❡♥❞♦ ♠✉② ❣r❛♥❞❡ ❡♥ ❝♦♠♣❛r❛❝✐ó♥ ❝♦♥ β2 ✭❞✐s♣❡rs✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞ ❞❡ ❣r✉♣♦✮✱ ♣♦r ❧♦ ❝✉❛❧

t❡♥❡♠♦s q✉❡ ❡♥ ❡st❛ ❞❡r✐✈❛❝✐ó♥ ♣❛rt✐❝✉❧❛r ❞❡ ❧❛ ◆▲❙❊ ❢r❛❝❝✐♦♥❛r✐❛ ❡s ♥❡❝❡s❛r✐♦ ❡❧ ✉t✐❧✐③❛r ✈❛❧♦r❡s ❞❡

γ ≈ 1 ♣❛r❛ ♠✐♥✐♠✐③❛r ❧♦s ❡❢❡❝t♦s ❞❡ ❧❛ ●❱❉✱ ❧❛ ❝✉❛❧ ♣✉❡❞❡ s❡r ✐❣♥♦r❛❞❛ ❛❧ tr❛❜❛❥❛r ❝♦♥ ❧❛ ❝♦♥✈❡rs✐ó♥

❞✐r❡❝t❛ ❞❡ ❧❛ ◆▲❙❊ ❛ ❧❛ ❢♦r♠❛ ❢r❛❝❝✐♦♥❛r✐❛ ♣♦r ♠❡❞✐♦ ❞❡❧ ♦♣❡r❛❞♦r ❢r❛❝❝✐♦♥❛r✐♦ ❬✺✺❪ ♦ ✉s❛♥❞♦ ❧❛

❢♦r♠❛ ♦❜t❡♥✐❞❛ ❛♥t❡r✐♦r♠❡♥t❡ ❡♥ ❬✼✶❪✳

✹✼



❈❛♣ít✉❧♦ ✺

❈♦♥❝❧✉s✐♦♥❡s

❊♥ ❡st❡ tr❛❜❛❥♦ s❡ r❡❛❧✐③ó ✉♥ ❛♥á❧✐s✐s ❡♥ ❡❧ ❞♦♠✐♥✐♦ ❞❡ ❧❛ ❢r❡❝✉❡♥❝✐❛ ❞❡❧ ♠♦❞❡❧♦ ❢r❛❝❝✐♦♥❛r✐♦

❞❡ ▲♦r❡♥③ ② ❉r✉❞❡✱ ❛sí ❝♦♠♦ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❍❡❧♠❤♦❧t③ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ✜❜r❛s ♣♦r ♠❡❞✐♦ ❞❡ ❧❛

❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❈❛♣✉t♦✳ ❊♥ ❡st♦s ❝❛s♦s s❡ ♦❜t✉✈♦ ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧♦s ♠♦❞❡❧♦s ❝❧ás✐❝♦s

② s❡ ❞❡♠✉❡str❛ q✉❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡♣❡♥❞❡♥ t❛♥t♦ ❞❡ ❧❛ ❢r❡❝✉❡♥❝✐❛ ❝♦♠♦ ❞❡❧ ♦r❞❡♥ ❞❡ ❧❛ ❞❡r✐✈❛❞❛✱

❛❣r❡❣❛♥❞♦ ✉♥ ♣❛rá♠❡tr♦ ❞❡ ❛❥✉st❡✳ ❉❡ ❡st❛ ♠❛♥❡r❛ s❡ ❛♥❛❧✐③❛r♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ tr❛♥s♣♦rt❡ ❞❡

❡❧❡❝tr♦♥❡s ❡♥ ♠❛t❡r✐❛❧❡s ♣♦r ♠❡❞✐♦ ❞❡❧ ♠♦❞❡❧♦ ❞❡ ❉r✉❞❡ ❢r❛❝❝✐♦♥❛r✐♦✱ s❡ ❣❡♥❡r❛❧✐③ó ❡❧ ♠♦❞❡❧♦ ❞❡

▲♦r❡♥t③ ♣❛r❛ ♦❜t❡♥❡r ❧❛ ♣❡r♠✐t✐✈✐❞❛❞✱ í♥❞✐❝❡ ❞❡ r❡❢r❛❝❝✐ó♥ ② ❧❛ ❢✉♥❝✐ó♥ ❞✐❡❧é❝tr✐❝❛✳ ▲♦s r❡s✉❧t❛❞♦s s❡

♣✉❜❧✐❝❛r♦♥ ❡♥ ❬✼✷✱ ✼✸❪✳ ❆❞❡♠ás✱ s❡ ❛♥❛❧✐③ó ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❍❡❧♠❤♦❧t③ ❢r❛❝❝✐♦♥❛r✐❛ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ✉♥❛

✜❜r❛ ó♣t✐❝❛✱ ♦❜t❡♥✐é♥❞♦s❡ ❧❛ ❡❝✉❛❝✐ó♥ ♥♦ ❧✐♥❡❛❧ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❙❝❤r♦❡❞✐♥❣❡r ✭◆▲❙❊✮✳ ❈♦♠♦ tr❛❜❛❥♦

❢✉t✉r♦ ❡s ❞❡ ✐♥t❡rés ❝♦♠♣r♦❜❛r ❧♦s r❡s✉❧t❛❞♦s t❡ór✐❝♦s ❝♦♥ ❧♦s ❡①♣❡r✐♠❡♥t❛❧❡s✳

▲✐st❛ ❞❡ P✉❜❧✐❝❛❝✐♦♥❡s

✶✳ ▲❡♦♥❛r❞♦ ▼❛rtí♥❡③ ❏✐♠é♥❡③✱ ❏✳ ❏✉❛♥ ❘♦s❛❧❡s ●❛r❝í❛✱ ❆❜r❛❤❛♠ ❖rt❡❣❛ ❈♦♥tr❡r❛s✱ ❉✉♠✐✲

tr✉ ❇❛❧❡❛♥✉✱ ❆♥❛❧②s✐s ♦❢ ❉r✉❞❡ ♠♦❞❡❧ ✉s✐♥❣ ❢r❛❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s ✇✐t❤♦✉t s✐♥❣✉❧❛r ❦❡r♥❡❧s✳

❖♣❡♥ P❤②s✐❝s ✶✺✱ ✻✷✼✲✻✸✻✱ ✭✷✵✶✼✮✳

✷✳ ❆✳ ❖rt❡❣❛✱ ❏✳❏✳ ❘♦s❛❧❡s✱ ◆❡✇t♦♥✬s ❧❛✇ ♦❢ ❝♦♦❧✐♥❣ ✇✐t❤ ❢r❛❝t✐♦♥❛❧ ❝♦♥❢♦r♠❛❜❧❡ ❞❡r✐✈❛t✐✈❡✳ ❘❡✈✳

▼❡①✳ ❋ís✳ ✻✹✱ ✶✼✷✲✶✼✺✱ ✭✷✵✶✽✮✳

✸✳ ❆✳ ❖rt❡❣❛✱ ❏✳❏✳ ❘♦s❛❧❡s✱ ▲✳ ▼❛rtí♥❡③✱ ❈✳❆✳ ❈❛rr❡ñ♦✱ ❋r❛❝t✐♦♥❛❧ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❉r✉❞❡

✹✽



♠♦❞❡❧✳ ❖♣t✐❦✱ ✶✻✶✱ ✷✹✹✲✷✹✾✱ ✭✷✵✶✽✮✳

✹✳ ❆✳ ❖rt❡❣❛ ❈♦♥tr❡r❛s✱ ❏✳❏✳ ❘♦s❛❧❡s ●❛r❝í❛✱ ▲✳ ▼❛rtí♥❡③ ❏✐♠é♥❡③✱ ❏✳▼✳ ❈r✉③ ❉✉❛rt❡✱ ❆♥❛❧②s✐s

♦❢ ♣r♦❥❡❝t✐❧❡ ♠♦t✐♦♥ ✐♥ ✈✐❡✇ ♦❢ ❝♦♥❢♦r♠❛❜❧❡ ❞❡r✐✈❛t✐✈❡✳ ❖♣❡♥ P❤②s✐❝s ✶✻✱ ✺✽✶✲✺✽✼✱ ✭✷✵✶✽✮✳

✺✳ ❆✳ ❖rt❡❣❛✱ ❏✳❏✳ ❘♦s❛❧❡s✱ ❏✳▼✳ ❈r✉③ ❉✉❛rt❡✱ ▼✳ ●✉í❛✱ ❋r❛❝t✐♦♥❛❧ ♠♦❞❡❧ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝

❞✐s♣❡rs✐♦♥✳ ❖♣t✐❦ ✶✽✵✱ ✼✺✹✲✼✺✾✱✭✷✵✶✾✮✱ ❞♦✐✳♦r❣✴✶✵✳✶✵✶✻✴❥✳✐❥❧❡♦✳✷✵✶✽✳✶✶✳✵✽✼✳

✹✾



❆♣é♥❞✐❝❡ ❆

❆♣é♥❞✐❝❡

❆✳✶✳ ❆❧❣✉♥♦s ❡❥❡♠♣❧♦s ❞❡ ■♥t❡❣r❛❧❡s ❢r❛❝❝✐♦♥❛r✐❛s

✶✳✲ ❈❛❧❝✉❧❛r ❧❛ ✐♥t❡❣r❛❧ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ f(t) = 1✿

❯s❛♥❞♦ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡✱ s❡ t✐❡♥❡

Iν · 1 =
1

Γ(ν)

∫ t

0

(t− τ)ν−1dτ = − 1

Γ(ν)

(t− τ)ν
ν

∣∣∣
τ=t

τ=0
=

tν

Γ(ν + 1)
. ✭❆✳✶✮

▲❛ ✐♥t❡❣r❛❧ ❞❡ ν = 1/2 ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❝♦♥st❛♥t❡ f(t) = 1✳

I1/2 · 1 =
t1/2

Γ(1/2 + 1)
=

√
π

2
t1/2 ✭❆✳✷✮

✷✳✲ ❈❛❧❝✉❧❛r ❧❛ ✐♥t❡❣r❛❧ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ f(t) = tα✱ α > −1✳

❯s❛♥❞♦ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡✿

Iν · tα =
1

Γ(ν)

∫ t

0

(t− τ)ν−1ταdτ 0 < ν ≤ 1 ✭❆✳✸✮

❯s❛♥❞♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡s τ = ξt, dτ = tdξ✿

Iν · tα =
1

Γ(ν)
tα
∫ 1

0

ξα(t− ξt)ν−1tdξ 0 < ν ≤ 1 ✭❆✳✹✮

✺✵



❆✳✷✳ ❆▲●❯◆❖❙ ❊❏❊▼P▲❖❙ ❉❊ ❉❊❘■❱❆❉❆❙ ❋❘❆❈❈■❖◆❆❘■❆❙

Iν · tα =
Γ(α+ 1)

Γ(α+ 1 + ν)
tα+ν 0 < ν ≤ 1 ✭❆✳✺✮

●r❛❝✐❛s ❛ ❡st❛ ❢ór♠✉❧❛ ② ❛ ❧❛ ❧✐♥❡❛❧✐❞❛❞ ❞❡❧ ♦♣❡r❛❞♦r✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❧❛ ✐♥t❡❣r❛❧ ❢r❛❝❝✐♦♥❛r✐❛

❞❡ ❝✉❛❧q✉✐❡r ♣♦❧✐♥♦♠✐♦✳

✸✳✲ ❈❛❧❝✉❧❛r ❧❛ ✐♥t❡❣r❛❧ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ f(t) = eat✱ a > 0✳ P❛r❛ ❡st♦ ✉s❛♠♦s ❧❛ s❡r✐❡ ❞❡

▼❛❝❧❛✉r✐♥

Iνeat = Iν
∞∑

k=0

(at)k

k!
=

∞∑

k=0

ak

k!

k!tν+k

Γ(ν + k + 1)
= tν

∞∑

k=0

(at)k

Γ(ν + k + 1)
= tνE1,ν+1(at) ✭❆✳✻✮

❆✳✷✳ ❆❧❣✉♥♦s ❡❥❡♠♣❧♦s ❞❡ ❞❡r✐✈❛❞❛s ❢r❛❝❝✐♦♥❛r✐❛s

✶✳✲ ❈❛❧❝✉❧❛r ❧❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ f(t) = 1✿

❯s❛♥❞♦ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡ s❡ t✐❡♥❡

Dνf(t) =
1

Γ(n− ν)
dn

dtn

∫ t

a

f(τ)

(t− τ)ν+1−n
dτ n− 1 < ν ≤ n. ✭❆✳✼✮

❉❡ ❧❛ q✉❡ s❡ ♦❜t✐❡♥❡✿

Dν · 1 =
(t− τ)1−(ν+1−n)

1− (ν + 1− n)

∣∣∣∣∣

τ=t

τ=0

=
1

Γ(n− ν)
dn

dtn
tn−ν

n− ν n− 1 < ν ≤ n. ✭❆✳✽✮

▲❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❘✐❡♠❛♥♥✲▲✐♦✉✈✐❧❧❡ ♣❛r❛ ❡❧ ❝❛s♦ ❝✉❛♥❞♦ ♥ = 1 ❡st❛ ❞❛❞❛ ♣♦r✿

Dν · 1 =
1

Γ(n− ν)
d

dt

(
t1−ν

1− ν

)
=

t−ν

Γ(1− ν) 0 < ν ≤ 1. ✭❆✳✾✮

✷✳✲ ❈❛❧❝✉❧❛r ❧❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ f(t) = tα✳

❯s❛♥❞♦ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❈❛♣✉t♦ s❡ ♦❜t✐❡♥❡✿

Dν · tα =
1

Γ(n− ν)

∫ t

0

(τα)
(n)

(t− τ)ν+1−n
dτ n− 1 < ν ≤ n ✭❆✳✶✵✮

❯s❛♥❞♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ τ = ξt, dτ = tdξ✿

Dν · tα =
Γ(α+ 1)

Γ(n− ν)Γ(α+ 1− n)

∫ 1

0

ξα(t− ξt)−ν−1+ntdξ n− 1 < ν ≤ n ✭❆✳✶✶✮

✺✶



❆P➱◆❉■❈❊ ❆✳ ❆P➱◆❉■❈❊

Dν · tα =
Γ(α+ 1)

Γ(α+ 1− ν) t
α−ν ✭❆✳✶✷✮

✸✳✲ ❈❛❧❝✉❧❛r ❧❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ f(t) = eat✱ a > 0✳ ❊♠♣❡③❛♥❞♦ ❝♦♥ ❧❛ ❞❡✜♥✐❝✐ó♥

❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❢r❛❝❝✐♦♥❛r✐❛ ❞❡ ❈❛♣✉t♦ s❡ ♦❜t✐❡♥❡✿

Dν · eαt = 1

Γ(n− ν)

∫ t

0

(eατ )
(n)

(t− τ)ν+1−n
dτ n− 1 < ν ≤ n ✭❆✳✶✸✮

❯s❛♥❞♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ τ = ξt, dτ = tdξ✿

Dν · tα =
1

Γ(n− ν)α
n 1

Γ (k + 1)

∞∑

k=0

∫ 1

0

αk (ξt)
k
(t− ξt)−ν−1+ntdξ n− 1 < ν ≤ n ✭❆✳✶✹✮

Dν · eαt = αntn−νE1,n−ν+1 (αt) n− 1 < ν ≤ n ✭❆✳✶✺✮

✺✷
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❬✶✼❪ ❘ ❍✐❧❢❡r✳ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ ❋r❛❝t✐♦♥❛❧ ❈❛❧❝✉❧✉s ✐♥ P❤②s✐❝s✳ ❲❖❘▲❉ ❙❈■❊◆❚■❋■❈✱ ▼❛r❝❤ ✷✵✵✵✳

❬✶✽❪ ❲♦♥ ❙❛♥❣ ❈❤✉♥❣✳ ❋r❛❝t✐♦♥❛❧ ♥❡✇t♦♥ ♠❡❝❤❛♥✐❝s ✇✐t❤ ❝♦♥❢♦r♠❛❜❧❡ ❢r❛❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡✳ ❏♦✉r♥❛❧

♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✷✾✵✿✶✺✵✕✶✺✽✱ ❉❡❝❡♠❜❡r ✷✵✶✺✳

❬✶✾❪ ❚❡♦❞♦r ▼✳ ❆t❛♥❛❝❦♦✈✐➣✱ ❙t❡✈❛♥ P✐❧✐♣♦✈✐➣✱ ❇♦❣♦❧❥✉❜ ❙t❛♥❦♦✈✐➣✱ ❛♥❞ ❉✉➨❛♥ ❩♦r✐❝❛✳ ❋r❛❝t✐♦♥❛❧

❈❛❧❝✉❧✉s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s ✐♥ ▼❡❝❤❛♥✐❝s✳ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✱ ■♥❝✳✱ ❏❛♥✉❛r② ✷✵✶✹✳

❬✷✵❪ ❏✳ ❆✳ ❚❡♥r❡✐r♦ ▼❛❝❤❛❞♦✱ ■s❛❜❡❧ ❙✳ ❏❡s✉s✱ ❛♥❞ ❆❧❡①❛♥❞r❛ ●❛❧❤❛♥♦✳ ❆ ❢r❛❝t✐♦♥❛❧ ❝❛❧❝✉❧✉s ♣❡rs✲

♣❡❝t✐✈❡ ✐♥ ❡❧❡❝tr♦♠❛❣♥❡t✐❝s✳ ■♥ ❱♦❧✉♠❡ ✻✿ ✺t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ▼✉❧t✐❜♦❞② ❙②st❡♠s✱

◆♦♥❧✐♥❡❛r ❉②♥❛♠✐❝s✱ ❛♥❞ ❈♦♥tr♦❧✱ P❛rts ❆✱ ❇✱ ❛♥❞ ❈✳ ❆❙▼❊❉❈✱ ❏❛♥✉❛r② ✷✵✵✺✳

❬✷✶❪ ❆❧❞♦ ❏♦♥❛t❤❛♥ ▼✉♥♦③✲❱❛③q✉❡③✱ ●❡r❛r❞♦ ❘♦♠❡r♦✲●❛❧✈❛♥✱ ❈❛r❧♦s ❆❧❜❡rt♦ ❆♥❣✉✐❛♥♦✲●✐❥♦♥✱ ❱✐✲

❝❡♥t❡ P❛rr❛✲❱❡❣❛✱ ❛♥❞ ❆♥❛♥❞ ❙❛♥❝❤❡③✲❖rt❛✳ ❋r❛❝t✐♦♥❛❧ s❧✐❞✐♥❣ ♠♦❞❡ ❝♦♥tr♦❧ ♦❢ ✇✐♥❞ t✉r❜✐♥❡s✳

■♥ ✷✵✶✾ ■❊❊❊ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♥tr♦❧ ❚❡❝❤♥♦❧♦❣② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✭❈❈❚❆✮✳ ■❊❊❊✱ ❆✉❣✉st

✷✵✶✾✳
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❬✷✷❪ ❑✉♦ ◆❛♥ ❨✉ ❛♥❞ ❈❤✐❤ ❑❛♥❣ ▲✐❛♦✳ ❆♣♣❧②✐♥❣ ♥♦✈❡❧ ❢r❛❝t✐♦♥❛❧ ♦r❞❡r ✐♥❝r❡♠❡♥t❛❧ ❝♦♥❞✉❝t❛♥❝❡

❛❧❣♦r✐t❤♠ t♦ ❞❡s✐❣♥ ❛♥❞ st✉❞② t❤❡ ♠❛①✐♠✉♠ ♣♦✇❡r tr❛❝❦✐♥❣ ♦❢ s♠❛❧❧ ✇✐♥❞ ♣♦✇❡r s②st❡♠s✳

❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ ❘❡s❡❛r❝❤ ❛♥❞ ❚❡❝❤♥♦❧♦❣②✱ ✶✸✭✷✮✿✷✸✽✕✷✹✹✱ ❆♣r✐❧ ✷✵✶✺✳

❬✷✸❪ ❱✳ ❱✳ ❯❝❤❛✐❦✐♥✳ ❖♥ t❤❡ ❢r❛❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ ♠♦❞❡❧ ♦❢ t❤❡ tr❛♥s♣♦rt ♦❢ ❝♦s♠✐❝ r❛②s ✐♥ t❤❡ ❣❛❧❛①②✳

❏❊❚P ▲❡tt❡rs✱ ✾✶✭✸✮✿✶✵✺✕✶✵✾✱ ❋❡❜r✉❛r② ✷✵✶✵✳

❬✷✹❪ ▲✳ ❱á③q✉❡③✱ ▼✳ P✐❧❛r ❱❡❧❛s❝♦✱ ❏♦sé ▲✉✐s ❱á③q✉❡③✲P♦❧❡tt✐✱ ■❣♥á❝✐♦✱ ▼❛rt❛ ▲❧♦r❡♥t❡✱ ❛♥❞ ❉❛✲

✈✐❞ ❉♦♠í♥❣✉❡③ ❯s❡r♦✳ ▼♦❞❡❧✐♥❣ ❛♥❞ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❛t♠♦s♣❤❡r✐❝ ❞✉st ❞②♥❛♠✐❝ ✿ ❋r❛❝t✐♦♥❛❧

❝❛❧❝✉❧✉s ❛♥❞ ❝❧♦✉❞ ❝♦♠♣✉t✐♥❣✳ ✷✵✶✼✳

❬✷✺❪ ❉❛✈✐❞ ❆✳ ❇❡♥s♦♥✱ ▼❛r❦ ▼✳ ▼❡❡rs❝❤❛❡rt✱ ❛♥❞ ❏♦r❞❛♥ ❘❡✈✐❡❧❧❡✳ ❋r❛❝t✐♦♥❛❧ ❝❛❧❝✉❧✉s ✐♥ ❤②❞r♦❧♦❣✐❝

♠♦❞❡❧✐♥❣✿ ❆ ♥✉♠❡r✐❝❛❧ ♣❡rs♣❡❝t✐✈❡✳ ❆❞✈❛♥❝❡s ✐♥ ❲❛t❡r ❘❡s♦✉r❝❡s✱ ✺✶✿✹✼✾✕✹✾✼✱ ❏❛♥✉❛r② ✷✵✶✸✳

❬✷✻❪ ❈✳ ■♦♥❡s❝✉✱ ❆✳ ▲♦♣❡s✱ ❉✳ ❈♦♣♦t✱ ❏✳❆✳❚✳ ▼❛❝❤❛❞♦✱ ❛♥❞ ❏✳❍✳❚✳ ❇❛t❡s✳ ❚❤❡ r♦❧❡ ♦❢ ❢r❛❝t✐♦♥❛❧

❝❛❧❝✉❧✉s ✐♥ ♠♦❞❡❧✐♥❣ ❜✐♦❧♦❣✐❝❛❧ ♣❤❡♥♦♠❡♥❛✿ ❆ r❡✈✐❡✇✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ ◆♦♥❧✐♥❡❛r ❙❝✐❡♥❝❡

❛♥❞ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥✱ ✺✶✿✶✹✶✕✶✺✾✱ ❖❝t♦❜❡r ✷✵✶✼✳

❬✷✼❪ ❋r❛❝t✐♦♥❛❧ ❉②♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣ ●♠❜❍✱ ✷✵✶✶✳

❬✷✽❪ ❩❡❡✈ ❩❛❧❡✈s❦② ❛♥❞ ❉❛✈✐❞ ▼❡♥❞❧♦✈✐❝✳ ❋r❛❝t✐♦♥❛❧ ✇✐❡♥❡r ✜❧t❡r✳ ❆♣♣❧✳ ❖♣t✳✱ ✸✺✭✷✵✮✿✸✾✸✵✕✸✾✸✻✱

❏✉❧② ✶✾✾✻✳

❬✷✾❪ ❏♦s❡♣❤ ❙❤❛♠✐r ❛♥❞ ◆✐r ❈♦❤❡♥✳ ❘♦♦t ❛♥❞ ♣♦✇❡r tr❛♥s❢♦r♠❛t✐♦♥s ✐♥ ♦♣t✐❝s✳ ❏✳ ❖♣t✳ ❙♦❝✳ ❆♠✳ ❆✱

✶✷✭✶✶✮✿✷✹✶✺✕✷✹✷✸✱ ◆♦✈❡♠❜❡r ✶✾✾✺✳

❬✸✵❪ ❙③✉✲❈❤❡♥❣ ❈❤❡♥❣✱ ❏✐♥❣✲◆✉♦ ❲✉✱ ▼✐♥❣✲❘✉♥❣ ❚s❛✐ ❛♥❞ ❲❡♥✲❋❡♥❣ ❍s✐❡❤✳ ❙♣♦♥t❛♥❡♦✉s ❡♠✐ss✐♦♥

♥❡❛r t❤❡ ❜❛♥❞ ❡❞❣❡ ♦❢ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♣❤♦t♦♥✐❝ ❝r②st❛❧✿ ❛ ❢r❛❝t✐♦♥❛❧ ❝❛❧❝✉❧✉s ❛♣♣r♦❛❝❤✳

❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s✿ ❈♦♥❞❡♥s❡❞ ▼❛tt❡r✱ ✷✶✭✶✮✿✵✶✺✺✵✸✱ ✷✵✵✾✳

❬✸✶❪ ❈❤✐❤✲❍s✐❡♥ ❍✉❛♥❣✱ ❏✐♥❣✲◆✉♦ ❲✉✱ ❨❡♥✲❨✐♥ ▲✐✱ ❙③✉✲❈❤❡♥❣ ❈❤❡♥❣ ❛♥❞ ❲❡♥✲❋❡♥❣ ❍s✐❡❤✳ ❈❛❧❝✉❧❛✲

t✐♦♥ ♦❢ s♣♦♥t❛♥❡♦✉s ❡♠✐ss✐♦♥ ❢r♦♠ ❛ ✈✲t②♣❡ t❤r❡❡✲❧❡✈❡❧ ❛t♦♠ ✐♥ ♣❤♦t♦♥✐❝ ❝r②st❛❧s ✉s✐♥❣ ❢r❛❝t✐♦♥❛❧

❝❛❧❝✉❧✉s✳ P❤②s✳ ❘❡✈✳ ❆✱ ✽✹✿✵✶✸✽✵✷✱ ❏✉❧② ✷✵✶✶✳

❬✸✷❪ ❏✐♥❣✲◆✉♦ ❲✉✱ ❈❤✐❤✲❍s✐❡♥ ❍✉❛♥❣✱ ❙③✉✲❈❤❡♥❣ ❈❤❡♥❣ ❛♥❞ ❲❡♥✲❋❡♥❣ ❍s✐❡❤✳ ❙♣♦♥t❛♥❡♦✉s ❡♠✐s✲

s✐♦♥ ❢r♦♠ ❛ t✇♦✲❧❡✈❡❧ ❛t♦♠ ✐♥ ❛♥✐s♦tr♦♣✐❝ ♦♥❡✲❜❛♥❞ ♣❤♦t♦♥✐❝ ❝r②st❛❧s✿ ❆ ❢r❛❝t✐♦♥❛❧ ❝❛❧❝✉❧✉s

❛♣♣r♦❛❝❤✳ P❤②s✳ ❘❡✈✳ ❆✱ ✽✶✿✵✷✸✽✷✼✱ ❋❡❜r✉❛r② ✷✵✶✵✳

❬✸✸❪ ▼❛r❝ ❇r✉♥❡❧✱ ❙é❜❛st✐❡♥ ❈♦❡t♠❡❧❧❡❝✱ ▼✐❝❦❛❡❧ ▲❡❧❡❦ ❛♥❞ ❋ré❞ér✐❝ ▲♦✉r❛❞♦✉r✳ ❋r❛❝t✐♦♥❛❧✲♦r❞❡r

❢♦✉r✐❡r ❛♥❛❧②s✐s ❢♦r ✉❧tr❛s❤♦rt ♣✉❧s❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✳ ❏✳ ❖♣t✳ ❙♦❝✳ ❆♠✳ ❆✱ ✷✹✭✻✮✿✶✻✹✶✕✶✻✹✻✱

❏✉♥❡ ✷✵✵✼✳
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❬✸✹❪ ❈✳ ❈✉❛❞r❛❞♦✲▲❛❜♦r❞❡ ❛♥❞ ▼✳ ❱✳ ❆♥❞rés✳ ■♥✲✜❜❡r ❛❧❧✲♦♣t✐❝❛❧ ❢r❛❝t✐♦♥❛❧ ❞✐✛❡r❡♥t✐❛t♦r✳ ❖♣t✳ ▲❡tt✳✱

✸✹✭✻✮✿✽✸✸✕✽✸✺✱ ▼❛r❝❤ ✷✵✵✾✳

❬✸✺❪ ❏✉❧✐♦ ❈✳ ●✉t✐érr❡③✲❱❡❣❛✳ ❋r❛❝t✐♦♥❛❧✐③❛t✐♦♥ ♦❢ ♦♣t✐❝❛❧ ❜❡❛♠s✿ ■✐✳ ❡❧❡❣❛♥t ❧❛❣✉❡rr❡✕❣❛✉ss✐❛♥ ♠♦❞❡s✳

❖♣t✳ ❊①♣r❡ss✱ ✶✺✭✶✵✮✿✻✸✵✵✕✻✸✶✸✱ ▼❛② ✷✵✵✼✳

❬✸✻❪ ❍❡♥r②❦ ❑❛s♣r③❛❦✳ ❉✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❛ ♥♦♥✐♥t❡❣❡r ♦r❞❡r ❛♥❞ ✐ts ♦♣t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❆♣♣❧✳
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